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Abstract— We present methods for finding discrete spectra and derive analytic expressions
for the eigenfunctions of scalar characteristic equations of the theory of radiation transport.
We obtain new two-term recursion formulas and analytic representations for solutions of infinite
tridiagonal systems of linear algebraic equations. We obtain analytic forms of the resolvents of
scalar characteristic equations for phase functions square integrable on the closed interval [—1, 1].
In addition, we derive a general analytic expression for the Green function of a two-dimensional
(with respect to the angular variables) integro-differential equation of the radiation transport for
the case in which the phase functions satisfy the Hélder condition on the closed interval [—1, 1].
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The present paper continues the paper [1] and the corresponding numbering of sections, formulas,
theorems, corollaries, and remarks.

6. ALGORITHMS FOR FINDING DISCRETE SPECTRA,
EIGENFUNCTIONS, AND NORMALIZING CONSTANTS
FOR REDUCED SCALAR CHARACTERISTIC EQUATIONS OF THE TRT

The following assertion can be proved with the use of systems (4), (8), and (9), Theorems 36,
Corollary 1, Remark 3, and constructions used in [2, 3| in the analysis and statement of properties
of infinite continued fractions.

Theorem 7. Let the assumptions of Theorem 1 be true. Then the functions po(—C%0;1) and
0o(—C%; Iml;wo), where (Jm|,wo) € Q, can have zeros with respect to the variable ¢ only on the
interval (—1,1); moreover, these zeros can be only first-order zeros.

The problem of constructing well-posed efficient algorithms for separating and finding roots of

any of the equations
po(—C%; [m;wo) = 0, P2 —¢%0;1) = 0

[see Eqgs. (6), (7), and (12)] is not necessarily simple if p(u) € Lo(—1,1), because the functions
©o(—C% |ml;wo) and po(—¢%;0;1) are not polynomials. For the case in which (|m|;ws) € Q, such
an algorithm was suggested and justified in [4] and was developed in [3]. It was suggested in these
papers to find the roots of the above-mentioned equations on the interval (—1,1) with the use of
the infinite system of Sturm polynomials

{0, Doy a(=iG; Iml;wo), - - -, Di(—iC; Iml;wo), Do(—iC; [ml;wo)},
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662 ROGOVTSOV

where n; € N. For arbitrary |m| € Ny, all terms of this system were defined by the recursion
formula

ﬁzﬂ(—iC% Im|; wo)

= =L+ 1) g (Il wo) De(—i¢; [ml;wo) — C((€ +2im)) /(€ + 1) Do (—iC; Imlswo), £ €N,
Do(—iC; [ml;wo) = 1, Di(—i¢;|m[;wo) = —(2[m| + 1)(1 — wo fim))-

For separating and finding the roots of the equation p,(—¢?;0;1) = 0 on the interval (—1,1),

one can also use the infinite system of Sturm polynomials, which, however, should be constructed
with regard of the relation s (0;1) = 0. Consider the sequence of polynomials

{0y Doy 1 (=G 05 1), ..o, Dy (—iC; 0;1), Do(—i; 0, 1)}, n €N,

where ~ _
Do(=i¢;0;1) =1, Di(=i¢;0;1) = —357(0; 1) = =5(1 — f3).

The polynomials ﬁnﬁl(—ic; 0; 1) are defined by the relations

Doy 1 (=i 051) = (1 + 1)) "Dy 1 (—iC3 05 1),

where, for any n; € N, D, . 1(—i(;0;1) is the determinant of the basic matrix of a finite system,
which contains n; + 1 equations and is obtained from subsystem (9) by its truncation and the
replacement of the parameter v, by the quantity (—i¢). That truncation can be reduced to the re-

placement of all quantities b (vo; 0; 1;00)|j5n, 13 in subsystem (9) by zeros. It follows from the

definition of the polynomials Dg(—i(; 0;1)|ecn, that they are related to each other by the recursion

formula

_ 2”1 +5
Ny + 1

(n1 +2)?

i 1 1) Dy 1(—i¢;0;1)  (ny € N),

f)mﬂ(—iC;O; 1) = (1- fn1+2)l~)n1(—iC;0; 1) -

where Do(—i¢;0;1) = 1 and D;(—i¢;0;1) = —5(1 — fo).

Theorem 8. Let the assumplions of Theorem 1 be salisfied, and let m =0 and wo = 1. Then
the following assertions hold.

1. For each £ € N, the polynomial 154+1(—ic;0; 1) can have only first-order zeros on the inter-
val (—1,1); moreover, they are necessarily symmetric around the point ¢ = 0.

2. limy_ s o0 De(—iC;0;1) = 0 if the number ¢ is a zero of the function po(—C%0;1) on (—1,1).

3. The set of all zeros of the polynomial l~)n1+1(—ic; 0; 1) with any ny € N on the interval (—1,1)
coincides with the sel of all zeros of the finite continued fraction

ooy | CROE (=g, 1(0:1))¢
pZ;nl(_C7O71)* 17 1 Yo +1 )

which can have only first-order zeros on (—1,1); moreover,
a(—C%0;1) = lirr+1 ©2.m, (—C%50; 1) for arbitrary ¢ € (—1,1).
4. The finite subsystem

where ny € N, of the infinite system of Sturm polynomials is a system of Sturm polynomials for the
equation D, 1(—i(;0;1) = 0 with respect to the variable ¢ € (0,1); moreover, the number of zeros
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of the polynomial D, 1(—i(;0;1) on the interval (Bi; 32) |51 < Ba; Br, B2 € (0,1)] is equal to the
number of sign alternations in the finite subsystem of Sturm polynomials corresponding to ny when
passing from By to 5.

5. If ¢ is a zero of the function ©o(—C%;0;1) on the interval (—1,1), then there exists a finite
number ng € Ng such that the inequality

Dy 1(—iG;051) £ 0

holds for any finite number ny > no.

It was shown in [3, 4] that if (Jm|;wo) € Q, then the use of an infinite system of Sturm polynomials
does not lead to the loss of a zero or to the appearance of false ones. The same result holds if
m = 0 and wy = 1. The validity of this assertion can be proved with the use of properties of the
polynomials D (—i(;|m|;wo) [3, 4] and continued fractions [5-7], Theorems 2, 3, and 6, the Perron
and van Vleck theorems, the theorem on the existence of the limit of a monotone decreasing lower-
bounded numerical sequence, and the method of contradiction.

Theorem 9. Suppose that the assumplions of Theorem 8 are satisfied and there exists at least
one zero of the function py(—C?;0;1) on the interval (0,1). Then the elements of all sequences of
approximate values of zeros of the function p(—(?%;0;1) that correspond to the index £ € N [{ is the
index of zero in the sequence of zeros of that function on (0,1); moreover, they are arranged in
the increasing order| and are zeros of the polynomial D, . 1(—i(;0;1) on the interval (0,1) for
various values of ny = 1,2,3,... are monotone decreasing with increasing ny and tend lo the
corresponding exact values of zeros of the function ©o(—(?;0;1) as ny — +oo. In addition, on
any interval (0,3), where B € (0,1), for sufficiently large ny, the use of a finite subsystem of
Sturm polynomials does not lead Lo the loss of zero or to the appearance of false zeros for finding
approzimate values of zeros of the function p.(—¢%0;1).

Suppose that, for some pair (|m|,wq) € Ng x (0, 1], R(|m|;wo) is a nonempty set and v = —i( €
R(|m|;wo), where ¢ € (—1,1). Then i¢ € R(|m|;wo). If pairs differ at least by one of values
of the quantities |m| and wg, then their corresponding discrete spectra of scalar reduced char-
acteristic equations do not necessarily coincide. Therefore, below elements of the set R(|m/|;wo)
are denoted by ¢ = +i((Jm|;wo), where ((|m|;wo) € [0,1), and by P, (Fi¢(|m|;wo); p;wo) we
denote the eigenfunctions corresponding to the elements (£i((|m|;wo)). Since nontrivial solu-
tions @/, (FiC(|ml;wo); swo) and {bX(Fi¢(Iml;wo); |m|;wo; Ojm)} of the corresponding homoge-
neous analogs in the families of the IE (3) and SLAE (4) in the classes Lo(—1,1) and £o.k,(jm|) are
defined to within an arbitrary nonzero factor, we introduce the coordinated normalizations

b (¢ (Iml;wo): ml; wo; Gy) = [2Im])!]2, (18)
[0y il n): ) dis = 27 (m 2l

-1

Theorem 10. Let the assumptions of Theorem 1 be satisfied, and let R(|m|;wo) # @. Then
the eigenfunctions |, (£i¢(|m|;wo); w;wo) of the corresponding homogeneous analog of the IE
in the family of IE (3) under the normalization condition (18) belong to the class C|—1,1] and
can be represented in the analytic form

@ (FC ([ wo); 15 w0)
+oo

= 120D Y 20+ lml) + DU (s wo); [ml;wo) Py (1)

s=0

— wo[2((2m))2(1 £ C(Im; wo) )]
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664 ROGOVTSOV

+oo
X Z (s [ml) + 1) for i W S (FiC(Imf; wo); [ml; wo ) PE ) o (1)
(Iml;wo) €Q, (19)
+oo
Do(HC(01)55 Ve = 3 [1 . 3 D25 45U, )50 P (u)]
+o0
= [2(1 £ ¢(0; Dy [ %Z 25 + 5) foro W (£iC(0;1); 0; 1)PS+2(M)] (20)

Do (05 p151) =27

In addition, the series in (19) and (20) are convergent pointwise and uniformly on the interval
|—1,1], and the quantities VX (v;|m|;wo) and W) (v;0;1) are defined by the relations

Vi (v; |m|§wo)|\m\6No =1, V(v |m|§wo)|seN,\m\6No
= ()’ [ [ &2 Im]) ¢ (Iml; wo)we(v*; [ml;wo)) (21)
=1
Wh(v;0;1) =1, U2 (505 D) ser = ()" [+ 2) (55 (03 1)pesn (V75 0;1) 7 (22)
=1

For the derivation of asymptotic solutions of BVP for a scalar RTE with the use of the Case
method [8] or the GIRRM [9, 10|, one needs the normalization constants

1 —1

e(£i(Im|;wo); Im|;wo) = [/M@m(iiC(Imlswo);u;wo))2 du

—1

Closed-form analytic expressions for these constants were obtained in [2, 3| for the case in which
(Im|,wo) € Q. By using formulas (19) and (20) and the orthogonality of the systems of associated
Legendre functions, we show that the following relations hold under the assumptions of Theorem 10:

(e(i¢(Im]; wo); ml;wo)) ™ (ml woren

+oo
= F(2¢(Iml; wo) @ImDH > (2(s + [ml) + DL = wo oy m) (W (EiC(ml;w0); [ml; wo))?,
+oo
(e(=£i¢(0;1); 05 1))71|<(0,1)¢o = F(8¢(0, 1))71 2(23 +5)(1 — fs+2)(‘1’:(iiC(O: 1);0; 1))27

where UX(v; |m|;wo) and ¥, (v;0;1) should be found with the use of formulas (21) and (22).

7. ANALYTIC REPRESENTATIONS AND RECURSION FORMULAS
FOR SOLUTIONS OF INFINITE SLAE

Finite SLAE obtained with the use of the truncation from the infinite SLAE (4), (8)—(9), and
(14) do not necessarily satisfy, for v € T, sufficient conditions of the well-posedness and stabil-
ity [11, p. 78|, whose validity would provide the efficiency of the right Thomas method [11, p. 74].
An analytic method for solving inhomogeneous SLAE related bijectively with system (4) was sug-
gested in [2] for the case in which (Jm|,wo) € Q. This method was developed in [3], where its
well-posedness and efficiency were proved for finding solutions of such infinite systems. In partic-
ular, it was shown in [3] that the solutions of these systems and the values of infinite continued
fractions are stable under sufficiently small changes in the norms of phase functions in the classes
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Ly(—1,1) and C'[—1, 1]. Note that, for applications of the TRT, it is especially interesting to develop
analytic methods for solving infinite SLAE of the type (4), which would permit one to construct
convenient numerical real-time algorithms for “practically arbitrary” phase functions. The use of
general ideas and constructions of the GIRRM [9, 10] and the method suggested in [2, 3] permits
one to develop a new well-posed effective analytic method for infinite SLAE of the type (4) and (14).

Theorem 11. Let the assumptions of Theorem 6 be true, let ¥(v) € Wy, (G), and let
b(v; 0(1)) = {bs(v; 0()) }ser, be the unique solution of system (14) in We,(G). Then the fol-
lowing recursion formulas and analytic representations hold for each v € G :

by (v; V(W) |ser = s (V) bs—1 (V3 ¥(V)) + 0u (v ) us(v) = e (s, ()
bo(v; 0(v)) = Geoo(v)) [ ovo(V +Z w) ;v [Hé‘z (v 1” (23)

Us(y)|s€N - (%sps(yz))il [1/15’05 + Z /”/ ’(/JJ+S,UJ+S [H€g+s %é+spé+5( 2))1]]7

bs(V;U(V))|sen = <HW )bo v; (v +ZXSJ (24)

Us+1(y)|s€N: (“/55+1) [%spS( ) S( )_wsUS( )] (25)

In addition, o1(v) is defined by the last formula in (23), and the x,.;(v) are defined by the relations
Xs:s(V)]|sen = 1 and x5;(v) = HZ:jH ue(v) for arbitrary s € N\{1} and arbitrary j € {1,...,s—1}.

Proof. By virtue of assumption 5 of Theorem 6, for each ¥(v) € Wy, , (G), there exists a unique

solution b(v; ¥(v)) of system (14) in W, (G). Therefore, b(v; 0(v)) € Uy foreach v € G. It follows
from the proof of Theorem 6 that for each v € G the component by(v;v(v)) of this solution is
an analytic function and is defined by formula (17), which is similar to the second formula in (23).

Let us show that the first and third formulas in (23) hold. Since, for any v € G, the quantity
bo(v; v(v)) is defined by the second formula in (23), we find that it can be considered to be known.
In the second equation of system (14), we transpose the term iv&,1bo(v; ¥(v)) to the right-hand side
and rewrite this system without the first equation in the form

el b (v 0(0) = 58 (03 0(v)) — 7 (),
wez 0 () v 6 (v () = “>b“><u; W)~ "), (26)
el 0 (v 0(0)) + v (v 0() = 48 1) - 7 (),

Here

b (v 0(v)) = beyp1(v;0(v)) for any s € Ny;
W) = 1,4 (v) for any seN and V(W) = iv&bo(v; W) + 11(v);

M — e, and €Y, =¢, forany se N\{1}; Y =, forany seN.

~—

System (26) has the same form as system (14). By virtue of the existence of a unique solution of
system (14) in fy.x for any v € G and the definition of the class 2.k, system (26) has a unique

solution {bV(v; ¥(v))}Hser, in Lok for any v € G as well. For any v € G, this solution coincides
with the subsequence 80 (v; 0(v)) = {bs(v;¥(1))}|sex of the unique solution {b,(v; (1))} ser, of
system (14) in fyx. This, together with the relation {b,(v;V(V))}|sen, € We, i (G), implies the
existence and uniqueness of the solution of system (26) in Wy, (G). Therefore, all assumptions
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of Theorem 6 are satisfied for system (26). By Theorem 6 and the above-introduced notation,
formula (17) acquires the form

“+o0

bi(v; 0() = b (v 0() = (e 05 (7)1 D2 ) )

§=0
here

1 Gp V" QpV 1
@g)(’ﬂ)[hé—:L:---]: £ € Ny, q§ - é+1£€+1( zg+)1) )

vy =1, U W)|en = (iv) Hél @)™

Y £

—(1 =
=) =1, B W)len = [H @
1

Let us reproduce all above-described manipulations for system (26) under the assumption that

b\" (v;¥(v)) is known. As a result, we obtain a system of the same form as (26). By reproducing
such manipulations for the transformed systems with regard of formula (17), the definition of
the class fy.x, the existence and uniqueness of the solution of any transformed system for any
U(v) € Wg(G) in Wy, (G), by taking into account the invariance of their forms (under the
above-described actions), and by using induction, we obtain

v (w).

“+o0

b (v;U(V) = b5 (13 0(W)) = G 6" () Y _EV () (), (s,v) € No x G (27)

J=0

Here 05" (v;0(v)) = bo(v;8(v)); o5 (V%) = p.(17), s € No; EF(v) = 1, s € No, and E(v) =
(iy)j szl€Z+S(%é+spé+s(yz))il7 (Sy.j) S 1\IO X Nv 7-OS)(V) - ’L’Ijgsbsil(lj;’ﬁ(lj)) + 1/15’05(’/)7 s € N7
7 = 7(v) = Yovo(v) and T;S)(V) = Ti+s(V) = Vi5v545(V), (s,7) € N x N. However, to within
notation, the first and third formulas in (23) are identical to formula (27) for all s € N. Thus, all
formulas in (23) are true. Formulas (23) readily imply formulas (24). The recursion formula (25)

can be proved by a straightforward comparison of the expressions for o,(v) for s =nand s =n-+ 1
(n € N) and by using induction. The proof of the theorem is complete.

Corollary 2. Let the assumptions of Theorem 11 be salisfied, and let the following conditions
hold.

1. The limits lim, ., oo (2511/2¢) and lim, ., (& /) are finite and nonzero.
2. There exists an so € N such that the inequality

EA H|€é/£é| > const >0

=1

holds for arbitrary s > sq.

3. For each v € G, the characteristic equation corresponding to system (14) without the first
equation has roots with distinct absolute values.

Then, for each v € G, the sequence {o,(V)}sen,, where oo(v) is an arbitrary finite number and
os(v) is defined by the third formula in (23) for any s € N, belongs to the class £2.x, and there exists
an s1 € N such that the inequality |us(v)| < const < 1 holds for each s > s.

Corollary 3. Suppose that assumptions of Corollary 2 are satisfied and in addition, for some
v € G and for a finite n € Ny, the sequence b(v; Un..00(V)) is the unique solution of system (14)
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in box for V() = Viomee(V). Then, for a given v € G, this solution can be constructed with the
use of the following algorithm.
1. If n =0, then

bo (V3 Tosop00 () = (oo (V7)) ova V), bs (V5 Toy0ji00 (V)] sery = <H ue(v )bo V5 Vo,0);00 (V)

2. Ifn=1, then

bo(V; Tosti00 (V) = (200(¥?))H(thovo(v) + 1vs (VE(v)),  01(¥) = Gapi(v?)) v (v),
bs (V5 Vo;1);00 (V) M|sen = s (V)bs_1 (V; Vios1)500 (V) + 61501 (V)

bs (V3 Vo100 (V) s = <H W(V)) bo(¥; Vo300 (V) + Xsi1 (V)1 (v).

n

b (V5 Tompsoe (V) = (000(#7)) " Y | Be(w)heve(v),

0Dy — (v 2))*1[1’;65“05“( RN A0 F—
bS(V;U[O;n];OO(V)MSEN - US(V)bs (Vv H[ ( )) + US( )

0(s;m)

bs(y; H[O;n];oo SEN — <H 'U/g ) bO Vv [On oo Z ng

where 0(s;n) = s for s € {1,...,n} and 6(s;n) =n for s > n.

Remark 4. Suppose that the assumptions of Corollary 2 are satisfied, for some v € G,
the sequence {v;(V)}sen, contains a countable subset of nonzero elements, and {v;, (V) },cy is a sub-
sequence of all such elements; moreover, j, € Ny and j,, < j,, for arbitrary ry < r,. Then the

relation

bs(lj; U(V)) - TEEPOO bs(y; U[O;jr];oo(y))
holds for any finite number s € Ny, where ¥jo,;,.00(V) = (vo(V),...,v;.(¥),0,0,0,...). In addition,
for any finite r € N, the quantity b,(v;Uj,;,},0(¥)) can be found with the use of the algorithm
described in Corollary 3.

The above assertions permit one to find analytic representations of solutions of the inhomoge-
neous systems (4) for arbitrary (m,wo,v) € Z x (0,1] x (T\R(|m|;wo)) if p(u) € Lo(—1,1) and
Gy, € £o.x for any m € Z. By taking into account the above-stipulated assumptions, the validity of
the relations (|m|,wo) € Q, Theorems 1-5, and Remark 3, one can readily prove the validity of all
assumptions of Theorem 6 and Corollary 2. Therefore, for the solution of system (4), one can use
Theorem 11, Corollary 3, and Remark 4. We have thereby proved the following assertion.

Theorem 12. Let the following conditions be salisfied.
L (Im|,wo) € Q and v € G(|m[;wo) = T\%(Imlswo)

2. The nonnegative function p(p) belongs to Lo(—1,1), and f p(w) dp = 2.
3. gl (vimswo) = g/ (Iml; ) = S+‘m‘P:+‘m‘7‘m‘(u1) for arbitrary (s,|m|) € Ny x No, where
1SS [_17 1]

4. The sequence
gﬂ\\éz\ = {fs+\m\P:+\m\,\m\(Ml)}sENo
contains finitely many nonzero elements, and n* is the maximum nonnegative integer such that
S P (1) # 0 (0 = Im]).

DIFFERENTIAL EQUATIONS Vol. 51 No.5 2015
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5. The sequence

Bl ms s 65 — {67 (vims o 675 been, = {07 s mls puswos @)}

is the unique solution of system (4) in We, .\ (G(|m|;wo)) for
Im — g\\/n\[om*,‘mu;oo - {gs/(|m|7,u1)7 s 797\{*7\m\(|m|7:u1)7 07 07 07 e }

Then the desired solution of system (4) in Wy, (G(|m|;wo)) can be found with the use of
the following analytic representations and recursion formulas.

1. If n* = |m|, then

by (V3 [ml; 115 W03 G ) = Ua (V3 Im;wo )35 (

;0)g0 (Iml; 1),
by (Vs Iml; 115 W03 Gl 0.0 ) ser = Hul s Iml; WO)bg(”?|m|§M1§WO§§m[O;O]m)7

where 5 5 ) .
ug (V3 [ml; wo) = (3¢5 (Iml; wo) po (V7 [mf;wo)) ™,
u (V3 Imlswo)lsen = ived (Im]) (s« (|ml; wo) s (v*; Iml; o))"

2. If n* = |m| +1, then
by (v Iml; pua; WO?J\YM[O;I];M)

= uy (vi|mlswo) 55 (Iml[; 0)go (Iml; 1) +ui (s [mlswo) s« (Iml; 0)gy (Iml; )],
o (s Iml; iy wo) = (el (Jm]) ™ g (vs Imls wo) sy (Iml; 0)gY (Iml; pa),
b (v; |m|§M1;W03QL\[0;1];W)|SEN

= (v; [ml; wo) b2y (w5 Iml; a5 w03 G y0) + 0501 (V3 [m; 15 wo),
b (v; |m|§MlQWOQg’\L\[O;”mHseN

= <HUZ(V;lml;wo)> by (v [ml; p1s w03 Gl o) + Xa1 (V5 s wo) ol (w3 [ml; s wo)),

where the quantity x2;(v;|ml;wo) is defined by the relations

XSl =1, x5 imlswo) = ] we (vslmlswo)
e=jt+1
for arbitrary s € N\{1} and for arbitrary j € {1,...,s — 1}.
3. If n* > |m| +2, then

n*—|m)|

b3 (V3 Im; 13 003 G e Hu JImlswo) | ¢ (Iml; 0)ge" (Iml; o),
(037 — | m ]300

O-SX(V;|m|;:u1;w0)|s€{n*f\m\ ..... 1}
= (el (Im]) " ul (v; Im[swo) vl (Im)a)’ (
o) (v |m|;ul;w0)|52n*f\m\+1 =0,

b (viIml; p; Wo%@in\[o;n*,‘mum)|seN

viIml; pgs wo) + 22 (Iml; 0)g) (Iml; pa)l,

=l (Vs | ml;wo) by (V5 [m; 1013 003 G e o) 02 (W5 M5 15 w0)

DIFFERENTIAL EQUATIONS Vol. 51 No.5 2015



CONSTRUCTIVE THEORY OF SCALAR CHARACTERISTIC EQUATIONS ... : 1I 669

b (W Im; 105003 Gl e o) 5200

<H ug (v;|ml; wo ) b (v; |m|§Ml;WOQQL\[O;n*,‘m‘];W)
O(sin*—|m|)

Y XS wsImlwo)a (v Iml: p; wo)-

Remark 5. Let assumptions 1-3 of Theorem 12 be satisfied, and let
b (vimwo; G5) = b (s Iml; s wos Gy) = {02 (s Iml; s wos G ) bsers
be the unique solution of system (4) in W, (G(|m[;wo)) for the case in which the sequence

G = Gon = st P fon (1) s

contains a countable subset of nonzero elements and {f;, 4P} . . m (1) }ren is a subsequence of
all such elements; moreover, j, € Ny and j,, < j,, for arbitrary r; < ry. Then the relation

bX(wilmls pswos Gony) = M b (w3 Il pa; wos Gy,
holds for any finite s € Ny, where
mm\[o;jr];w - (f\M\P\):n\,\m\(,ul)y s fjr+‘m‘P;+‘m‘7‘m\(/’L1)7 0,0,0,.. )

In this case, for any finite r € N and for v € G(|m[;wo), the quantity 07 (v;|ml; pt1;wo; Gm) o 00)
can be found with the use of the algorithm described in Theorem 12.

If m = 0 and wy = 1, then 25 (0;1) = 0. Then system (4) does not satisfy assumption 1 of
Theorem 6. In this case, system (4) splits in the finite subsystem consisting of its first two equations
and the infinite subsystem containing all remaining equations. That infinite subsystem, in view of
the equations of the finite subsystem, can be reduced to an infinite system that has the same form as
system (4). If, in addition, v € G(0;1) = T\R(0;1) and g} (¥;0; 1)|sen, = 9. (0; pi1)|sew, = [sPs(pi1),
then such an infinite system satisfies all assumptions of Theorem 6 and Corollary 2. We have thereby
proved the following assertion.

Theorem 13. Let m = 0, wo = 1, and v € G(0;1), and let assumptions 2-5 of Theorem 12 be
satisfied. Then the unique solution of system (4) in We, . (G(0;1)) can be found with the use of

the following analylic representations and recursion formulas.
1. The relations
by (v; 05 puis 15.95") = —(i) 7 B(L — fO) () ™" + 3L P () + 2iwb3 (v 05 pus 13 5)),
b (v 05 s 1.6y) = —(iv) ™
hold for arbitrary n* € No; moreover, fiPi(u) =0 forn* =0.
2. If n* € {0;1;2}, then

by (V3 0; 13§ov) = (55, (0; 1)@2(’/2303 1))71[—2 + 5 foPa(p1)6ns2],
s+2
by oV 05 05 15 G Mserw = [HUZ(V;O; 1)] b3 (v; 05 s 15 Gy ).

£=3

3. Ifn* =3, then

by (105 13150 ) = (6 (0; D2 (V%5 0; 1)) =2 4 5 foaPa (1) + 7 fsPa(pr)ud (v;0; 1)),

b (1305 15 13 G0 Msen = uln (Vs 0, 1002 (V5 05 13 15,67 + 651U (V75 ),
s+2
b o (V505 15 15,90 Msen = [Hw V01] 5 (V300051 07) + U W5 ) xea (v; 0;1),
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where U (V% p1) = 7 f3Pa(p1) (565 (05 Dos (750, 1)) 7, X2, (#5.05 Dlsen = 1, and

s+2

ng v;0;1) H ux(v;0;1)
r=j+3
for arbitrary s € N\{1} and j € {1,...,s —1}.
4. Ifn* > 4, then
— 255,
by (v; 05 s 158) = (35 (0; Do (%50, 1) 71 > (25 + 5) W) (v 051) (fj+sz+z(u1) - %);
7=0

ol (V505 s 1)|se{n*—3 ..... 1}
= (5855 (0; 1) s 1o (V750;1)) 7 (s + 3)ivaly (3 0 a3 1) + (28 +5) foraPya(pnn)]
and
o5 (V505415 1) szne 1 = 0,
b (V505 005 15 G0 Msen = ulen (v 0 DO (v 05 105 15.60) + 02 (505 s 1),

542 0(s;n™—2)
b o (V305 1360 ) sen = [HUZ(V; 0; 1)] by (Vi 0 G ) + Y X057 0 o) (v 05 pua; 1),
=3 =1

by (V505 15 15,6 M somr 41 = [ H ug (5 0; 1]bi*(1/;0;u1;1;§5)-

f=n*+1

Remark 6. Assume that m = 0, wg = 1, v € G(0;1), assumptions 2 and 3 of Theo-
rem 12 are true, {bX(v;0;1; G5 ) been, = {02 (V;0; 115 15 Gy ) Fsen, 18 the unique solution of system (4)
in We, ., (G(0;1)), and the sequence {f; P; (p11)},er of all nonzero elements of the sequence

gy = {[:Ps(pt1) }sew, is a countable set (j, € Ny and j,, < j,, for arbitrary r; < r5). Then the
relation

b7 (3 05 a3 15g0) = N bF (w505 s 13, )

holds for any finite number s € No, where gy = (foPo(u1), ..., f;,P5,(111),0,0,0,...). In this
case, for any finite » € N and for any v € G(0; 1), the number bX(v; 0; ti1; 1;55[07 ]'oo) can be found
with the use of the algorithm described in Theorem 13.

8. ANALYTIC SOLUTIONS OF INHOMOGENEOUS SCALAR CHARACTERISTIC
EQUATIONS OF THE THEORY OF RADIATION TRANSPORT

The following assertion can be proved with the use of Theorems 2, 3, 5, 12, and 13, Corollary 1,
and Remarks 2, 3, 5, and 6.

Theorem 14. Let assumption 2 of Theorem 12 be satisfied, and let
v € G(Im[;wo) = T\R(|ml; wo)

for some pair (Jm|,wo) € No x (0,1]. Then, for arbitrary (u,p1) € [—1,1] x [=1,1], the resol-
vent I, (Vi i, ii;wo) of the IE in the family of IE (3) corresponding to the pair (|m|,wo) can be
represented in the form

Wo
Ly (v o, e = 571 N
‘ ‘(V ey WO) 2(1 _“/,U)
+oo
P (s 1) w0 (205 + [m]) + 1) fosimi P2 g o (OB (05 Im; s 003 G ) s (28)
s=0
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where {03 (v; |ml; pi;wo; G, ) bsen, @8 the unique solution of the system in the family (4) correspond-
ing to the index m € No in Wy, . AG(Im[;wo)) for gy, = G = {fstimP L ) o (1) Ysero - In this
case, the following assertions hold.

1. For each py € [—1,1], the series in (28) is convergent pointwise and uniformly with respect to
i on the interval [—1,1].

2. For arbitrary (p, 1) € [—1,1] x [—1, 1], the sum of the series in (28) is an analytic function
of v € G(Iml;wq).

3. If (Im|,wo) € Q, then the sequence {b (v;|ml; s wo; G, ) bsew, can be found by the algorithm
described in Theorem 12 and Remark 5.

4. If m = 0 and wo = 1, then the sequence {bX(v;0;11;1;Gy) }sen, 18 defined by the algorithm
described in Theorem 13 and Remark 6.

The following assertion can be proved with the use of Theorems 1-5, Remark 2, the Fubini theo-
rem, Theorem 2 in [12], the theorem on the addition of Legendre polynomials, Corollary 1, and the
definition of resolvents of the IEs (1) and (3) and elements of the sequences g, = {g./(|ml; 1) }sem,

and {2 (v [ml; p1;wo; Gy ) Fsero-

Theorem 15. Let assumption 2 of Theorem 12 be satisfied, and let v € G(wo) = T\R(wo).
Then the resolvent of the IE (1) can be represented in the analytic form

F(VQQQQHWO)
+oo s

. Wo =8 x x cane e Y

~ 0= P Q) Fwo DD wen P (1B (7 ms pa;wo; Gy ) cos(mlyp — @1) |

(9,1, wo) € 2 x Qx(0,1],

s=0 m=0

(29)
where
Wern = (25 + 1) fo(Som + 2(1 — G0s)(1 — Som))-

In addition, for any Q€ Q, the series in (29) is convergent pointwise and uniformly with respect to

.....

with the use of the algorithms described in Theorems 12 and 13 and Remarks 5 and 6.

Remark 7. Let assumption 2 of Theorem 12 be satisfied for some pair
(|ml, wo) € Ny x (0,1] v=ux+iy € G(Im|;wo), Gy, = g\yn\ - {fs+‘m‘P:+‘m‘7‘m‘(/’Ll)}SEN07

and let . B
b (v m;wo; Go) = b(s Iml; pa;wo; Gon) = {02 (V3 Iml; 1 wo; G ) Fsery

be the unique solution of the corresponding system in the family (4) in the class
Wéz;KQ(\m\)(G(|m|;w0))'
Then the following symmetry properties hold:

Re [0 (2 + dy; Iml; pa; wo; G )] = Re [0 (=2 + dy; [ml; p1; w05 G
I [0 (@ + dy; [ml; p; wo3 G )| = —Im [0 (=2 + dy; [m; ;w03 G ), 5 € No.

The use of these symmetry properties permits dramatically reducing the amount of computations

for finding numerical values of the resolvents I',,(v; tt, p1;wo) and I'(v; ﬁ, ﬁl; wp) with the use of
formulas (28) and (29).
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9. APPENDIX
Let us derive an analytic representation of the Green function
600(77 ﬁ% T1s ﬁ1; wo)

of the dimensionless scalar equation of radiation transport for the case of an infinite plane-parallel
macroscopically homogeneous and locally isotropic disperse medium. This function is a solution of
the following canonical BVP for the theory of the radiation transport [10] :

MaéOO(TY ﬁv T1, ﬁlv WO)

or
o~ _ _ w _ o~ s s
= —Goo (7, Q5 71, Qs wo) + ﬁ /p(Q Q)G oo (7, Q5 71, Qs wo) AV + 6(7 — 7)o (1 — )0 (9 — 1),
Q
(1,m) ERXR (R=(-00, 1)), w€(0,1), (G,9)exq, (30)

| h\m éOO(T,ﬁ;Tl,ﬁl;wO) =0.
T—T1|—+00
In system (30), 6(x) is the Dirac 6 function. It was shown in [3] that

Goo(T, G571, 1 0) = O(7 — 10, 1311 — 1) 8(p — 1) + G (7, L 71, Qs wo),
where

O(r, 1) = () ul =" exp(=I7/pl)

[0(r) = 1 for 7 > 0 and 6(r) = 0 for 7 < 0], and the function GL_(7,; 71, 31;wo) is a solution of
the BVP that coincides with the BVP (30) with the functions

Gool, G571, Qrywo), 87 —70)8(k — 111)8(p — 1)

replaced by the functions G (7, 3; 71, Q;wo) and (wo/(4m))O(r — 11, w1 )P(Q - ), respectively.
Let the function p(u) satisfy the Holder condition [13] on [—1,1]. Then, by using the Case
method [8], one can show that if at least one of the inequalities p # 0 and p; # 0 is satisfied,

then G (7,Q; 71, G1;w0) € Li(—o0, +00) as a function of the variable 7. Under these assumptions,
by taking into account the linearity of the BVP for the function G_(7,Q; 71, Q4;wo) and the IE for
the resolvent I'(v; 2, Q1;wo) and by using the Fourier transform, we obtain the relation

Eio(l/; Q713 Qs wo) = (V2r (1 —ivp)) Yexp(iv)D(v; & s wo),
where v is the parameter of the Fourier transform [v € (—o00,+00)] and the function
éio(u, ;71,15 wo) is the Fourier range of the function éio(T, ;71,1 wo). By using Theorem 4
and the TE (13), we show that the asymptotics [T (v;€Q;Q1;w0)] = O(|v| "t In|v|) holds for any
wo € (0,1) as ¥ — +oo. By taking into account the relations in this section, Theorem 4, and the

theorem on the convolution with the use of the inverse Fourier transform, we obtain the desired
analytic representation

600(77 ﬁ37'17@1;0«10)

s

@U—ﬁwﬁw—mﬁ@—¢0+g%ﬂ%ﬁﬁ/@U—Rm@@—ﬁwﬁﬁ

4
“+o0
w3 exp(—iv(T — 1)) Y
+@ (1_1/1/“ 1_,“/“1 [Sz;mzzowsm sm ‘m‘(u,m,ul,wo,gm)cos(m(gp—gpl)) Cll/,
(31)
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where p; # 0. In this case, the second integral on the right-hand side in the representation (31)

is convergent absolutely for arbitrary (7,7, ﬁ, ﬁl,wo) ERXR xQ xQyx(0,1), where Qy is the
unit sphere after the deletion of the unit circle defined by the conditions 6, = (7/2), ¢ € |—7,7].
To find the Green function for p; = 0, one can use its symmetry

GOO(T,Q;Tl,ﬁl;wO) :GOO(T,ﬁl;Tl,ﬁ;wo). (32)

The validity of relation (32) follows directly from the mutual principle [8, Chap. 2] and the invariance
of the solution of the BVP (30) under orthogonal transformations of the Euclidean point space &
which preserve the direction of the unit vector &; or change it to the opposite direction. In the
derivation of the Green function for y; = 40 on the basis of relations (31) and (32), one should
assume that g # 0 and treat gﬂhvn‘ as the sequence { fsyim /Pstiml,im|(1t) }ser, -

In conclusion, note that, by using the analytic representation (31) and the GIRRM [9, 10|, one
can efficiently solve BVP for a scalar RTE in the case of practically arbitrary phase functions and
disperse media of various configurations.
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