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Abstract. For a semilinear nonstrictly hyperbolic equation on a half-plane in the case of a single characteristic given in 

the upper half-plane, we consider the Cauchy problem, for which we study issues related to the mild solution. 
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Statement of the problem. In the domain  
𝑄 =  (0,∞) × ℝ, consider the 𝑚th-order nonlinear 

differential equation 

(∂𝑡 − 𝑎𝜕𝑥 + 𝑏)
𝑚𝑢(𝑡, 𝑥) = 𝑓(𝑡, 𝑥, 𝑢(𝑡, 𝑥)),   (1) 

where 𝑎 and 𝑏 are given real numbers, satisfying the 

condition 𝑎 ≠ 0 (it means that the line 𝑡 = 0 is not 

the characteristic of Eq. (1)), and 𝑓 is a function given 

on the set 𝑄̅ × ℝ. 

Equation (1) is equipped with the initial condition  

∂𝑡
𝑖𝑢(0, 𝑥) = φ𝑖(𝑥), 𝑖 = 0, … ,𝑚 − 1, 𝑥 ∈ ℝ,  (2) 

where φ𝑖 are functions given on the real axis. 

Eq. (1) describes a wavefield resulting from the 

superposition of m waves traveling in one direction 

with equal velocity. When 𝑚 =  1, Eq. (1) is called 

the one-dimensional transport equation. Equations of 

the kind (1) appear in many physical phenomena 

where discontinuous or singular entities are involved, 

for instance, in the wave propagation in a layered me-

dium [1]. Eq. (1) is also used for the modeling k-out-

of-n systems [2] and can have some applications in 

classical field theory. 

The existence and uniqueness of classical solu-

tions of the problem (1), (2) were studied in our pre-

print [3]. 

Reduction to the Cauchy problem for an ordi-

nary differential equation. Making the linear 

nondegenerate change of independent variables  

τ = 𝑡, ξ = 𝑥 + 𝑎𝑡, and denoting 𝑢(𝑡, 𝑥)  =  𝑣(τ, ξ), 
we obtain the new differential equation 

(𝜕𝜏 + 𝑏)
𝑚𝑣(τ, ξ) = 𝐹(τ, ξ, 𝑣(τ, ξ)),        (3) 

where 𝐹(τ, ξ, v) = 𝑓(τ, ξ − 𝑎τ, 𝑣). The initial condi-

tions for the function 𝑣 can be computed using the Faá 

di Bruno′s formula or the chain rule, and they have 

the form 

𝑣(0, ξ) = φ̃0(ξ) = φ0(ξ),  𝜕𝜏
𝑖𝑣(0, ξ) = φ̃𝑖(ξ) = 

= ∑ (
𝑖
𝑗
) (−𝑎)𝑖−𝑗𝐷𝑖−𝑗φ𝑗(ξ)

𝑖
𝑗=0 , 𝑖 = 1,… ,𝑚 − 1.   (4) 

Now Eq. (3) with the conditions (4) can be con-

sidered as the Cauchy problem for an ordinary differ-

ential equation with the parameter 𝜉, i. e., 

(𝐷 + 𝑏)𝑚𝑣ξ(τ) = 𝐹 (τ, ξ, 𝑣ξ(𝜏)),        (5) 

𝐷𝑖𝑣ξ(0) = φ̃i(ξ), 𝑖 = 0,… ,𝑚 − 1,       (6) 

We can say that the problems (1), (2) and (5), (6) 

are the same in the sense that the first is written in 

Eulerian coordinates (𝑡, 𝑥) and the second in Lagran-

gian coordinates (τ, ξ). 
To simplify Eq. (5), we use the following ansatz 

𝑣ξ(τ) = wξ(τ) exp(−𝑏τ).               (7) 

Substituting (7) into (5), we obtain the equation 

𝐷𝑚𝑤ξ(τ) = Φ (τ, ξ, 𝑤ξ(τ)),            (8) 

where  

Φ(τ, ξ, 𝑤) = 𝐹(τ, ξ, 𝑤 exp(−𝑏τ)) exp(𝑏τ). 
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The Cauchy conditions have the form 

𝑤ξ(0) = ψ0(ξ) = exp(𝑏τ) φ̃0(ξ), 

𝐷i𝑤ξ(0) = ψi(ξ) = 

=∑(
𝑖
𝑗
) 𝑏𝑗φ̃𝑖−𝑗(ξ),

𝑖

𝑗=0

 𝑖 = 1, … ,𝑚 − 1. 

(9) 

Now we can use the theory of generalized solu-

tions for ordinary differential equations to construct 

generalized solutions of the Cauchy problem (1), (2). 

Note that the smoothness of the "new" initial con-

ditions is not worse than the "old" ones in the sense 

that φ𝑖 ∈ 𝐶
𝑛−𝑖(Ω) if and only if φ̃𝑖 ∈ 𝐶

𝑛−𝑖(Ω) and 

φ̃i ∈ 𝐶
𝑛−𝑖(Ω) if and only if ψ𝑖 ∈ 𝐶

𝑛−𝑖(Ω), where 

Ω ⊆ ℝ, 𝑛 ≥ 𝑚 − 1, and 𝑖 = 0,… ,𝑚 − 1.  

Mild solution. The classical and mild solutions of 

the problem (8), (9) can be represented as [4] 

𝑤ξ(τ) = ∑
ψ𝑖(ξ)𝜏

𝑖

𝑖!

𝑚−1

𝑖=0

+
1

(𝑚 − 1)!
× 

×∫Φ(τ1, ξ, wξ(τ1)) (τ − τ1)
𝑚−1𝑑τ1

𝜏

0

. 

Returning to the original variables, we get 

𝑢(𝑡, 𝑥) = ∑
ψ𝑖(𝑥 + 𝑎𝑡) exp(−𝑏𝑡) 𝑡

𝑖

𝑖!

𝑚−1

𝑖=0

+ 

+
1

(𝑚 − 1)!
∫[exp(−𝑏(𝑡 − τ)) (𝑡 − τ)𝑚−1 ×

𝑡

0

 

× 𝑓(τ, 𝑥 + 𝑎(𝑡 − τ), 𝑢(𝜏, 𝑥 + 𝑎(𝑡 − τ))]𝑑τ.  

(10) 

We can use Eq. (10) to define a mild solution of the 

Cauchy problem (1), (2). 

Definition 1. The function 𝑢 is a mild solution of 

the Cauchy problem (1), (2) if it is a solution of 

Eq. (10). 

Theorem 1. Let the conditions 𝑓 ∈ 𝐶(𝑄̅ × 𝑅), 
and φ𝑖 ∈ 𝐶

𝑚−𝑖−1(ℝ), 𝑖 = 0,… ,𝑚 − 1, be satisfied, 

and let the function 𝑓 satisfy the Lipschitz condition  

|𝑓(𝑡, 𝑥, 𝑧1) − 𝑓(𝑡, 𝑥, 𝑧2)| ≤ 𝐾(𝑡, 𝑥)|𝑧1 − 𝑧2|,  

where 𝐾 ∈ 𝐶(𝑄̅ × ℝ). The Cauchy problem (1), (2) 

has a unique mild solution in the class 𝐶(𝑄̅). 
The proof of the theorem is carried out using the 

Leray–Schauder fixed point theorem. 

Note that, in contrast to strictly hyperbolic equa-

tions [5], here we have to increase the smoothness of 

the initial data by 𝑚− 1 times to construct a weak 

solution because the functions ψ𝑖, 𝑖 = 0,… ,𝑚 − 1, 

must be continuous and defined everywhere. It is be-

cause the characteristic has a multiplicity 𝑚. Any 

characteristic of multiplicity 𝑘 entails increasing the 

smoothness of the initial data by 𝑘 − 1 times to con-

struct a well-defined solution [6]. 

Remark 1. In Theorem 1, the smoothness condi-

tions "φi ∈ 𝐶
𝑚−𝑖−1(ℝ), 𝑖 = 0,… ,𝑚 − 1" can be 

weakened to «t e functions φ𝑖, 𝑖 = 0,… ,𝑚 − 1, have 

all derivatives up to order 𝑚 − 𝑖 − 1, which are de-

fined everywhere on the set 𝑅 and are piecewise con-

tinuous».  ut t e solution will no longer be continu-

ous on the set [0,∞) × ℝ. Instead, it will be discon-

tinuous on some characteristics 𝑥 + 𝑎𝑡 = const. 
Further weakening of the smoothness conditions 

for the initial data to piecewise smooth functions or 

to functions belonging to the Sobolev spaces can lead 

to difficulties in defining the functions ψ𝑖, 𝑖 =
0,… ,𝑚 − 1, since a discontinuous function has no 

derivative, even in a weak sense.  

Theorem 2. Let the conditions 𝑓 ∈ 𝐶(𝑄̅ × ℝ) and 

𝜕𝑢𝑓(∙1,∙2, 𝑢 =∙3) ∈ 𝐶(𝑄̅ × ℝ) be satisfied. The 

Cauchy problem (1), (2) has at most one mild solution 

defined on the set 𝑄̅ in the class of measurable  

functions, which are bounded on every compact 

subset of 𝑄̅. 

The proof of the Theorem 2 is carried out by con-

tradiction using the mean value theorem and the 

Grönwall inequality. 
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