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IHNPOTPAMMA

Tema 1. JIuneiinas anaredpa

Marpuipl. JIuHElHbIE ONepaluu HaJl MaTpUlaMH. YMHOXXEHHE MaTpull. TpaHCIOHHpPOBAHHE
MaTpHLL.

Onpenenurens Marpulbl. AnredOpandeckue pgomnonHenus. OOparHas wmarpuna. I[Ipasuio
Kpamepa. Cucrembl M JIMHEWHBIX ypaBHEHUM € N HEU3BECTHbIMU. PaHr marpuibsl. Meroasl ero
BbiuncieHus. Teopema Kponekepa-Kanemm. Merox I'aycca. Cuctembl OJHOpPOIHBIX JIMHEHHBIX
YpaBHEHUH.

Tema 2. AHasTuTH4YECKAsI TeOMeTPHst

Bekropel. JluHeiHble omnepanvd Haja BEKTOpaMH. YToJl Mexay BekTopamu. CkaiaspHoe
MPOU3BE/ICHUE BEKTOPOB. BEKTOpHOE M CMEIIAHHOE IMPOU3BEIICHUE BEKTOPOB, UX T€OMETPHYECKHIT
CMBICII.

VYpaBHEeHHE TPsIMOMl Ha IUIOCKOCTH M B TPOCTPAHCTBE. YpaBHEHHE IUIOCKOCTU. Bzaumuoe
pacmooKeHue MPSMO U MIOCKOCTH.

KpuBbie BTOpOTo mopsika Ha IUIOCKOCTH: 3JUIUIIC, THIepOoia, napadoa.

Tema 3. BBegenue B anajaius

Oyukuus. [lpenen ¢ynkuuu. @yHkuMs HarypaiabHoro aprymenra. Ilpenen uuciioBoit
nociaenoarenbHOCTU. OCHOBHBIE TeopeMbl O Ipenenax. PackpbiTHe  HeONpeneneHHOCTEH.
3ameuaTelbHbIE PEEIbI.

beckoneuno wmanble M OeckoHeuHO Oousblive ¢GyHKuMU. CpaBHEHHE OECKOHEYHO MalbIX

GyHKIHH.
HenpepsiBHOCTh (yHKIMK. Toukn pa3pbiBa U X KIacCU(pHUKALIUS.

Tema 4. ludgdepenunanbHoe HCHUCTICHUE

[TpousBonHas, ee reomeTpudeckuil U ¢puszndeckuit cmbici. [lonarue o nuddepennuane. [Ipasuna
muddepentmmpoBanus. uddepennupoanue sneMeHTapHbIX GyHKUMA. I[lpenenbHbIl aHamu3 B
DKOHOMHMKE. YPaBHEHMsI KacaTeIbHOM M HOpPMalIM K IUIOCKOW KpuBoil. [Ipon3BonmHBIE BBICIINX
nopsaakoB. JuddepennupoBanue HesiBHBIX QyHKIMM. Teopemsl o cpeaneM. [Ipasuino Jlonurans.

HccnenoBanne QyHkiuii Ha skcTpemyM. HanGomnbiiee M HauMeHbllee 3HaueHUS (YHKIMU Ha
oTpe3Ke. BrInmykinocTh 1 BOrHYTOCTh. ACUMITOTHI rpaduka ¢pyHkuu. Od1ee uccieoBaHue QyHKIMMA
U TIOCTPOEHUE rpauKoB.

Tema S. ®yHKIMM MHOTHX ITePEeMEHHBIX

OyHKIMU MHOTUX mepeMeHHbIX. Obmacte omnpenenenus. [Ipenen. HenpepwsiBHOCTB. YacTHble
MIPOU3BOIHBIE.

HuddepenunpyemMocts GpyHKIIMH MHOTHX TEPEMEHHBIX, NOIHBIN quddeperunan. IIponsBoaHsie
oT cioxHoi pyHkuuu. MaBapranTHOCTh opMmbl nepBoro auddepeniuana. HesBuple GyHKINN U UX
muddepeHIrpoBaHue.

KacarenbHass mMIOCKOCTP M HOpPMallb K MOBEPXHOCTU. ['€OMETPUYECKHI CMBICI MOJHOTO
mipdepennmana, QyHKIUM [ABYX MepeMeHHbIX. YacTHbIEe NPOM3BOJIHBIE BBICIIMX IOPSIKOB.
Juddepenunanst Beicinx nopsiakos. @opmyna Telnopa 11 GyHKIMH IBYX NEPEMEHHBIX.



OKkeTpeMyM (PyHKIIMM MHOTHX IlepeMeHHbIX. HeoOxoaumoe 1 J0CTaTOuHOE yCI0BUS IKCTPEMyMa.
VYcnoBHbl 3kcTpeMyM. Meton mHoxutenen Jlarpanxka. IIpousBogHas mo HampasiaeHUro. I'pagueHrt.
Meto HaMMEHBIINX KBaJAPaTOB.

Tema 6. HeonpenejieHHbIH MHTErpaJ

ITepBooOpasnas. HeonpeaenenHslii HHTErpall U €ro cBoMCTBA. TabyMiia OCHOBHBIX HHTETPAJIOB.
3ameHa nnepeMeHHol. MIHTerpupoBaHue 1o 4acTsIM.

OcHOBHBIE METO/Ibl MHTETPUPOBAHUS: HHTETPUPOBAHUE MPOCTEUIIUX OpOOEii; HUHTErpUpPOBaHUE
paIMoOHAaIBHBIX (PYHKIIHIA; METOJT PAIIMOHATU3AINH;, UHTETPUPOBAHNE TPUTOHOMETPUICCKUX (DYHKITUIA;
MHTErPUPOBAHUE MPOCTEUIINX UPPALUOHATILHOCTEH.

Tema 7. Onpenesiennbiii uaTerpaj. Hecod6cTrBeHHbIe MHTErPabl

3agauu, NPUBOJAIINE K OHATHIO OIPEAEICHHOr0 nHTerpana. OnpeeneHHbI HHTerpail v ero
coiicTBa. @opmyna HetoTona-Jleitbnuna.

3aMeHa repeMeHHON U MHTErpUPOBAHUE 110 YacTsIM B ollpe/ielleHHOM uHTerpane. HecoOcTBeHHbIE
HHTErpaisl.

[TpunoxeHus onpeeseHHOr0 UHTerpaia K BEIYMCICHHIO IUIoLIa el niaockux ¢uryp B
ACKAPTOBBIX U IMOJIAPHBIX KOOPAHWHATAX. Breruucienne 00eMOB 1 JJIUH OYT. HpI/I6JII/I)KeHHI)I€ METOABI
BBIUUCIICHUS ONPECICHHOTO MHTEerpaa.



1. MATPHUIIBI, ONPEAEJIUTEJIA, CACTEMBI IMHEMHBIX YPABHEHUMH (CJIAY)
1.1. Matpunsl. Onepanuu Hax MATPULIAMH

Marpuueii 4 pazamepoM Mx N Ha3bIBaeTCs MPSIMOYTOJIbHAS TaOIUIIA YHUCET &; , cocTosIas U3 M
CTPOK U N cTonO1oB. Yncna @;; Ha3bIBAIOTCS JICMCHTAMU MATPHUIIbL; i=12..m j=12,..,n.

Marpuua 4 ¢ snementamu g; obo3nagaercs (@; ) uim

2 Ay ; 2n

Anxn = A= a 44444444444444444444444444444444444444444444444444444444
L ] in

8y 8y, - Ay .. 8

KBaapartHoii maTpuueii N-ro nopsiika Ha3bIBae€TCS MaTpulia pasmepa NxN:

2 3 0
4 5 -1
3 2 4

JlnaroHajabHOM MaTpuueil Ha3bIBaeTCs KBaJpaTHas MaTpULIA, Y KOTOPOM BCe 3JIEMEHTHI BHE

o . x 0
IJIaBHOM MaroHasu (T.€. ¢ UHAEKCaMH | # | ) paBHBI HYJIIO. (0 2] .
X

Ennnununoii maTpuneii E Ha3piBaeTCS nraroHanbHas MaTpuUIla ¢ SAMHUIIAMY Ha TJIABHOU
MaroHaJIu.

o O
o - O
= O O

0 0
Cymmoii (pasnocteio) marpun A =(3;) u B =(b;) onunakosoro pasmepa HasbiBaeTcs
Vi, j.

. . 0
HyuneBoii Ha3bIBaeTCs MaTPULIA, BCE DJIEMEHTBI KOTOPOU paBHBI HYJIIO! [

matpuna C, . = (C;) Toro ke pasmepa, nmpudem, C; =a; +by,
CBoiicTBa onepanuu cJ0KeHUsA MaTPHUIL:
st mio6s1x MaTpuil 4, B, C 01HOTO pa3Mepa BHITIOJIHIIOTCS PAaBEHCTBA:

1. A4+ B=B+ A (KOMMyTaTUBHOCTb).
2. (A+B)+C=4+(B+C)=A4+ B+ C (accolMaTUBHOCTB ).

Ipoussenenuem marpuupl 4 = (@;) Ha umcno A HaspiBaeTcs Mmarpuua B = (b;) Toro ke
pasmepa, uTo u Matpuna 4, npuuem b; =X1-a;, Vi, J.
CpoiicTBa onepanuy YMHOKeHUsS] MATPUIl HA YUCJI0:
1. A-(n-4)= (A ) A4 (accounaTuBHOCTb).
2. MA + B)=AA4 + AB (qucTprOyTUBHOCTH OTHOCUTEIILHO CIIOKEHUSI MATPHII).
3. At A4=rA4+ pwA (aucTpuOyTUBHOCTH OTHOCUTENBHO CIOKEHUS YUCe).

Marpuusr A, 1 B, corinacoBaHbl, €ClIM YHCIIO CTOJIOLIOB MAaTpHIbl A paBHO YHMCIO CTPOK

XN

MaTpulbl B. HepeMHO)KaTI) MOKHO TOJIBKO COI'JIaCOBAaHHBIC MaTPUIIBI.



IMpousBenenuem A - B matpuny A u B (pa3mepoB MxN, NxK COOTBETCTBEHHO) Ha3bIBACTCS

n
marpuna C pasmepom MxK Takas, 4to C; = a,-b; +a,-b,; +...+ g, -by +..+ &, b, =Z:aik - by
k=1

CgoiicTBa onepanuu YMHOKEeHHUSI MATPHIL

1. (A- B)-C =A-: (B-C) =A- B - C (acconmatuBHOCTB).

2. (A+B)-C=A-C+B-C (auctpubyruBHOCTS).

3. A-B # B - A (KoMMyTaTHBHOCTb OTCYTCTBYET).

TpaHCNIOHUPOBAHHOM K MaTpulle 4 = (aij) HasbIBaeTcs Marpuna 47 = (aijT ) Takas, 4TO aijT =
a;,, Vi, j (r.e. Bce cTpoku AT paBHBI COOTBETCTBYIOIIMM CTONOLAM MATPUIILL A).

DJieMeHTAPHbIMH NPe00pPa30BaHNUAMHU MATPHLBI HA3bIBAIOTCS CIIEAYIOIINE OTepaIiu:

1. [lepemena mectaMu JBYX CTPOK (CTOJIOIOB).
2. YMHOXKEHHUE CTPOKH (cToI0a) Ha YKciio He paBHOE 0.
3. [IpubasneHue K aIeMeHTaM OJTHON CTPOKH (CTOJIOA) COOTBETCTBYIOIIMX JIEMEHTOB

Ipyroit cTpoku (cTondna).
Marpuna B, mnomydyeHHas M3 MaTpulbl 4 C TOMOLIBIO 3JEMEHTApHBIX IPeoOpa30OBaHU,

Ha3bIBAETCS IKBUBAJEHTHOI Marpuie A (06o3HayaeTcss B~A).

1 3 -1 2 5 -3
Ipumep 1.1. Haittu A+ B, A—B, 3-A,tne A= B = .
2 0 4 -2 1 1

Pemenmne.

1+2 3+5 -1-3 3 8 4
A+B=C=( H ]

2-2 0+1 4+1) \0 1 5
1-2 3-5 -1-(-3)) (-1 -2 2
A-B=C= = .
2-(-2) 0-1 4-1 4 -1 3

31 33 3.(-1)) (3 9 -3
3.A=B= - .
3.2 3.0 3.4 6 0 12

2 30
ITpumep 1.2. /lana matpuna Az[4 1 2j.HaﬁTI/IAT.
2 4
Pemenue. A" 5 -3 -1].
0 2
3 4 5
1 2 3
Hpumep 1.3. /lanbr maTpuiis! A:(l 0 J, B=|6 0 -2].
7 1 8

Haiitu mpoussenenue A - B u B - A (ecmu BO3MOXKHO).
Pemenue. Unco cTonOioB MaTpuIsl A paBHO YHCITY CTPOK MaTpunbl B, 3HaunT A, ,-B, , =C, ;.

e (1314 5
A B_£1 2 3} P [ 1.342-643-7 1.4+2.0431 1.5+2.(-2)+3-8 j

| liei0 =2 |=
10 -1 i D 1-3+0-6+(-1)-7 1-4+0-0+(-1)-1 1.5+0-(-2)+(-1)-8

(36 7 25
-4 3 3)



1.2. Onpenenurenu. Aiaredpandeckue J10N0THEHUS

st mo6oit KBaApaTHOM MaTPHUIIbl CYIIECTBYET YMCIOBAs XapaKTEPUCTHUKA, KOTOpash Ha3bIBAETCS
onpeaeJnTeleM U 0003HAYACTCS |A| =detA=A.

Boruncienue onpeuennTeneifl

1. Omnpenenurens BTOPOro IMOPsJAKAa PaBeH PAa3HOCTH IPOU3BEACHUM SJIEMEHTOB, CTOSIIMX Ha
. y Ay
IJaBHOM M TOOOYHOW JAMaroHamsax, T.e. =a,-a, —a,-a,. Hanpuwmep,
a'21 a'22
13
=1.2 -5-3=2-15=-13.
S 2
2. Jnsg  onmpenenurencii TPETHEro IOpsJIKa HMCHONB3YeTCS HPaBHIO «TPEYTOJbHUKOBY» (MK

npasuio Capproca).
CxeMaTH4HO 3TO MPaBUJIO U300paxaeTcs Tak:

e o ©
® & 0 -
e o ©
8; 8, a5
|A3><3 =8y 8y Ayl =
8y 83 8y
= 818y 83 + Ay @yt 8y + 8y 8y By 8y 8y, B3 — 8y "8y 8gy — gy 8yy -
Hanpuwmep,
3 0 4
-1 2 5=3-2-1+0-5-(—5)+(—1)-1-4—((—5)-2-4+(—1)-O-1+1-5-3):6+O—4+40—0—15=27.
-5 11

3. Jlns BbIUMCIEHUS OmpeAenuTeneil Oosiee BBICOKOTO MOpPSIKAa CPOPMYIUPYEM HEKOTOpbIE
IIpaBUJIa U CBOMCTBA ONPEIEIUTENICH.
MuHOpOM 5reMeHTa @; ONpENENuTeNs N-ro TOpsAJKa Ha3bIBAETCS omnpenenutens (N-1)-ro

MOPSIIKA, TIOYYEHHBIH BHIYEPKUBAHHEM i-Oi CTPOKH U j-TO CTOJIOIA, HA MEPECCUCHUH KOTOPBIX CTOUT
3TOT A5ieMeHT. O0o3Havaercsa Mij.

AJreGpanvecKuM JOMOJHEHHEM DJIEMEHTA &; Ha3bIBACTCS €0 MUHOP, YMHOKEHHBIH Ha (-1)™,

i+]

O6osnauaercst Aij, r.e. A =(-1)  -M;.

Teopema pa3iioxkenusi. OnpeenuTeNb MaTPHUIIBI PABEH CYMME MPOU3BEICHHE SJIEMEHTOB JTF000H
CTPOKH (CTOI011a) HA UX allreOpanyecKue TOMOJTHEHHS.

Hampumep, BBIYHCIUM ONMpEAETUTENb, pa3jiaras ero 1mo 3IeMeHTaM BTOPOM CTPOKH.

2 5 4
10 2|=1-A,+0-A,+2-A, =1-(-1)**M,, +0- (=1)?*M,, + 2- (-1)>°M,, =
31 -6
5 4 2 5
=-|, _t0-2[; |=-(-30-4)-2(2-15)=34+26=60.




CaoiicTBa onpeneauresiei
1. Ecnu y onpenenutens Kakas-In00 cTpoka (CTOIOEI) COCTOUT TOJNBKO U3 HyJEH, TO |A| =0.

Ecnu xakue-mu6o 2 cTpoku (cTosid1a) mpornopiuuoHaibHbL, TO TAKOW ONpeneuTelb paBeH 0.
3. Ecnu kakyro-nmu60 cTpoky (cTonberr) onpeaeanTens yMHOKUTh Ha IPOU3BOJIILHOE YUCIIO, TO M BECh
OIIPEIEIIUTENb YMHOKACTCS HA 3TO YHCIIO.
Ecnu nBe cTpoku (aBa cT010112) MOMEHATH MECTAMH, TO OIIPEIEIUTENIb U3MEHHT 3HAK.
Ecom k kakoi-mubo cTpoke (CToyOIry) ompenenauTesns MpuOaBUTh KaKyK-THOO IPYIYH CTPOKY
(cTonbelr), yYMHOKEHHYIO Ha MPOU3BOJIBHOE YHUCIIO, TO ONPEICTUTENIb HE U3MEHUTCHI.
6. OnpenenuTens MPOU3BEICHIS MATPUIL PaBEH IMPOU3BEICHHUIO UX ONPEACTUTEIICH.

SRR

Jis BbIUMCIEHHS] OMNPENENUTENs IMOpSIKa BBIINIE TPEThEro YAOOHO MOJB30BAaThCA TEOPEMOM
paznoxkeHusi. MokHO mpeoOpa3oBaTh OINPEACIUTENIb K TPEYroJbHOMY BHUAY (BCE 3JIEMEHTHI
OTpEeACNUTENS HIKE WJIM BBIIIEC TVIABHOM JIUAroHald paBHbl HYNI0). Omnpenenurens TpeyroyibHOR
MaTpulbl paBCH MPOU3BCACHUIO 3JICMCHTOB, CTOAIIUX HaA rJIaBHOM JAuaroHaau.

1 2 -3 4
6 7 -2

Ipumep 1.4. Berancnuts onpenenurens |A = Lo 1 2l
3 4 5 6

Pemenne. [IpumenuM cBoWcTBO (5) K TpeTbel cTpoke ompeaenutes. [IepBoiii cTom0er CIIoKuM
C TPEThUM, 3aTE€M IEPBBI CTOIOEI] YMHOKUM Ha 2 U CIIOKUM C Y€TBEPTHIM CTOJIOIIOM, MOTYIHUM

1 2 -2 6
5 6 12 8

A= -
10 0 0
3 4 8 12

Pa3noxuM 3TOT onpenenuTesns Io 3JAeMeHTaM 3-eil CTPOKHU, OJTyYrM
|A| =(-1)- Ay +0-A, +0- A, +0- A, = (_1)'(_1)3+1M31 =-M,;, =
2 -2 6 Ha ocHoBanuu cBoiictsa 3 1 -1 3

=—|6 12 8|=|BeIHECeM 2 U3 MEPBOM CTPOKH,|=—2-2-4|3 6 4|=

4 8 12| |2-coBropoii, 4 - u3 TpeTbeit 1 2 3
=-16(1-6-3-1-4-1+3-2-3-1.6-3-2-4.1-3-(-1)-3)=-16(18-4+18-18-8+9) =
=-16-15=-240.

IIpumep 1.5. Boruncnuts onpenenuTens
1 2 3 4
1 3 4
1 -1 7 4
1 -2 5 2

Pemenne. IlepBolil cTonben yMHOKUM Ha (-2) 1 mpubaBUM KO BTOPOMY CTOJIOIY. 3aTeM MHepBbIil
crosber] yMHOKUM Ha (-3) ¥ npubaBUM K TPETbeMY CTOJIOIY M, HAKOHEL, NMEPBbIi CTON0e] YMHOXKUM
Ha (-4) 1 mpubaBUM K YETBEPTOMY CTOJIOLLY.

1 2 341 0 00
1 3 3401 10 0
= =1.1-4-(-2)=-8.
1 -1 7 4 1 34 0
1 25 2 1 -4 2 =2



1.3. Panr MaTpuubl

MunopoM K-ro mopsijka Mpou3BOIBHON MaTpHUIlbl A Ha3BIBACTCS OMPEACIUTENb, COCTABICHHBIN
U3 3JICMEHTOB MaTPHIIbI, PACIIONIOKEHHBIX Ha TIEPeCceUeHHH KaKuX-JIn0o K cTpok u K cTononoB.

1

4 a, a,| [7 -7
12313 123 1
45 6,4 6 4,5 6 4]
789 179 -7189 -7

Panrom MaTpHIIbI A Ha3pIBaeTCs HAHOOIBLIIMH W3 MOpAAKOB €€ MHHOPOB, HC PABHbLIX HYJIIO.

1 2 3 1
Hampumep, B matpunie A=|4 5 6 4 | MOXHO yKa3aTh TaKU€ MUHOPHI:
7 8 9 7
. 2 a, 4, ‘4 4 Ay 9y .
— TSI 2-TO TIOPSI/IKA: MUHOD , MUHOD UT.J.

1 4

— ISt 3-TO TIOpsIIKA:

3 -2 2
Oo6o3nauvaetcs r(A), rang(A). Hampumep, A:( 0 OJ' r(A)=1, T.K. BCE MHHOpPBI 2-TO TOpPSIIKA

PaBHBI HYJIIO.

Ba3ucHbIM MHHOPOM MAaTPHIbI HA3bIBACTCS BCAKHM OTIIMYHBIA OT HYJs €€ MHHOD, MOPSAIOK
KOTOPOT'O PaBEH PaHTy MaTPHIIBI.

Metoa 3/1eMeHTapHbIX IPe0OPa30BaHUil. DTOT METOJI OCHOBAH Ha CIIEAYIOLIEH TeOpeMe.

Teopema. [Ipu s1emeHTapHBIX TPEOOPA30BAHUIX PAHT MATPUIIBI HE MeHsieTcs. K aieMeHTapHbIM
peoOpa30BaHUSIM MaTPHUIIBI OTHOCSTCS:

1. [lepecTanoBka IByX CTPOK (CTOJIOIOB).
2. YMHOKEHHE KaKOW-T100 CTPOKH (CTONO0I1a) HA YUCIIO, OTIMYHOE OT HYIIS.
3. [TpubaBneHne K KakOW-TMOO CTpOKe (CTONOIY) MATpPHUIlBl APYro CTpoku (CTosdia),

yMHO)KCHHOﬁ Ha IMIPOU3BOJILHOC YHCJIO.

[Iyrem »sieMeHTapHbIX NpPeoOpa3OBaHUN HUCXOAHYIO MaTpUIly MOXKHO IPUBECTH K
TpanenueBuIHON popme:

b, b, .. b, .. by,
0 b, .. by .. b,

0 00 by e By |,
o 0 .. 0 .. O
o 0o .. 0 .. O
rae sneMeHTsl b, b,,, ..., B, oTiamdHEI OT HyNs. Toraa paHr nmoxy4eHHOW MaTpHUIEI paBeH K.
2 -1 5 6

IIpumep 1.6. Haiftu panr maTpuiist 1 3 5 | MEeTo10M 3JIeMEHTapHBIX MTPeoOpa3oBaHuil.
-5 1 -3

1
1
2 -1 5 6 1 1 3 5
5
1

Pemenme. |1 1 3 5 |~2 -1 6 |~
1 51 -3 1 -5 -3
1 1 3 5
N( VMHOXaeM MepBYIO CTPOKY Ha (-2) ¥ IpHOaBIIsieM KO BTOPOIA, j o 3 1 ale
3aTeM TIEPBYIO CTPOKY YMHOXkaeM Ha (-1) 1 mpubaBIiseM K TpeTheil CTpoke. 0 6 o g

0 3 -1 -4|=r,=2

0 0 0 O

YMHOXaeM BTOPYIO CTPOKY Ha (-2) L1135
Y IpUOABIISEM K CTPEThEH CTPOKE.
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1.4. Cucrembl 1uHelinbIx ypaBHennii (CJIAY)

JInHeiiHo# cucTemMoil M ypaBHEHHUM C N HEU3BECTHBIMU X, X,, ..., X, HA3bIBACTCs CUCTEMA BUAA

X +8,X, +o X, =hy;
A, X +a,,X, +...+a, X =h,;

2n*n

a X +a,,X +..+a X =b.

Yucna &, a,,, ..., a,, HaspBaloTcad Kodpduuuentamu cucremsl, b, b,, .., b, — ee

n
cBoOozHbIe wieHbl. Ecim Bce b, 1 =1, M paBHBI HylI0, TO CHCTEMa OTHOPOAHAS, B IIPOTUBHOM CIIydae

— HEOJTHOPOTHASL.
Jlunelinyro cucTeMy MOXKHO 3amucath B MaTpuaHoi ¢popme: A- X =B, rie

b,

a; 8, ... @, b

A=|a, a, .. &, | — vatpuma cuctems; B=| ’ | — marpuma-cronGen; cBOGOTHBIX
a a '
ml m2 mn

b,
4JICHOB;

%
X2

X =| " | —marpuna-cronlen HEeu3BECTHBIX.
X

a, a, .. a1b1

Pemenuem cucreMbl M ypaBHeHI/Iﬁ C N HEM3BECTHBIMH HAa3BIBACTCS COBOKYIHOCTH 3HAYCHUHU
HCEHU3BCCTHBIX Xlzai, X2 :az, . Xn :a.n, IIpru MOACTAHOBKE KOTOPBIX, BCC YpPAaBHCHHUA CHUCTCMBIL

oOpamiaroTcsi B TOXK/IECTBA.

Cucrema Ha3bIBae€TCSi COBMECTHOM, ecll OHAa MMeEeT XOTS Obl OJHO pelieHue. B mpoTuBHOM
Cllydae OHA Ha3bIBACTCSI HECOBMECTHOIA.

OpHopoHas cucTeMa JTMHEHHBIX YpaBHEHUH BCEr/la COBMECTHA, T.K. UMEET HYJIeBOU pellleHue.

Pemienue HeBbIPOKAEHHBIX CHCTEM JMHEHHBIX YPaBHEHUH

Cucrema n ypaBHeHI/Iﬁ C N HEU3BECTHBIMH HA3bIBACTCS HQBLIpO)KIICHHOﬁ, €Clin |A| #0.

IIpaBuno Kpamepa. HeBbipoxaeHHas cucTeMa UMEET €IMHCTBEHHOE PEIICHHE, KOTOPOE MOXKHO

i — OIIPEIENNUTEND, ONYYEHHBIH U3 A 3aMEHOU

A_ i J—
Halitu o gopmynam X =XI’ i=Ln,rtoe A =|A|, A,
I-ro cTos01a Ha cToa0er CBOOOIHBIX YWICHOB.
—3x%, +4x, + X3 =17,
IIpumep 1.7. Peruth cuctemMy JIMHEHHBIX YpaBHEHUN < 2X + X, — X, = O,
2%, +3X, +5%, = 8.
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-3 4 1
Pemenue. Marpunia cuctemot A= 2 1 -1|. Onpenenutenp A=-15+8+6+2—-9—-40=-48.
-2 3 5
17 4 -3 17 1
A=|0 1 -1=85-32+0-8+51-0=96; A,=| 2 0 -1j=0+34+16-0-24-170=-144;
8 3 5 -2 8 b5
-3 4 17
A,=| 2 1 0/=-24+0+102+34-0-64=48.
-2 3 8
A6 o, A M4 A48
A 48 A 48 A 48

Pemenne npou3BOJIbHBIX CHCTEM JIMHEHHBIX YPABHEHU

Teopema Kponekepa-Kanenaum. Cucrema JTHMHEHHBIX YpaBHEHUH COBMECTHA TOTJAa U TOJIBKO
TOI'/Ia, KOTJ]a PAHT MaTPHIIbI CHCTEMbI PABEH PaHTy paciIupeHHO MaTpuibl cuctembl F(A) = r(A/B).

[Ipu sTOoM BO3MOXHBI 3 Bapuanta: 1) ecnmu r(A) <r(A/B) — cucrema HECOBMECTHa; 2)
r(A)=r(A/B)=n (N — 4KCIO HEU3BECTHBIX), TO CHCTEMa UMEET CIUHCTBECHHOE PEIICHHUE; 3) eclin
r(A) =r(A/B)<n, To cuctema uMeeT OECUNCIEHHOE MHOXKECTBO PEIICHUH.

Jnsa uccimenoBaHusT CUCTEM JIMHEWHBIX YPABHEHUHM M HAXOXKICHHUS HX PEIICHHH MOXHO
ucnoinb3oBath MeTo] ['aycca. C mOMOIIBIO 3JIEMEHTApHBIX MpeoOpa3oBaHUil HAJl CTPOKAMH MPUBEIEM
pacimmpeHHyo Matpuily cuctemsl (A/B) x TpanenueBugHol gopme. Takoil MaTpHile COOTBETCTBYET
CUCTEMA, KOTOPYIO JIETKO PEUINTh, HAUMHAS C ITOCIEAHEr0 YPAaBHEHHUS.

X+ X, =X =4
IIpumep 1.8. HccnenoBatrh cucteMy ypaBHEHUH < X +2X, —3X; =0; M B cllyyaeé COBMECTHOCTHU
=2%,  —2x,=16.
PELINTS ee.

Pemenue. [lpuBeneM k TpamenueBUIHON (QopMe paCHIMPEHHYIO MaTpuIly CUCTeMBI. [lepByto
CTpPOKY YMHOXUM Ha (-1) u mpubaBuUM KO BTOpOI; MEPBYIO CTPOKY YMHOXXHM Ha 2 U MpuOaBUM K
TpeTheil. Bropyto cTpoky yMHOHUM Ha (-2) ¥ pruOaBUM K TPEThEH.

11 -1|-4 11 -1|-4 11 -1|-4
12 3| 0|-»/01-2| 4,501 -2| 4
-2 0 -2|16 0 2 4| 8 00 0| O0

B pesynbTaTte sneMeHTapHbBIX MpeoOpa3oBaHUM HaJl CTPOKAMHU MOJIYYUM CHUCTEMY PaBHOCHIIBHYIO
UCX0/HOM. Bribepem B kauecTBe 0a3MCHOTO MHMHOp, CTOSIIMM B MEPBBIX JBYX CTPOKAaX M CTOJIOLAX:
1

0
CBOOOJHOMN MEPEMEHHON MPOM3BOJIBHOE 3HAUEHHE X, =C, TOI/a CO BTOPOTO YPAaBHEHUS X, —2X, =4

i‘zl. Torma x, m X, — OasuCHbIE IepeMEHHBIE, a X, — CBOOOJHas mepemeHHas. llpumanum

crenyer, 4to X, =2C+4. V3 mepBoro ypaBHEHUS X +X,—X,=—4 CIEIYeT, YTO X =—X,+X;—4.
CnenoBarenbho, X, =—2C —4+C —4=-C —8. O6miee perrenue cucrems (-C - 8; 2C + 4; C).

Jlnst cymecTBOBaHMSI HETPUBHAIBHOTO PEIICHHs] OJHOPOJHON CHCTEMBI JIMHEWHBIX YpaBHEHHU
HEOOXOJUMO | J0CTaTouHO, 4To0bI I(A) = Kk < n (n — umcno HeusBecTHbIX). Torma oOmiee perieHue
OJTHOPOJTHOHM CHCTEMBI MOXKET OBITh 3aIMCaHO B BHJIE

X=CE +CE,+..+C_E_ .,
riae Ei — MaTpuIbI-cTONOIBI, KOTOPBIE HA3BIBAIOTCS (PyHIAMEHTAIbLHONH CHCTEMON pelIeHuid.
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2. AHAJINTUYECKAS TEOMETPUSA

2.1. BekTopsbl. Onepanun HaJ BEKTOPaMu

BexTopom HazbIBaeTCs HampaBiIeHHBIA OTpe30K. BekTop ¢ Hauanom B TOuke A U KOHLIOM B TOUYKE
B obo3nauvaercs AB (wim omHoM OykBoi a,b, ...). JlnmuHa orpe3ka AB Ha3bpIBaeTCs AJHHON WIH

MoayJieM BekTopa AB u o0o3HadaeTcs ‘AB‘, ‘a‘. Bekrtop, mmHa KOTOpOro paBHa HYJIO, Ha3bIBAECTCS

HYJIeBbIM BEKTOPOM M 00O03Ha4aeTcs 0 wm npocro 0. BekTop, [MHa KOTOpPOro paBHa €AUHUIE,
HA3BIBACTCS €IMHUYHBIM BEKTOPOM U 0003HAYAETCS e.

EnuHuuHbIA  BEKTOp, HANPABJIEHUE KOTOPOrO COBNAJAET C HANpaBICHUEM BEKTOpa a,
Ha3bIBACTCsI OPTOM BEKTOpa a u obGosHauaerca a°. Jlpa HEHYJIEBBIX BEKTOpa HAa3bIBAIOTCS
NPOTUBONOJIOKHBIMH, €CIIM OHW MMEIOT OJUHAKOBYIO JUIMHY W IPOTHBOIOJIOXKHBIE HAIPABICHUS.
BeKTop, IIPOTUBOIIOJIOKHBII a obo3Hauaercss -a (BEKTOpP, IPOTHUBOIOIOKHBII AB Oyzner BA T.C.
BA =- AB).

Bekropsl aé b mnaspBaroTCs KOJ/UIMHEAPHBIMHU, €CIIM OHM JIeKaT HAa OJHOM MpsAMOW WIM Ha
MapaJuIeNIbHBIX MPSAMBIX, 3alUCHIBAIOT a | b. Tpu BekTOpa HA3bIBAIOT KOMILIAHAPHBIMHU, €CIIM OHU
JIeXaT B OJTHOM IJIOCKOCTH UJIU B NapaJlIeNbHbIX TIIOCKOCTAX.

Cymmoii 1BYX BEKTOpPOB a € b HasbIBacTCS BEKTOp C, COGIMHSIONMH HAYANIO BEKTOpa ac

KOHIIOM BEKTOpA b, OTJIOEHHOr0 OT KOHIIA BEKTOpa a (NPABHIIO TPEYToJLHUKA).

3ameuanue. Ha BeKTOpax a & b MOXHO IIOCTPOUTH NApajlIeIorpaMM, B KOTOPOM OJHA JUATOHAIIb

6ymzer ux cymmoii AC = a+b, Bropas — pasHoctio BD =b— a. Takoif croco6 CIOKEHHS 1
BBIYUTAHUA BECKTOPOB HA3bIBACTCs IMPABUJIOM IIapaJjijiejiorpamMmma.

IIpousBenenuem BekTopa a#0 Ha uncino A =0 Ha3pBaeTcs BEKTOpP Ad, KOTOPBIA MUMeEET
HYy |A|-|a| 1 BeKTOp A& wuMeeT HampaBJeHHE BeKTopa a, ecid A >0 U IPOTHUBOIOIOKHOE
HampasieHue, ecau A <0.

VriaoM MexkIy BeKTOpAaMH au b  Ha3bBaeTCs b

HAaUMEHBIINKA YroJl ¢, Ha KOTOPBI HYXHO MOBEPHYTH
OJIMH BEKTOp, YTOOBI OH COBMAJ IO HAaIPaBJICHUIO C
JIPYTUM BEKTOPOM. a
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Ilpoexnueii BekTopa b Ha BEKTOp a Ha3bIBAaeTCs YUCIIO, paBHOE JUIMHE |a|, YMHOKCHHOE Ha
cosp . O6o3naqaercs np_b = |b|-cose.
J171s1 HeHyIeBBIX BEKTOPOB BO3MOXKHBI TPU BapUaHTa IIPOU3BEICHUN.

1. CkansipHoe nmpousBeJeHHe — (5, 5) =a-b.

2. BexkTopHOe mpou3BeneHHe — [5, 5} =axbh.

3. CmeliaHHoe Npou3BeAeHNe TPeX BeKTopoB — abc = (a, b, C) .

CKaJISIpHBIM NPOU3BEICHHEM JBYX BEKTOPOB a 1 D HA3BIBACTCA YKCIIO, PABHOE TIPOU3BEICHHIO
JUTAH ITHUX BEKTOPOB Ha KOCHHYC yria ¢ MEXTY HUMH, T.C.
I (a b)

(a, b)=a -b=a|-|b| -cosp =cosp =——.
|a]-[b]
Takum oOpazom (5, 5): |5|><Hp55 = |a|xup, b. Hanmpuwmep, (a, a) =la|-|a| -cosQ® =|al.

BeKTOPHLIM IMPOU3BCACHUEC HECKOJNJIUHECAPHBIX BEKTOPOB aub Ha3bIBACTCsA  BCKTOP

c (E :[5, 5]) , OIIPEJENSIEMbIN YCIOBUSIMM:

1) BekTOp C TEpIEHIUKYIApEH BeKTopaM au b, T.e. c L a, cLb;

2) IIMHA BEKTOpa C paBHA ILIOMIAM TApajIelorpaMMma, MOCTPOSHHOTO Ha BEKTOpax aé b kak Ha
CTOpOHaAX, T.€. ‘E‘ :‘QHB‘ -sing;

3) BekTOpel a,b,C 06pa3ylOT NpaByl0 TPOHKY, T.e. IpH HAGNIOACHMM M3 KOHLIA BEKTOpa C

KpaTyaifInii TOBOPOT OT @ u b BUJICH IIPOTUB YACOBOI CTPEIIKH.

Mpumep 2.1. J[ansl 1Ba BekTOpa au b, wis kotopsx |a|=2, |b| =6 u yroax Mexay HuMu

T .
paBCH E Haittu mnomans napajjicjaorpaMmma, HOCTPOCHHOI'0 Ha 3TUX BEKTOpax

Pemenne. S =‘ax5‘ = |5| |5| -sinp=2-6- Sin%=6 (xB.ex.).

CMelIaHHbIM IIPOU3BCACHUEM TPEX BEKTOPOB 4, b, ¢ Ha3pIBaeTCA YHCJIO, PAaBHOC CKAJIIPHOMY

MIPOU3BEICHUIO [a, b} Ha BekTop C. Obo3navaercs abc . abc = ([a, b] C).

T'eoMeTpHYECKH MOJYIb CMENIAHHOTO IMPOM3BEICHHUS HHTEPIPETHPYETCS KaK YHCIIO, PaBHOE
o0beMy TapaJuiesenureaa, MOCTPOSHHOro Ha BekTopax a,b u C kak Ha pebpax (abc > 0, ecnu
JIaHHBIE BEKTOPHI 00pa3yroT MpaBylo TPOWKy, eciu a b ¢ < 0— nmeByro). OObeM mUpamMHIbl pPaBeH
1 - —
= ‘a b c‘.

6

JIBa BeKTOpa OPTOrOHAJbHBI, ECIIH YroJ MeXx 1y HuMH paBeH 90°. HyieBoit BEKTOp OpTOroHalleH

T000MY BEKTOPY.

Heo0xonuMoe u JocTaTouyHoe Ycja0BHe OPTOrOHAJBHOCTH. J[Ba HEHYNEBBIX BEKTOpa
OpPTOTOHAJBHBI TOT/A U TOJIBKO TOT/a, KOTJIa UX CKAISIPHOE MTPOU3BE/ICHNE PABHO HYJIIO, T.€.

- = TN T
(a, b)=0<:>|a|-|b| -cos@ =0 < cosp =0<:>go:5.
Heo0GxoamMoe u 10cTaTOYHOE YCJ0BHE KOJLUTMHeapHocTH. 1). /[Ba HeHyseBbIX BekTopa a u b

KOJUIMHCApHbI TOrJa W TOJIbKO TOTr'Ad, KOr'ZJa OHHU HpPONOpPHHUOHAJIbHBI, T.C. b= ﬂ,a, rne A -
MMPOU3BOJIBHOC YUCJIO, OTIIMYHOC OT HYJIA. 2) I[Ba HCHYJICBBIX BCKTOpPAa KOJUIMHCAPHBI TOr'/Ia U TOJIBKO

TOraa, Koriaa [5, k_)} =0 (TTomaap mapauienorpaMmMa paBHa HYITIO).
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Heo0xoaumoe 1 10cTaTOYHOE YCJI0BHE KOMILIAHAPHOCTH BEKTOPOB. TpH HEHYJIEBBIX BEKTOpA
KOMILIaHApHBI TOrJa W TOJIBKO TOTA4d, KOrjga HMX CMCIIAHHOC MNPOU3BCACHHUC PABHO HYIIIO (OGTJGM
napajuieJienuIe/ia paBeH HyJIIo).

2.2. lelicTBUA HAJl BEKTOPaAMH, 32/IAHHBIMHU B KOOPJAUHATAX

Optbl (€AMHUYHBIC BEKTOPHI) | K Ha3bpIBalOTCS 0a3MCHBIMH (OPTOHOPMHUPOBAHHBIMM)

) ]’
sexropamu (|i|=]j|=|k| =1 i Lj, i Lk, jLk).

Ecmu i, j, K — OpTBI KOOPAMHATHBIX OCEH MPSAMOYroJIbHOU cCHCTeMbl KoopauHaT OXYyzZ, To TH000H

BEKTOpP & €JMHCTBEHHBIM 00pa30M MOXHO IPEACTaBUTh B BUJIE UX CyMMbI (JITHEHHON KOMOUHALINN) C
koo duumnenramu a,, a,, a,: a=a -i+a,-j+a,-k (puc. 1)

M(a, a, a,)

M, Yy

Mo

Puc. 1

OM =OM, + M;M =OM, +OM, +M_M =a i+ a,- ] + a, -k;

A 2 2 2
‘a‘=,jax +a,’+a,”.

3nech &, a,, @, - KOOPMHATHI BEKTOpa a=0OM =r (F — paauyc-BeKTOp TOUKU M).

Z

Ecmn A(a,, a,, a,) u B(b,, by, b,), To KoopAMHATHI BEKTOpa AB BBIYMCISIOTCS O bopmyie
AB = (b —a, b,—a,b -a,).

[TycTh naHbl Ba BEKTOpa 5(ax, a,, a,) u B(bx, by, b,), Torna:

1) a+b=(a+b, a +b, a +b);

2 a-b=(a,—b,a b, a -b);

3 la=(la, Ja, 4a,);

4  (a by=a-b+a,-b+a, b,

CrnenoBartenbHO,
(a, b)_ a><'bx+ay'by+az'bz

lal-|b] \/axz+ay2+a22 -\/bX2+by2 +b,?

0S¢
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5) [5, 5]: a, a, a|=(ab, —ab)i —(ab, —ab )j+(ab, —ah,)k;
b, b, b
a, a, a,
6) abc=1b b b
c, ¢ ¢

MMpumep 2.2. Jlansl BepmmHbl mupamuasl A(5; 1 —4), B(L 2; —1), C(3; 3; —4), S(2; 2; 2). Haiitu
JUTMHY BBICOTBI, OMYIIIEHHON U3 BepIIUHbI S Ha rpanb ABC.

Pemienne. Taxk kak o0beM V mnHpamMuabl paBeH

1
=S, -h,To h 3V , tne h=SO| — BbicoTa mupaMu eI,

3 OCH. SOCH.
Soc. — INIOWIAAbL OCHOBAHUS.
AB=(1-5;2-1,-1+4) = (-4, 1 3),

AC = (-2; 2; 0),
AS = (=3, 1; 6).
Haxomum o0beM IMUPaMUIBI
4 1 3
Y =% AB AC AS =%mod 2 20 =%|—48 +0-6+18-0 +12|=%|—24|=4 (xyb.ex.) .
3 1 6

HaXOIH/IM miomaigb OCHOBaHUA

T J k
Sus =|[AB, AC] =3mod|4 1 3|=2|-6T ~67 —6K| =5 /(-6)" (6 +(-6)" =563 =33 (kmen)
-2 2 0
[Moncraensiem B popmyny h = v _ 3-4 _ 4\/§
S N3 3

2.3. lIpsimas

HopMaJjibHBIM BEKTOPOM NPSAMOIi Ha3bIBaeTCs 10001 BEKTOP, MEPHEHIUKYISAPHBIA IPSIMOIA.
HanpapasiionuM BeKTOPOM NPSIMOM Ha3bIBae€TCs 000 BEKTOD, JICKAIIUNA HA ITOM MPSIMON WK
Ha NapaJuIeJIbHON MPSAMOM.

2.3.1. Ilpamas Ha n1ockocTH. PazinyHble BUABI PAMOIi

Kaxnmas mpsimast Ha miockoctu OXY ompenensercs: JJUHeiiHBIM ypaBHEHHEM NMEPBOii CTemeHu C
JIBYMSI HEU3BECTHBIMHU.
1. O6mee ypaBuenme mnpsimoii. Ha miockoctu OXy cocraBuMm ypaBHeHue TmpsMoi |,

IPOXOAIeH uepe3 Touky M (X, Y,) , ¢ HOPMAJIBHBIM BEKTOPOM n= (A, B) (puc.2).
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Bo3smem mpousBonbHyo Touky M(X, ),

y JeXaUyIo Ha Ipsmoii |.
_ MM (X=X, y-V.). MM Ln 1o
~ n(A, B) M (X=%;: Y=Yo) ° (
OIpEIETICHUIO HOPMAJIBHOTO BEKTOPA).
M CremoBaTelbHO, MX CKaISIPHOE MMPOU3BEICHHE
X (n, M,M) =0. B xoopauHaTHOW# Qopme 3TO
0 M(x, )F\ PaBEHCTBO IIPUMED BUJI:

A(x—x,)+B(y—-Yy,)=0 < Ax+By+Ax,-Ay,=0<
< Ax+By+C=0, rne C =- Ax, — By,.

Puc. 2

VYpaBHenue Ax+By+C =0 Ha3blBaeTCs 00IIMM YpaBHeHHMeM NpPsIMOil, rie 4 U B He paBHbI
omHOBpeMenHO Hymo ( A” + B> #0).

Ecin B#0, To ypaBHEHHE MOYKHO NPEJCTABUTH B BUJE YPABHEHHS C YIJIOBbIM K03¢puuneHToOM

y=kx+Db, rme k :—g; b :—% (k =tge, rme ¢ — yrox HakJIOHa MPsiMOit k ocu Ox).

2. YpaBHeHHe NpsIMoM, mpoxoasiuieii yepe3 Touxky M (X, y,), C HalpaBISIOLIMM BEKTOPOM

s=(m, n)

Ctpoum yeprex (puc.3).
y [Mycte M(X, Y) — mpou3BojbHas To4Yka HpsMoi .

Torza Bektop M M (X—X,, y—Y,) KommHeapeH

M BEKTOPY s=(m, n). CrenoBatenbHO, ux
M, KOOP/IMHATHI TPOMOPIHOHAIIBHBI, T.C.
X - XO — y B yO
0 m n o
Puc. 3 Takoe ypaBHEHHE HA3bIBACTCS KAHOHHYECKHM
YPaBHEHHEM NPSIMOIi.

W3 aToro ypaBHeHuUs ciaeayeT napaMeTpuyeckue ypaBHeHHs NPAMOii

X=% _ Y=Y, t e X =X, +mt;
m n y=y,+nt.

3. YpaBHeHue mpsivMoii, mpoxoasimeii depe3 ase Toukn M, (X, Y,), M,(X,, y,). B kadecrBe

HaIpABJIAIOIEro BEKTOPA MPAMOH MOKHO B3sTh BeKTOp S =M,M, (X, —X, ¥, —Y,). Torma uckomoe
YPaBHEHHE IPUMET BHJL

X=X — Y—W )

X=X Yo=Y

IMpumep 2.3. BepummHbl TpeyrojibHUKa HaxomsaTca B Toukax A(2; 2), B(L, —2), C(-1 0). Haiitu
npoekiuto Touku A Ha BC.

Pemenne. Ctpoum yeprex (puc.4). [Ipoekuus Touku 4 Ha BC ecTb TOYKa NEpecedeHHs] OCHOBAHUS
BC c Boicotoit AH. CocTtaBum ypaBHeHue npsimoil BC 110 IByM TOUKaM
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X=Xy _ ¥=¥s _ X=1 Y=(2)  X=1_¥*2_ 50 4y 5(ys2) sx—le—y-2 =
Xe =X Yo~ VYs -1-1 O_(_Z) -2
=>X+Yy+1=0 -obmee ypaBHeHue mpsamoii BC.
Tak kak AH L CB, cienoBareiabHO, CKaISIPHOE TPOU3BE/ICHUE (E, M) =0.
AH(x-2, y-2) u BC(-1-1 0-(-2))=BC(-2; 2).
Yy _
/ (BC, AH ) =0., caeoBarTelbHo,
A2; 2)
—2(x—2)+2(y-2)=0 = -2x+2y=0 = —x+y=0
— obmiee ypaBHeHnue AH.

C(-1; 0) x JIns Hax 0K JEHHs KOOPAUHAT TOUYKM H PEIIuM CUCTEMY
! X+y=-1 2y =-1, 1 1
H(x; y) ' { y :>{ y => X=—=; y=—-.
B(1; -2) -X+y=0. X=Y. 2 2
Puc.4 OtBer. H (——, —%J
2.3.2. llpsimasi B npocTpaHcTBe. PazauvyHbie BUIBI MPSIMOii
VpaBuenne mnpsmoi |, mpoxomsmeir uepes M, (Xo, Yor Z, ) , C HalpaBJAIOIIUM BEKTOPOM

s=(m, n, p) B npoctparcTBe OXYZ COCTABJISAIOTCS aHAIOTUYHO MPSMOK B IpocTpancTBe Oxy.
Crtpoum ueptex (puc.5). ITycte M(X, Y, z) — mpousBosbHas Touka mpsimoii |. Torma BekTop

— - X—X — Z-12
MM |s = I b . Takue ypaBHEHUS Ha3bIBAIOTCSI KAHOHMYECKHMH YPaBHEHUSIMHU
m n
NPSIMOM.
ITapameTpuyeckue ypaBHeHHMs HPSAMONl IIPUMYT
z BUJ
I
M(x, Y, 2) X=X Y=V Z2=Zy o X=X Y=Y, ..
_ = = =t < =t; =1;
// o(Xo,Yo ,Z0) m n p m n
s=(m,n, p) X =X, +mt;
7-12
0 y =t < y=Yy,+nt;
X P z=1,+pt.

Puc.5

YpaBHeHHe NPAMOH, MPoXoasmei uepe3 aBe Touku M, (X, Y;, ) 1 M, (X, ¥, Z,)
X=% _Y=-¥% _2-%
=% Yo=Y -1
Oo1ee ypaBHeHHe MPSIMOIi B IPOCTPAHCTBE 3a1a€TCS KAK JIMHUSI TIEPECEUCHUS JIBYX TUIOCKOCTEH.

2.4. TI110CKOCTH

IInockocts B IMPOCTPAHCTBE MOXHO 3aJdaTb pPa3HbBIMH crocodamu: TpEMS TOUKaAMU, TOYKON U
BCKTOPOM, MNEPHUCHAUKYIISAPHBIM IIJIOCKOCTH. B 3aBucMMOCTH OT 3TOTO paccMaTpruBarOTCA PA3JINYHBIC

BH/JIbI €€ YPaBHECHHM.
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1. B mpoctpanctBe OXyZ COCTaBMM YypaBHEHHE IIIOCKOCTH [, TPOXOAANIeH depe3 TOUKY
M, (X,+ Yo» Z,) EPICHAMKYISPHO HOPMATBHOMY BeKTOpY Miockoctn N=(A, B, C) (puc.6).

\Z

' n=(A B, C)

M, L1 > ~M(x,y,2)

Puc. 6

BosbMeM m06yl0 Touky M(X, Y, Z), Nekamlylo Ha ILIOCKOCTH p. Bektopsr MM 1 n
neprneHuKyyisapHel. CrenoBaTeNnbHO, CKaJIIPHOE IPOU3BEJIEHUE 3TUX BEKTOPOB DPABHO HYINIO, T.€.
(MM, n)=0 wumu B KoopauHatHOM ¢opme A(Xx—X,)+B(y—y,)+C(z—2,)=0. VYpaBHeHue

Ax+By+Cz+ D=0, rae A, B, C He paBHBI OJJHOBPEMEHHO HYJIIO (A2 + B2+ C?z 0) Ha3bIBaeTCs
00IIMM YPaBHEHHEM TJIOCKOCTH.
2. VpaBHeHHe ILIOCKOCTH, mpoxojsiimeii 4epes Tpu Touku M, (X, VY, ), M, (X, ¥,, Z,),

M, (%, Vs 23) , He JIesKale Ha OJAHOM NPAMON.
[Tycte M(X, Y, Z) — mpon3BOJIBbHAS TOYKA IIOCKOCTH, TOrAa BeKTopsl MM = (X— X, Y=Y, Z— Zl),

MM, :(Xz X YoV 4 _21) M,M, =(X3—X1; Ys— Y 23_21) KOMILJIaHAPpHBI, a,

CJIIOBATEIBbHO, HUX CMELIAaHHOE IIPOM3BEIEHHE paBHO HYyIw0, T.e. MM MM, M,M,=0. B
KOOPJAMHATHOI (hopMe 3alMIIeTcs Tak:

X=X Y-y, 7-%

X=X Y=Y Z,—17| =0.

X=X Ys=V L-4

OTO0 U €CTh ypaBHEHHeE IJIOCKOCTH, IIPOXO/siIIei Yepe3 TPU TOUYKH.
3agayn Ha NpPSAMYI0 M IUIOCKOCTb: IYCTh JaHbl JBE HEMApaJUIENbHBIE IIOCKOCTH, 3aJaHHbIE
oOIMMH ypaBHEHUSMU. B 3TOoM ciydyae IUIOCKOCTH IE€peceKaroTcsl 1o MpsSMOi, ompeaenseMoi
00IIMMH YPABHECHHSIMH NPSIMOIA.
{Alx+ By+C,z+D,=0;
Ax+B,y+C,z+D, =0.
3ameuanue. Oona u ma dce npsamas modcem OvbimMb 3a0AHA PASTUYHBIMU CUCTHEMAMU OB8VX JUHEIHbIX

VYPAasHeHull, M.K. Hepe3 O0O0HY NPIMYIO MOJNCHO NpOBeCcmu OeCUUCIEHHOE MHOICECMBEO
NI10CKOCMEl.

U | Xx+2y—-3z+2=0,
IIpumep 2.4. OGmue ypaBHEHUs TPSIMON IIPUBECTU K KAHOHUYECKOMY BHU]LY.
2x—-2y+z-5=0.
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Pemenue. /{51 pemeHus 3Toi 3a1a4u HAJ0 3HATH KAKyI0-TM0O TOUKY MPSMON U €€ HaIPaBJISIONTUN
BEKTOp S . BriOepem TOuKy Ha MPsIMOM CIEIYIOIIMM 00pa3oM: TosIokuM Z = (), Toraa s ONpeaeTIeHus
X+2y+2=0;

abCLMCCHI X M OPAMHATBI Y STOM TOYKH MOJIyYMM CHCTEMY yPaBHEHHH {2 2v_5=0
X—2y-5=0.

3 . 3
Pemrass cucremy, Haxomum X =1, y:—E. Urak, nHa mnpsmoit u3BectHa Touka (L, ——; 0).

Hampapnstomumii BeKTOp npsMol HaxoauMm 1o (opmyie s=[n ;N J (n,; N, — BEKTOpHI HOpMaJeH
HJIOCKOCTGI/I) TaK KaKk OH TPUHAJICKUT OOCHUM IUIOCKOCTSIM U, CIIEAOBATEIbHO, YIOBJICTBOPSET

YCIIOBUSIM SJ_nl, SJ_n
n=(L 2 -3); n2=(2; -21),

i j ok
- -2 -3 -1 -3 -1 2 = = -
s=1 2 -3=i -J- +k- =—4i-7j-6k,1e. S =(-4;-7;-6)
-2 1 2 1 2 2
2 2 1
3 .8
. x—-1 y_2 z-0 x-1 Y 2 Z
Toma KaHOHHNYCCKHEC YPAaBHCHUA IIPAMON UMCIOT BU/I: = = 201041 = =— -
—4 -7 —6 4 7 6
HCKOMBIE YPaBHEHUS IIPSAMOM.
2.5. Yroa MEXKAY ABYMS NIPSAMBIMHA HA IIJIOCKOCTH U B IIPOCTPAHCTBE
ITycts S_1 =(m1' n, pl) e g =(m2, n,, pz) — HampaBJIAIONIME BEKTOPBI JBYX IIPAMBIX B

IIpOCTPAHCTBC. Yroa MEKAY ABYMSA NPAMBIMH €CTh YIoJl MEXKAY HUX HapPaBJIAIOMIMMU BEKTOpPaMMU,
T.C.

mm, +nn, + p,p,
‘S‘ ‘S‘ \/ml+n +pl \/m +n +p2

Cosp =

- N mm,+nn
Torna Ha mockocTH s, =(m;, n) € s, =(m,, n,): COSep = 1z 12
\/mf +n’ \/mg +nl
sl e m_n_p
YcioBue napaiiebHOCTH ABYX NPAMBIX: S, || S, , T.e. — =—+=—,
m n p
2 2 2

YciaoBue neprneHIuKyJIAPHOCTH ABYX NPAMBIX:
s Ls,<(s,s,)=0, 6a. mm,+nn,+pp,=0.
Yroa Mexay AByMs IUIOCKOCTAMM €CThb YIoJl MEXAY UX HOpPMaJbHBIMM BekTopamu. IlycTs

n=(A, B, C)é&n,=(A, B,, C,) — HOpMalbHEIE BEKTOPbI JABYX ILIOCKOCTEil B IPOCTPAHCTBE,
Toraa
cos _(n1'nz)_ A A +BB,+CC,
¢= nlnl a2z - g2 .2 2 . p2.2
(- (N, JA1 +B; +C; -JAZ +B; +C,

A_B_G

YciioBHe napasiiebHOCTH ABYX IIOCKocTei. N || n, , T.e. —+=—=—"1,
B, C,
2
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YciaoBue — NMEePHNEeHIMKYJSIPHOCTH  ABYX  ILUIOCKOCTEii. n_1 1 n_2<:> (E, n_z) =0, Tre.
A A +BB,+C, C,=0.

2.6. Yo MexXay NpsiMoii ¥ MJI0CKOCTHIO B IPOCTPAHCTBeE

X—X - 71—17
o Y7 Yo _ £, a MIOCKOCTh P —
m n p

obmmmM ypaBHeHueM AX+ By +Cz+D =0.Yriom Mexay npsMoi U MI0CKOCTbIO HAa3bIBAETCS OCTPBIi

HYCTB npsaMast | 3aJaHa KaHOHNUYCCKUMH YpaBHCHHUAMU

o o T
Yroa MCKAy npsaMOoru U €€ NPOCKIMUCHU Ha INIOCKOCTD. On gBisercs JOITIOJIHHUTCIBHBIM 10 E K yriy

MEK]ly BEKTOPaMU E,:(m, n, p)é ﬁ:(A, B, C) (puc. 7).

n=(ABC) |
ml2-¢ a/g:(m, n, p)
- >
p
O y
X
Puc. 7
B ‘”15‘ _ A-m+B-n+C-p

. _ Z_ _ _
Torassinp -cs( -0 [ R B re Jmenept

YcioBue neprneHIuKy/ISIPHOCTH NPSIMOIi B IJIOCKOCTH. N||S, T.C.

Yciaosue napajjie IbHOCTH npsAMoit
nls<(M,s)=0 < A-m+B-n+C-p=0.

IJIOCKOCTH.

IIpumep 2.5. CocTtaBuTh ypaBHEHUE NpsSIMOM, mIpoxojsmed uepes Touky M, (L —-2;3) u

Xx-5 y-4 7-3 x+2 y+4 z-1
1 2" 2 5 4

x-1 y+2 z-3
=5 ==

HaNpaBJSIOIIMN BeKTOp MpsMoM. Tak Kak MCKOMas mOpsMas MEepHeHIUKYIsSpHAa ABYM 3aaHHBIM
MPSIMBIM, TO

MEPIEHIUKYISIPHON K IPSMBIM

Pemenne. Vickomoe ypaBHeHHE HpsAMOil Oyner , Tae gz(m, n, p) -

3m+1l-n-2-p=0;
2-m-5-n+4-p=0.
BLIpaSI/IM ABC HCU3BCCTHBIC YCPC3 TPCTHIO. HepBOC YpaBHCHUEC YMHOXHM Ha 2 M CIOXHUM CO

nggigm{

3
BTOPBIM ypaBHeHHEM, omydnuM 8m—-3n=0 = m= 3 n. [loncraBum M B m060€e ypaBHEHUE (ITyCTh BO

BTOPOE), NOJy4YUM
2-§n—5n+4p:0 = §n—5n+4p:o = p:gn.
8 4 16
Torna uckomoe ypaBHeHH€e IpUMep BU!
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x—l_y+2=z—3 - x—1=y+2=z—3 .

3, n 17 6 16 17
8

X-3 y-6 z+7

IMpumep 2.6. HaliTu BequuuHy yrjla MEXIYy MPsSMOM 1 1 >

U TIINIOCKOCTBRO
4x—-2y—-2z2-3=0.

4-1-2-1-2-(-2) 6 1,

Jiil+4Ji6+4+4 6424 2 776

Pemrenue. sing=

3. BBEJIEHUE B MATEMATUYECKHU AHAJIN3

3.1. ®ynknus. [pegena pynkuun

[Tyctp nansl 1Ba HemycThiX MHOXKecTBa X U Y. Eciu kaxkaomy s1eMeHTy X e X 10 ONpe/eIeHHOMY
npaBmily (3aKOHY) MOCTaBJIEH B COOTBETCTBUU EIUHCTBEHHBIA 3J€MEHT YyeY , TO rOBOPAT, YTO Ha

MHOKecTBe X ompenencHa GyHkuus y = f(X), rie x — apryMeHT WA He3aBUCUMas IEPEMCHHAS, a J —

byHKIMs WK 3aBucuMas nepeMeHHas. OTHOCHTENBHO CaMHUX X U ) TOBOPST, YTO OHH HAXOJISATCS B
(YHKIIMOHATILHOW 3aBUCUMOCTH.

MHoecTBO X Ha3bIBaeTCs 00J1acThI0 onpenejenus GpyHkuu u obo3nayvaercs D(f). MHoxecTBO
BCeX Y eY Ha3bIBacTCsS MHOKeCTBO 3HaYeHui pynkuun f u o6o3nayaercs E(f).

Yucno A HaswiBaetcs mpeneaoMm pyHkoum y=f(X) B Touke X, (MIM HPH X—>X,), €CIU IS
mo6oro & >0, MOKHO yKa3aTh Takoe 4Ucio S(g) >0, 4To i BCEX X, YIOBIETBOPSIOLUINX HEPABEHCTBY
| X—X,| < S, BBIIOJIHAETCS HEPABEHCTBO |f(x) - A| <¢. Tot daxT, uro A ABIsAETCSA MpeAeIoM QpyHKIUU
y = f(X) B TOUKe X, 3aIMCBIBACTCS B BUJE xILrQ f(x)=A.

Ecmn gynkuus f(x) ompeneneHa B TOUke X, € X M B HEKOTOPOHl €€ OKPECTHOCTU CYIIECTBYET
npenen QyHKUUU MPH X — X,, PABHBIA 3HaueHUIO (QyHKUIUM B 3TOH Touke, T.e. lim f(x)=f(X,), TO
X—>Xo

¢yukus f(x) Ha3piBaeTcs HempepbIBHOM B TOUKe X, € X . DyHKIUS HENIPEPbIBHA HA MHOXKECTBE X,

€CTi OHa HENpephlBHA B KAXKIOH TOYKE JTOTO MHOXKECTBA. Bceskas smeMeHTapHas (QyHKIUS
HerpepbiBHa B oOjactu omnpezaeneHus. ClieJoBaTeNbHO, ISl HaXOXKICHUS Ipejena HeNpephIBHOM
¢byHKIMU B 1100011 TOUKEe 00IAacTU ONpeseNeHus], J0CTaTOYHO BBIYUCIUTh 3HAUeHHE (QYHKIUU B 3TOMI
touke. [log  3HaAKOM  HempepbIBHOM  (QYHKIMM  MOXXHO  TEpeXoauTh K  Mpeneny:

lim £ (p(x)) = f (Iim ¢J(X)).
X—¥%o X—>Xo
2
IIpumep 3.1. Haiitu lim w .
x>-12X° +2X—4

2 43x+2  (F1)°+3(-1)+2 0
Pemenue. lim—; = > =—
=a2x +2x—4 2(-1) +2(-1)-4 4

=0.

3.2. OcHOBHBIE TEOpPEMBI 0 Mpeaesax

Teopema 1. [Ipenen mocTostHHOM paBeH camoi mocTostHHOM |im C =C.

X=Xy

Teopema 2. [Iycts lim f(x)=A u limg(x)=B, Torna
X=Xy X—>Xy

1) lim(f()*g(x)=lim f ()% lim g(x) = A+B.

2) lim(f(x)-g(x))=Ilim f(x)-limg(x)=A-B.
X=Xy X=Xy X=Xo
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3) lim(c- f(x)):cxli_)rp0 f(x)=c-A

lim £ ()
) im0 e T A
=% g(X) I|m g(x) B

(B=0).

N3 2) Teopemsr 2 ciaenyert, uto eciau lim f(x)=A, To
X=Xy

lim(f(x))" =A", neN; !Lrpo.n/f(x)=2ﬁ(A>o, N —verHOe)

X=X

2
Ipumep 3.2. Haiitu npenen Ilmﬂ
1 x% —2X+5

Pemrenne. BoCronb30BaBIIMCh TEOPEeMaMH O MpEAENaXx YacTHOTO, CYMMbI, POM3BEICHHS,
HOJTY UM

H 2
Iimx2+3x+2_|xliq(x +3X+2)_|ImX +3I|mx+I|m2 1+3+2 6 3
x>1 X% —2X+5 Iim(x2—2x+5) I|mx —2I|mx+I|m5 T1-245 4 2

x—1 x—1

HCHOCpeI[CTBeHHOC IMPUMCHCHHUC TCOPEM O IIpCAciiax, OAHAKO, HC BCCTrAa IIPUBOJUT K LCJIH. Ecan

0 o
BBIUUCIICHHE MPEAEIOB IPHUBOAUT K HEONPEACIICHHBIM BBIPAKEHHUSAM BHJA 0 o 0—00, 0-00,
0

HEOOXOMMO TOXKJIECTBEHHO TNpeoOpa3oBaTh (YHKIHIO, Mpeaesl KOTOPOH HIIEM, T.€. «PACKPBITh
HeoIpeesIeHHOCThY. Kak 3T0 nenaeTcs mokakeM Ha KOHKPETHBIX IIPUMEpax.

2 / 2
IMpumep 3.3. Haiitu npenensl: a) Iim?’xz— 6) lim 1-3x-1, - 8) lim 5X°+6x+1 |
ot AX" - 2 S e 4 dx+ 2]

r) Iimﬂ;ﬂ) Iim(x—\/x2+5x) e) Ilm(i— 3 )

x—1 ,X8+3X+4 X—>+00 x->1\]1—x 1-— X
Penrenmne. a) HpI/I x = | yucautenr, M 3HaAMEHATENb o6pa1uaeTc;1 B HYJIb, T.C. IOJYYACTCA
0
HCOIIPCACICHHOCTL BHA 6 Hpeo6pa3yeM ,Z[p06b, Pa3IOKUB YHUCIIHATCIIb KW 3HAMCHATCJIb Ha

MHOXHUTEIN U COKPATUB HAa MHOXHUTEIIb X -1=0 , [IOJIYYUM

2 2 2
3(x=1)| x+— 3| X+— 31+
3x* —x-2 - ( )( 3j—|im ( 3)_ ( 3j:§

leg?4x2—5x+1 x—>1 1) ot 1) 1) 3
4(x-1) x—Z 4 x—Z 4 1—Z

0
6) HNMmeem HEOMPCACIICHHOCTEL BHUIa 6 . I306aBuMCs OT HPpPpauOHAIIBHOCTU B YUCIIUTECIIC, YMHOXXUB

YUCIHUTCIIb U 3BHAMCHATCJIb ,Z[pO6I/I Ha COMPSKCHHOC K YUCIIUTCIIIO BBIPA’KCHHUC \}1— 3x +1:

- 1_3X_1_“m(\/1—3x—1)(\/1—3x+1)_"m 1-3x_1
o sx ot sy(VIax 1) 95x(VI-3x+1)
=X . -3 3

9 5x(V1-3x +1) ) ms(ﬁﬂ) T

B) Yucaurenab U 3HaAMEHATEb IlpO6I/I KOHCYHOT'O IIpEAciia HC MMCIOT. HMmeeMm HCEONPCACICHHOCTDb

o0
BUJa — . Pa3nenum 4uCIuTeNnbh U 3HaMEHATe b I[pO6I/I Ha BBICIIIYIO CTCIICHD X, T.C. HA xZZ

0]
6 1
_ BXP 46X+l . 5+;+? 5+0+0 5
I"E62—=I"Q S =—.
x> 6X° +4X+2 x> 6+ + 5 6+0+0 6
X X
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o0
r) Imeem HeomnpeneneHHOCTh BUAa — . Paznenum uucauTens U 3HaMEeHATelb Ha x*:

0

=[im

2
. 3x* -
x/x +3x+4 1 ’

n) Mimeem HeEOIpeAeIeHHOCTh BHJIa 00—00. YMHOXHM M pa3JielMM BBIpAXEHHE B CKOOKaxX Ha

CONPSIKEHHOE:
(x—«\/x2+5x)(x+\lx2+5x) W _x2 _Byx

lim (x—\/xz +5x)= lim = fim 22X X
X—>+0 X+ (X+M) X+ X+m

-5 5
= lim ———=Ilim _>

><—>+oox+ ,X +5X ><—>+oo1+ 1+§

0
e) HeompeneneHHocth BHJa o0—o0 TpeoOpa3yeTcss K HEOMpPeIeIeHHOCTH 0 IPUBUICHUEM

GbyHKINHU K 00IIeMy 3HaMEHATEIIO.

3 . 1 3 ) 1+x+x*-3
3 =lim - —~ [=1im >
1-x 1-x") ot 1-x (@Q=x)(1+x+x*) | =T @-x)(1+Xx+X

=-1

X2 +x-2  (x=D(x+2) _lim —(x+2) _ 3
SLL=X) (L x+%7) O A=x)(L+x+x7) ©TL+x+x* 3

3.3. 3ameuaTesbHbIE MPe/ieJIbl

[Ipu BBIYMCICHHUN TIPENENOB, COACPKAIIUX TPUTOHOMETPUYECKHE (DYHKIIUH, YaCTO HCIOJIB3YIOT

sin X
npenen lim——=1, KOTOpbIii Ha3bIBAIOT MEPBBIM 3aMedYaTeJbHBIM MpeResioM. ITOT Tpeae
x—0 X

o 0
MNPUMCHACTCA IJId PaCKPbITUA HCEKOTOPBIX HCEOMPEACICHHOCTCH BHUAA 6 M3 pganHOro PaBCHCTBA

BBITCKACT:
. X . tgx (0 . (sinx 1 . sinx . 1
lim——=1; |Imi= —j:hm ——— |=Ilim -lim =1.1=1,
x-0 5in X x>0 X 0) 0 X €OSx/ x>0 X x>0C0SX
__arcsinx (0) |arcsinx=y = Xx=sin arctgx
nm—:(—j: y Votim—Y o1 im & g
x>0 X 0 X—>0 =y->0 y-0siny ! X

Mpumep 3.4. Haiitu npenensr: a) I|m—1 S X .5) im _2X—arctgx.
3%’ x-0 2X +arcsin X

2

0

1 1 1
=lim——= I —=—=-1==
x>0 3X 30 X 4 6 6

_1-cosx (0) .. 25"‘23 2. 5"‘%
Pemenmue. a) IIm—zz( j =—lim| —%&
x>0 3X
2
,_arctgx
2X —arctgx =(Oj="m x _2-11

0 x—>02+aI’CSInX 2+1 3

0) lim :
x=0 2X 4+ arcsin x

X
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i 1Y
[Mpemen lim (1+ — | =€ Ha3bIBalOT BTOPBIM 3aMeYaTeJbHbIM Ipeaeaom. Eciu B 3TOM paBeHCTBE

X—>0 X

1
nojokuth —=«a (@ —>0 mpu X —>00), HOIXY4YUM JPYyryro GopMy 3alHMcCH BTOPOTO 3aMeyUaTeIbHOTO
X
1

npenena LiL'?)(“ o)« =e.

Yuciio e Ha3pIBAIOT YHCA0M Jiiiepa. D10 uppanuonaibHoe uncio (e =2,718281828... (e =2,72).
Jlorapu(mbl 0 OCHOBAHHUIO ¢ HA3bIBAIOT HATYPAJBLHBIMH Jiorapupmamu u obo3Hauaror Inx, T.e.
In x = log, X . Bropoii 3amMeuaTenbHbIi IIpeie MPUMEHSETCs IS PACKPBITUS HEOTIPEIeICHHOCTEH BHUa

17.

3x

g (x+2Y L _ o
IMpumep 3.5. Haiitu npenensl: a) Hn (—3) ; 0) le_r)rgafl—tg3x ; B) !(I_I’)T21(5—2X)x 4,

o] X_

2
1+—

. X+2 . X 1 ©

Pemenue. a) Tak kak lim 3" lim 3 =-=1, umeeM HeompeneneHHocTs Buaa 1°. Jlng ee
X—>0 J— X—00

X 1_7
X

PACKPBITHA BOCIIOJIB3YEMCs BTOPBIM 3aMCUATCIIBHBIM IIPEACIIOM, BbIACINUB IIPEABAPUTCIIBHO Y z[po6el71

HEJIYIO 4aCTh:
5x
,3 A
X3 |x-3 5x

fim( 222 ) = (1) = tim 22222} jim( 14— | <him|[14—2]" | =lime =¢®
X—3 x>o\  X—3 3 X—3 X0

_ —tg3x

. . 1 w ) 1 X B —tg;,x_a, 3
6) leggafl—thX:lxlgg(l—tg?,x)x =(1 ):Ilm{(l—tgsx) tg3x =lime * =e?

x—0 x—0

3x(4-2x)

A i e (1 =i i el
8) 1im(5-2x)< =(1 )_le_r)r;(1+(4—2x))x 4_IX|_r)r2{(1+(4—2x))4 2 } =

—6x(x-2) —6x 12
=lime®*2d*2 — |imex2 =g 4 =g,

X—2 X—2

4. TU®DPEPEHIIUAJIBHOE NCUUCJIEHUE ®YHKIIUA OJHOM
MNEPEMEHHOM

Onpenesienue npousBoaHoil. [Tycts QyHkimsa y= f(x) ompeneneHa B HEKOTOPOU
OKPECTHOCTH (PUKCUPOBAHHOM TOYKH X, M TYCTb X — TPOU3BOJIbHAS TOYKAa JTOH
okpecTHOCTU. Torma Xx-—x,=Ax —TpupalieHue apryMeHTa (MOJOKUTEIbHOE WU
OTPULIATENILHOE) TaKO€, YTO X,+AX TMPUHAIICKUT OKPECTHOCTH HTOM TOUYKU H
npupaileHie QyHKINHU B TOYKE X, BBIpA3UTCS GopMymnon Af (x,) = f (X, +Ax)— f(x,).

IpousBoanoit ¢pyHkuMu y=f(X) B TOUKE X, HA3BIBACTCS IPEIEI OTHOLICHUS
npupanieHus (QyHKIUA K TPUPAIICHUIO apryMeHTa, KOrja IpupalieHue apryMeHTa

CTPEMUTCS K HYJIIO. O6o3HaueHne IIPOU3BOIHOM B TOYKE X, -
df
y'(%), (%), d(Xo) % . CnenoBaTenbHO, IO OIIPEIACICHUIO
X X
X=X
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Af (%) _ lim f (X, +AX) - f(xo)_

Mx—0  AX Ax—0

Taxum o6pazom, mpousBogHAs (PYHKIUU B TOUKE X=X, (€CITU CYIIECTBYET) — €CThb

OIIPCACIICHHOC YUCJIO. Ecan xe IMPpOU3BOAHAsA CYIICCTBYCT B HpOHSBOJ’IBHOﬁ TOYKC X, TO
OHa ABJIACTCA (i)YHKHI/ICI‘;I OT X ¥ 0003HaYaeTCs:

C ey dy  df(X)
1 f X I
y () dx dx

Onepanuss  HaxoXaAeHHS  npow3BogHod ot  ¢ynknmum  f(X)  HaseBaeTcs
nuddepenunpoBannem 1ol pynkuuu. Auddepenumpyemoii Ha3piBaeTcs QyHKINS,
KOTOpasi UMEET NPOU3BOIHYIO.

I'eomerpuueckuii cmbici npousBoanoii. Ilycts kpuBas L sBusercsa rpaduxom
bynkuuu y= f(x), a Touka M, (xo, yo) e L. Torma 3HaueHne pou3BoiHON GyHKIHH f (X)
IIPU X = X, PAaBHO YTJIOBOMY KO3(P(PUIMEHTY KacaTeabHOU K rpaduKy (GyHKIHU B TOUKE C
a0bciuccont x,, T.e. f(x,)=tga=k (K— yrioBoii KoappHUIHEHT KacaTeIbHOI).

JKOHOMMYECKUH CMBICT npou3BOAHOM. [lycth u=u(t) — oObeM NpPOAYKIIUH,

o A o
IIPOU3BCACHHON 34 BPCMA t. Torna OTHOIICHUC A_/ttl ABIACTCA  CPCIHCHU

A
IPOU3BOAUTCIIBHOCTBIO 3a BpeMsa At. HpOI/IBBOIIHaH u't)= 1!”3)?/: Ha3bIBACTCA
N
NPOU3BOAMTE/IBHOCTBI) B MOMCHT BPEMCHHU t. B sxonomuyeckux MOICIIAX HapAdy C
A . Ay/
OTHOIICHHUEM A_y paccMaTpuBarOT OTHOMICHUEC OTHOCUTCIIbHBIX ITPUPAIICHUN Ay—/y .
X X/ X

DJIACTHYHOCTHIO QyHKIUHM Y = f(X) B TOUKE X HA3bIBAECTCS MPEAECII

i Yy Ay X
)= lim = My = 100

< | <

OnactuyHocTh E,(y) 3amaeT npuOIMKEHHBIH NPOLEHT MNpUpocTa (PyHKUMU TpU
M3MEHEHNH HE3aBUCUMOUW IepeMeHHOoM Ha 1%.

4.1. OcHoBHBIC TpaBUJIA JH(PPepeHIUPOBAHUA

[Tycts ¢ — mocrostHuas, U(X) u V(X) — nuddepeniupyembie Gynakiuu. Torma

1. ¢'=0. 4. (c-u)'=cu".
2. (Uxv)'=u'tv. 5. [Ej :w (v=0).
v v

3. (u)'=u'v+uv'.
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Ecmu y=f(u), u=u(x), roe u(x) — nuddeperuupyema B Touke X, a pyukuus f(u) muddepen-
[UpyeMa B COOTBETCTBYIOIIEH Touke U =U(X), To cinoxHas Gynkmus Yy = f(u(x)) muddeperunpyema

B TOuke X W ee npousBoxnas y'= f (u)u'(x).

4.2. TadiMua NPOM3BOHBIX OCHOBHBIX 3JIeMEHTAPHbIX (yHKIMH

ny\r__ . n—l. 1 . '
L (u")'=n-u""-u, neRr 8'(tgu):c022u'
2. (a”)':a“-lna-u', a>0, a=l. "
3. (e“)'ze“ u' 9. (ctgu) " sinZu’
U 10. (arcsinu)'= u )
4. (log, )_u o a>0, a=l ( ) U2
1 u'
5. (I = 11. (arccosu)'=—
(nuy - (arccosuy -
6. (sinu)'=cosu-u 12. (arctgu)'= '2.
7. (cosu)'=-sinu-u’, +u

13. (arcctgu)'= S
+

Ipumep 4.1. Tlpumenss npaBuna u (Gopmyibl AUG(EPEHIMPOBAHUSA, HAWTH MPOU3BOIHBIE
cienyrommx  QyHKmmi:  a) y=Xxarctgx; 6)y=32+x"; B) y=efarctge* —Iny1+e”; 1)

2

=arcsin .
y 1+x*
l 5
Pemenne. a) y'=(x’)arctgx + x°(arctgx) ' = 5x*arctgx + x° - =5x"arctgx + ——-.
1+x 1+Xx
1Y 2 3
21 1 - 4x
0) y':£(2+x4)3J =—(2+x) 32+x")' = ———.
3 3Y(2+x")?
B) 3amnuiieM JJaHHYI0 QYHKIUIO B Buje Y =e’arctge” —%In (1+ e ) , TIOJTy4YuM
y'=e"arctge” +e* o1 1 -.e?*.2=e"arctge* + ¢” - e _ g*arctge”
1+e* 21+e* 1+e” 1+e* '
. 1 4x(l+x4)—2x2-4x3 1 4x(1+x4—2x4) 1 4x(1—x4) Ax
)Y ] [ 232 jz (1+ X4)2 J1—2xt +x8 1+x* 1-x* 1+x* 1+x*
1+ x

4.3. IIpou3BoaHbIe BHICIIMX MOPSIKOB

[MpomsBognas y'= f'(X) ¢ynkumm y= f(X) sBusgercs ¢GyHKIMEW OT X W Ha3bIBacTCs NMeEPBOI

NPOU3BOIHOM (MJI TPOU3BOAHOM MEPBOTr0O MOPSIIKA) 3TON () YHKIIHH.
Bropoii mpou3BoaHO#i (WM NMPOU3BOIHOI BTOpOoro mopsiaka) ¢yHkimuu Yy = f(X) Ha3pBaercs
d’y

MPOM3BOJHAS OT €¢ MEepBOM MNpou3BogHOW u oOo3mausaercs Y", f"(X), o Takum 00pazom,
X

y"=(y)".
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[IpousBogHas OT BTOpPOM MNPOU3BOJHOM, €CIIM OHA CYIIECTBYET, HA3bIBA€TCS NMPOM3BOJAHOM
3

d’y

TpeThbero mopsiaka u oobosnauaercs y'™, f"(x), v Urak, y

=(y")'. AHAJIOTHYHO ONPEICISFOTCS

MIPOU3BOJIHBIE 00JIEe BHICOKUX MOPSIIKOB.

IIpousBoaHoii N-ro mopsinka (wm N-od mnpousBojgHOoW) ¢GyHkuu Y= f(X) Ha3bIBaeTcs
NpOM3BOHAS OT Hpou3BoaHOU (N-1)-ro mopsaka, T.e. y(") = (y(”fl))' . IlepBble Tpu NPOU3BOAHBIE
0003HAYAIOTCS IITPUXAMH, TTOCIEAYIONITUE — 0 “) (V)

, PUMCKHMU IH(pamMu WK YuciaaMu B ckoOkax (Y /' wim Y
— TIPOU3BOIHAS YETBEPTOTO MOPSIAKA).
Ipumep 4.2. HaiiTi mpou3BoIHYIO 4eTBEPTOro mopsaaka GyHKun Yy = e .
PeIHeHI/Ie. yl :(ek)()l — kekx; yuz(ekx )ll:(kekx)l — k2ekx; ym:(kekx )n: (kZekX)l — k3ekx,, yn — knekx.

4.4. Hesisnas pynkuus u ee nuddepeHuupoBanue

ITycte pynkmms Yy = f(X) 3amana ypaBHEeHHEM F(X, y)=0, T.C. YPaBHCHHEM, CBS3BIBAIOIINM
HE3aBUCUMYIO MEPEMEHHYI0 X ¢ (YHKIHUEH y, HE Pa3pelIeHHbIM OTHOCUTEIBHO ). B 3TOM ciyuae
roBOpsT, uTo QyHKIMs Y = f(X) 3amaHa HesIBHO.

[TpouzBoanyto ot pynknun F (X, y) =0 MoxHO HalTH qU(PepeHIUPOBAHNEM IO X 00EHX YacTei
ATOTO YpaBHEHHsS C Y4€TOM TOro, 4To )y — ¢GyHKuus ot x. [lomydenHoe nocie auddepeHunpoBaHus
ypaBHEHHE OyleT coaepkath X, Y, Y'. Pa3pemias ero OTHOCHTENIbHO V', HAWJIEM MPOU3BOIAHYIO V'
¢yukuuu Yy = f(X), koTopas B 00111eM Cllyyae 3aBHCUT OT X U ).

[Tpomuddepenurpoas 1o x MepByIO MPOU3BOIHYIO, paCCMaTPUBas ¥ KaK (GYHKIHUIO OT X, MOIyIHM
BTOPYIO TIPOU3BOJHYIO OT HESBHOW (YHKIUU, B KOTOpPYH BoumyT X, Y, Y'y". IlomcraBuss yxke
HaiiIeHHOE 3HaUYeHUE Y' B BBIPAKCHHE BTOPOW MPOU3BOIHOMU, BBIPa3UM Y Uepes X U y.

I” ) yIV u 0oJjiee BEICOKHX IMOPAJKOB.

AHAJIOTUYHO MOCTYIIaeM JIJISl HAXOXKJICHUS Y
Ipumep 4.3. HaiiTi IpoM3BOIHYIO BTOPOTo MOPSAKA HEIBHON QyHKIMH Y+ X =",
Pemenue. Haiinem MEPBYIO MIPOU3BOJHYIO 1+y'=e7(1-y". CrnenoBaTenbHO,
. e -1 x+y-1
eVl x+y+l
0 X, TIOJTy4yaem

, Tak Kak e’ =x+y mo ycnoBut. Juddepenupyem nocneanee paBeHCTBO

W (QHY)(X+Yy+)—(1+y)(x+y-1)  2(1+y")

y= (x+y+1)2 :(x+y+1)2'
2 1+Ly_1
X+y+1) 4(x+y)

[ToncraBuM B BelpaxkeHue Juist Y'' 3HaueHue Yy': y"= = 5
(x+y+1) (x+y+1)

4.5. Iuddepenunan pyHkuumn

C noHATHEM TNPOU3BOAHONW TECHEWIIMM 00pa3oM cBsi3aHO (yHAAMEHTaJIbHOE TIOHATHE
MaTeMaTHYeCKOro aHaIn3a — quddepeHman QyHKIuH.
[Tycte ¢ynkums y= f(X) muddepeHnmpyemMa B OKPECTHOCTH TOYKH X,. [Ipom3BomHas 3Toi

QyHKIME B TOHKE X, ompeneNseTcss  PaBEHCTBOM lim &Y — f "(%)- Torma
Ax—0 AX
% = (%) +a(x), Ay=f'(X)AX+a(x)Ax rae a(X)— beckoneuro Manas ¢pyHkuus mpu AX —> 0.
X
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[Mpupamenre QyHKIUN TpeACTaBICHA B BHAE CYMMBI JBYX CJIaraéMbIX, IIEpPBOE M3 KOTOPBIX
f '(XO)AX Ha3bIBaeTCs INIABHOM YacThio npupamenus Gynkiun y = f(X) B Touke X, .

Juddepennnanom pynkuun Y= f(X) B Touke X, Ha3pIBacTCs IJIABHAs YaCThb €€ INPHUPALICHUS,
JUHEWHAst OTHOCHTEIIbHO AX u ob6o3nauaercs dy, df (XO) (dy= f (XO)AX) Ho muddepeniman u

NpHUpALICHHE HE3aBHCHMOH IEpPEeMEHHOH X paBHBl Mexay co0oi, T.e. AX=dX, mHo3ToMy
dy=f'(x))dx. CuenoBarenbno, auddepenuman Qyskunn y=f(X) B Touke X, paBeH

MIPOM3BEICHHUIO TPOU3BOIHON (PYHKIIMK B 3TON TOUKe Ha nuddepeHIna He3aBUCUMO TepEMEHHOM.

Ipumep 4.4. Haiitu muddepennuan pysxiuu Y = oS’ 5X B TOUKe X.

Pemenne. [Iuddepernnan B mpoOU3BOIBLHON TOYKE X HaXoauTcs 1mo Gopmyie dy = f (X) dx. st

Hamrero npumepa dy = —4c0s® 5xsin5x -5dx = —20cos® 5xsin 5xdx.

4.6. IIpaBuio Jlonurans

Panee HamMu OBIIM PacCMOTPEHBI JIEMEHTApHBIE CIIOCOOBI HAXOXKICHHS Tpeaena (YHKIHH IS
Clly4aeB, KOTJla apryMeHT HEOTPaHUYEHHO BO3PACTACT WM CTPEMUTCS K 3HAUCHHIO, KOTOPOE HE BXOJHUT
B oOnacte ompeneneHus (yHkiun. Becbma 3(QQEeKTHBHBIM CpPEeICTBOM HAXOXKIEHHS Tpeaena Jyis
yKa3aHHbIX CIIy4yaeB, SBJSETCA CIIOCOO, OCHOBAHHBIM HAa NPUMEHEHHWU IMPOU3BOAHOH. DTOT CHOCOO
HOJTy4WII Ha3BaHue npasuia Jlonuras.

ITycts ¢pynkuuun f(X) u ¢(x) HenpepblBHBI U AUGPEPEHIUPYEMBl B OKPECTHOCTH TOYKH X, H

oOpamarorcs B Hyi1b B 310i Touke f (X)) = ¢(X,)=0. IIycts @'(X,) #0 B OKpecTHOCTH TOYKH X, .

Ecnu cymectByer npenen lim f (X) , TO Iimm:(gj: lim f (X)
=Hg'(x) " ong(x) \0) % e'(X)

[Tonyuennyro dopmyny chopmynupyem B Buae mpaBuja Jlomurajsi: mpenen OTHOILIEHHUS JBYX
OECKOHEYHO MAJIBIX PaBEH IPEAeNTy OTHOIICHUS WX IMPOW3BOIHBIX, €CITH ATOT MPEACI CYIIECTBYET WIIH
paBeH oo.

DTO paBUIIO OCTAETCS BEPHBIM U B Cllydae, eCiu

. ) . f(x 0 . F(x
lim f (x)=400 u limg(x)=x0, Te. |Imﬁ=(—j=|lm ( )
X—>Xg X—>Xg X=>Xg q)(x)
[TpaBuio JlonuTains cripaBeAIMBO U B CIIy4ae, i X —> 00.
f'(x 0 0

E ; B TOUKE X, BHOBb OYZET IIPEACTABIATh HEONPEICICHHOCTh BUIA 0 Wil — U
@'(x 0
f'(x) m @'(X) ynoBnerBopsitoT ycinoBusiM, chopmynupoBaHHeM it GyHkuuit  f(X) u @(X), TO
MO’KHO CHOBa MPUMEHSTH HpaBwiIo JIOMUTAass U T.1.

2X 2
. . e7 -1 . 1-cosax X741
Ipumep 4.5. Haiitu npemensr: a) lim——; 6) lim———; lim——; 1)

B
x-0 sin X x>0 1—coshx x>0 52X
) 1 X
lim| ———=—|;
1 Inx x-1

n) limxctg2x;; e) lim (tox

X—>=
2

2x 2X
Pemenue. a) lim 1:(9j:|im 2¢ :g:2.

Ecnn yactHOE

)2cosx

x>0 sinx  \0) x0cosx 1
1-cosax _(0)_. asinax_(0)_.. a’cosax a’
x-0 bsin bx 0 b’ cosbx  b?

6) lim
) 0

x->01—coshx |0
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o0

. X+l (oo ) 2X . X . 1
B) lim > | =I|m2—:||m2—: — :Ilmﬁzo
x—o 5 o0 x>0 5%In5.2 x> 5%|n5 o0 x>0 57 n° 5.2

HeOHpeI[eJ'ICHHOCTI/I BUa 0-c0c U 0—00 CBOOATCA K HEOMPCACICHHOCTAM 6 U1 IIyTEM

818

npeoOpa3zoBanus GYHKIIUU K BUAY APOOH.

N X . x=1-xIlnx (0) . 1—Inx—x-; . —xInx 0

a lim| ——-——— =(oo—oo)=||m—= “l=lim—2 —|im———= | 2 |=
-i1Inx x-1 =1 (x=1)Inx (0] =t Xx=1 it xInx+x-1 (0

nx+
X
( 1)
—Inx+x-=
X 1

= Iirq— =—=.
xexo—41 2
X
) limxctg2x =(0~oo) = IimL = (Qj = Iim; :1_
x—0 x—0 thX 0 x—0 1 2 2
cos? 2x

B cnydae HeompenenenHocrerd Buma 17, ?, 0° clieyeT BOCIOJB30BaThCS JIOrapu(PMUUECKUM

In f (x)

o0
TOXIACCTBOM f (X) =€ N CBCCTH YKA3aHHBIC HCOIIPEACICHHOCTH K BUY 6 nim —.
o0

lim 2cos xIntgx
2C0S X i

- 2 . . x>
e) lim (th) COS X _ (ooo) —lim eIn(tgx) — lim e2cosxlntg>< —@' 2
X z )(4)1 xeﬁ
2 2 2
BBI‘II/ICJ'II/IM npezlen CTCIICHH.
1 1
. . Intgx (o . tgx cos® x _ COS X
lim2cosxIntgx =(0-00)=2lim X _[2]o2im XS X _olim g =0.
V4 T 1 T T 2
x> x> o0 x—= ; x—>Z SIN" X
2 2 —— 2 3 -SIN X 2
COS X cos” X

Torma Iim” (tgx)zcosx

X—>=
2

5. ®YHKIIMN HECKOJIBKUX NIEPEMEHHBbIX

Ha IMPAKTUKEC YaCTO MNPUXOAUTCA paCcCMaTpUBATh BCIWYHUHBI, 3HAYCHHA KOTOPLIX 3aBHUCAT OT
HCECKOJIbKHUX U3MCHAIOIUXCA HE3aBUCUMO APYT OT Apyra N€pECMCHHBIX. I[J'If[ HN3YUCHUA TAKUX BCINYHH
BBOJAT IMOHATHEC (I)YHI(I_[I/II/I HECKOJIBKUX NICPEMCHHBbIX.

5.1. OcHOBHbIE MOHATUSA

Onpenenenne. [lepemennas U Ha3bpiBaeTcsl QYHKIMEH N MEPEMEHHBIX X1, X2,...Xn, €CIU KaXIOM
cucTeMe 3HauYeHH (X1, X2, ...Xn) M3 00JaCTH X U3MEHEHHSI COOTBETCTBYET OJTHO BIIOJIHE ONPEICIEHHOE
3HaYeHHE BEIMUMHBL U 1 00o3Hadaercst (U= (X, X,,..X,)).

PaccmoTtpum ¢dyHkimio nByx nepeMeHHbIX (N = 2). [IpakTHuecku Bce MOHATHUS M TEOPEMBI,
chopMynupOBaHHbBIE Al N = 2, JIETKO MepeHocATcs Ha ciydail N > 2. PaccMoTpenue GyHKIUN ABYX
IIEPEMEHHBIX MTO3BOJISIET UCIIOJB30BaTh TEOMETPUUYECKYIO MIUTFOCTPALIUIO OCHOBHBIX MMOHATH.

Onpenenenue. IlepeMennas z Has3biBaeTcs (QYHKIMEH ABYX MEPEMEHHBIX X M V, €CIH KaXKIOU
YIOPAJOYEHHON mape JOMyCTUMBIX 3Ha4eHUH (X, ) COOTBETCTBYET €JMHCTBEHHOE 3HAYCHHE Z

(z=f° (X, y) ; X, Y — HE3aBUCUMOE MTepEMEHHbIE (ApryMEHTBI); Z — 3aBHCUMAas IepeMeHHast (QyHKIusA)).
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I'eomerprueckum wn3oOpakenuem ¢yukmuu Z = f(X ,y) sABasercs HeKoTOpas MOBEPXHOCTh B
MPOCTPAHCTBE, a MPOSKIIMS ATON TOBEPXHOCTH Ha TUIOCKOCTh XOV sBisieTcss 001acThI0 OMpeesieH s
byukiun — D(f). D10 MOkeT ObITh BCS IUIOCKOCTh WM €€ 4YacTh, OTpaHHUYCHHAS JHHUSAMH. JIMHUH,
orpaHnuuBaroie oonacts D, Ha3bIBAIOT €€ rpaHUIleH.

Touku, He Jexalmue Ha TPaHMIE, HO TMPHHAICKANIME OOJACTH, HA3bIBAIOTCS BHYTPEHHUMH
TOYKAMHM ITOI 00JIACTH.

OO0nacth, cOCTOSAIIAs TOJHLKO M3 BHYTPEHHUX TOYCK, Ha3bIBAaeTCS OTKPBITOH. Eciin ke B 001acTh
BXO/JISIT TOYKH, IPUHAUICHKAIIHE TPAHHUIIC, OHA HA3bIBACTCS 3aMKHYTOIM.

E(f) — muoskectBo 3nauenuii pynxun z = f(X, y).

YacTtHoe 3HaueHue QYHKIUH IPH X = Xo, Y = Yo - f(Xo, Yo) — uncno. ®yukuus z = (X, y) Moxer ObITH
3ajaHa TaOnMIleH, aHAIMTHYECKH, rpadukoM. Yamie HCIONb3yeTcs aHATUTHYECKUI Ccrmocod —

bopMyIoii.

IIpumep 5.1. Haiitu o6nacth onpeaeneHust QyHKIUNA Z = «/25—16x2 —9y?.

A Pemenue. J[annas GyHKIus onpeneneHa

Z JMIIb  JUI  HEOTPHIATSIIbHBIX  3HAYCHUH
MOJIKOPEHHOTO BBIPKEHHUS, T.€. JJIs TEX 3Ha-
Z- (516 oy weHn# (X, y), 119 KOTOpBIX 25 - 16x% - 9y >
0, 3HauuT JUISI BCEX TOYEK, JISKANIMX Ha
DILTUTICE
XZ y2 _1 8
S5 +5g =1 M BHYTpH €O (puc.8).

y 16 9

v

X Puc. 8

5.2. YacTHble NPOU3BOIHbIE

YacTHble MMPOU3BOJAHLIE TIEPBOIro mnopsjaka M HX FCOMeTpl/I‘{eCKI/[ﬁ CMBICJI. HyCTI) 3aJaHa

byHKIUSA
z = f(x; y). Tak Kak x U y — HE3aBUCUMBIC MIEPEMEHHBIC, TO OJIHA U3 HUX MOXKET U3MEHATHCS, pyrasi

COXpaHATh CBOE 3Ha4eHMeE. J[aluM HE3aBUCUMOM IEPEMEHHOMN X MPUPAILECHUE AX , COXPaHss 3HAYCHHE
Y HEM3MEHHBIM. TOrna Z noJly4uT IpupalieHue, KOTOpoe Ha3bIBACTCs YACTHBIM IIPUPALLEHUEM Z 110 X U
o0o3Hauaercs A,z:

Az=Tf(x+Axy)-f(xy)
AHaNOTHYHO TOTyYaeM YacTHOE mpupamenne o Y. A z = f(x,y+Ay)—f(x,y)
ITonHoe npupamienne Az onpenensercs paBeHCTBOM: Az = f (X+AX,y+Ay)—f (x,y)
Onpenenenune. Eciiu cymecTByer npeen

Az f(x+Axy)-f(x
lim === Ilim ( xy) ( y)’
Ax—0 AX Ax—0 AX
TO OH Ha3bIBACTCS YACTHOM mpou3BoaHoi ¢pyHkimu Z = f(X; y) B Touke M(x, y) Mo nepeMeHHOH X U
oz of

o0o03HayaeTcs OJHUM U3 CUMBOJIOB Z',, f/, = o
X OX

! !
YacTHas MpOU3BOAHAS MO X B Touke Mo(Xo, Vo) — UYUCII0, KOTOpoe o0o3HayaeTcs f, (XO, Yo ), f,

Mg
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Takum oOpa3om, yacTHasi MPOU3BOAHAA (PYHKUIHMU HECKOJIBKUX MEPEMEHHBIX OIpenesieTcsl Kak
MPOM3BOIHAST (PYHKIIHSI OHOM M3 ATHX MEPEMEHHBIX MPHU YCIOBUU MOCTOSIHCTBA 3HAYCHHU OCTATbHBIX
HE3aBHCUMBIX TIepeMeHHbIX. [103TOMY YacTHbIe Tipou3BoaHbie QyHKIMHU f(X,Y) HaxX0AAT 1O PopMysam u

MpaBUJIaM BBIUYUCIICHUS TPOU3BOAHBIX (DYHKIMHA OJHON MEPEMEHHOM.

Ipumep 5.2. HaiiTi yacTHBIE MPOM3BOACTBEHHbIE (yHKIMH Z = tg° (ex + y3)

Pemenue.
g — 4 X 3 ; X Q _ 4 X 3 ;
OXly-ons () cos’ (" +°) o OY |« const Sig* (¢ ) cos’ (e* +y°

Wrak, Bce GopMynbl U MpaBuiIa HAXOKACHUS MPOU3BOAHON (PYHKIMHU OJHOTO NMEpeMEeHHOro 0e3

H3MEHEHUI IEPEHOCATCA HA (bYHKI_[I/II/I HECKOJIBKUX IIECPEMCHHBIX.

5.3. Hoanbii nuddepennuan yHKINH HECKOJIBLKHX MepeMeHHbIX

Ecnu nonxoe npuparienue Az pyHkipn Z = f (X; y) B Touke M(X;y) MOKHO TIPEICTABUTH B BUJIE:

AZ:828;;y)AX+8Zg;y)Ay+an+ﬁAy,

rae;  a(Ax, Ay) -0, B(Ax, AyY) >0 mpu AXx—0, Ay—>0, 1o byukuus z = f(X; y), Ha3bIBaeTCs

oz(X; oz(X;
muddepenimpyemoit B Touke M(X;y), a BbIpaxkeHUe (8 y) AX + (xy)
X
muddepentmanom pyukuuu z = f(X; y) B Touke M(X; ).
Tak kak AX =dx, Ay =dy, To noyHbIi AuddHepeHInan 3auchBalOT B BHIIE

dz = a dx + a dy
OX oy
®opmyna (5.1) cnpaBemuBa u s GyHKIKU N IEpeMEHHBIX (N > 2).
Hanpuwmep, mpu h = 3, u = f(x, y, ) umeem
du :a—udx+a—udy+a—udz
OX oy oz

®opmyna (5.1) MoxeT OBITH 3alMcaHa B BUJIC dZ=dXZ+dyZ, rae dXZ=§dX, dyZ=
X

yacTHble auddepennmanst pynkuuu z = f(x; y).

Ay Ha3BIBa€TCHd IIOJHBIM

(5.1)

Py —
ayy

Mpumep 5.3. Haiitu quddepennman Gpyuakmuu U= X", X > 0, B npousBosisHOii Touke M(X; y) u B

touke Mo(2; 1; 4).
Pemenmue.

du:@dx+6—udy+ 1
OX oy

g—l:dz, ((z—l:(zyzxyZ : szﬂ.(lnx)z, g—lzjzxyz(lnx)y.
Torza du = yzx”*dx+x* (Inx) zdy + x* (Inx) ydz .

3aMeHsisl B MOCJIETHEM BBIPAXKEHUH X,Y,Z UX 3HaUYeHUsIMU B Touke Mo(2,1,4), momyuum

du(2, 1, 4)=16(2dx + 4In2dy + In2dz).

Teopembl u cooTBeTcTBYIOIKE (GOPMYIbI A AU(GepeHnanoB, YCTAaHOBICHHbIE s QYHKIUN

OIHOM nepeMeHHoﬁ, OCTarOTCA CIIPABCAJINBBIMU WU JJIA (I)YHKLII/Iﬁ N IEpEMCHHBIX.
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5.4. YacTHble NIPOU3BOAHbIE BHICIIMX MOPSATIKOB

0z ( X,
Paccmotpum ¢yskumto z = f(X; y). E€ dvacTHble MpOM3BOIHBIC MEPBOTO MOPSIKA %
X

oz (X,
M - (GyHKOUM ~ JIBYX TEPEMEHHBIX (X, y)e D. Otu ¢QyHkuuu MOryT HMETb 4YacTHBIE

%y

IIPOU3BOJHBIC, KOTOPHIC HA3BIBAOTCA YAaCTHBIMH NMPOU3BOJAHBIMHA BTOPOI0 MOPSAKA:

o(er) &z, ., _ oot &z, . .
) e

o(oz) oz ., , o of(ez) oz _, ]
_(&j_ _ny:fxy(x’y)’ _(_]:_:Zyy:fyy(x’y)'

oy\lox) oxoy oyloy) oy

AHAaNIOTUYHO ONPEEIISIIOTCS YaCTHBIE MPOU3BOHBIE 3-T0O, 4-T0, ..., N-TO MOPSJIKOB:

o(o*z) oz . &'z _of &7 ). oz
oy \ ox? ox2oy = oxayox® x| oxoyox ) oxkey"™*
qaCTHaSI HpOI/I3BOILHa$I BTOpOFO H 60nee BBICOKOI'O HOpSII[Ka, B3jgATad 110 pa3JII/IqHI)IM HepeMeHHLIM,
HAa3bIBACTCA CMGH.I&HHOFI IIEICTHOI‘/'I HpOI/ISBOILHOfI.

2 2
Ipumep 5.4. [TokasaTs, 9T0 GyHKIHS Z=Ssin’(y—ax) yJOBICTBOPSIOT yPaBHEHHIO A’ % = % :
Pemienue:
oz : . 0z _
— =2sin(y—ax)cos(y—ax)=sin2(y—ax); — =2cos2(y—-ax);
Xx—const X—const
0z . . 0’z a’o’z 0%z
— =2sin(y—ax)cos(y—ax)(—a)=-asin2(y—ax); — =2a’cos2(y—-ax) = ——=—
x|, 2sin(y-axjeos(y-ax)(-a) (y-ax); —; (y-a)="5=r0
Hpumep 5.5. HaiiTi gacTHbIE IPOU3BOIHBIE BTOPOTO MOPsaKa GYHKIMH Z = X° + Xy* —5xy° + y°.
2 2
Pemenue: a_ 3x* +y* —5y*; 8_5 =6X, a2 _ 2xy —15xy* +5y*; 8—5 =2x—30xy +20V°®,
0’z 0°1 7 0z
=2y—15y?: =2y—-15y?, o , 9TO = . DTOT pe3yyIbTaT HE CITyJacH.
y y . y y*, TIOXY4HIIH, 9T Xy oyox TOT PE3yJIbTaT HE CIlyJacH

TeopeMa. ECJ'II/I YJaCTHEBIC HpOI/ISBOJIHI)IC BBICIIICT O HOpHI[Ka HerepBIBHI)I, TO CMCIIAaHHBIC
MIPOU3BOJIHBIE OAHOTO MOPSAIKA, OTIUYAIOIINECS UMb MOPSAKOM U epeHIInpPOBaHUS, PABHBI MEXKIY
c0o001i.

5.5. CkajasipHoe noJie

Paccmorpum ¢ynkmuio U = u(X, Y, z), onpenenéHuyio U aupGepeHIupyeMyr0 B HEKOTOPOId
obnactu D.

CkaJjisipHOe moJjie — 3TO BCE MPOCTPAHCTBO (MJIM €ro 4acTh), B Ka)JIOW TOYKE KOTOPOTO 3aJaHa
HEKOTOpas CKalsipHas BenuyrHa U = U(X, Y, ).
Ecnu paccmatpuBaeMas BeiauuuHa U = U(X, Y) 3aJaHa B IUIOCKOH 0OJIAaCTH, TO TOJ€ Ha3bIBACTCS
TUTOCKHM.

XapakTepUCTHUKH CKAISIPHOTO moJist U = U(X, Y, Z):

1. MHo)ecTBO TOYeK, B KOTOpbIX (yHkiwms U(X, Y, Z) (umu u(X, y)) NpUHHMAET MOCTOSHHOE
3HAaYEeHHE, Ha3bIBACTCS MOBEPXHOCTHIO YPOBHS (JuHuUel ypoBHs): U(X, Y, Z) = ¢, (u(X, y) = ¢)).

Ipumep 5.6. Haiitu noBepxHOCTH YpoBHSA DyHKIHHK U = X2 + y? - 22,

Pemenue. [Ipupasrsem 3HadeHne QYHKIMH K IOCTOSHHOM c: X2 + Y2 - 72 = ¢, momyunm:
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a) ecnmu €<0, TOBEPXHOCTAMU YPOBHA SIBISIETCS CEMEHMCTBO JIBYIOJIOCTHBIX T'HIIEpOOION]IOB

2 2 2

C C C
0) ecmn ¢ >0 X*+y?—2z° =C — CEMENCTBO OIHOIOIOCTHBIX THIEPOOIOUIOB;

B) eciiu =0, x* +y® —2* =0 — KpyroBoi KOHYC BTOPOI0 MOPsA/IKA C BEPIIMHON B HaYajle KOOPIAUHAT.
-

2. TlpousBoaHas pynkiwu nos U = U(X, Y, z) B touke M(X, Y, ) o HanpaBineruto | paBHa

du  éu ou au
— =—C0So+—COoSP3 +—cosy,
OX 0z

5
ol
- -
rue o, B, y — yribel, o0pa3oBaHHbIE BEKTOpOM | ¢ ¢ KOOpAMHATHBIME OCSAMU; | o — €IMHUYHBIA BEKTOP

- d
nanpasienus | , T.e. | o =(cosa, cosp, cosy ).
IR

[Tpou3BoaHAs 110 HANIPABJICHHUIO HE 3aBHCUT OT JUIMHBI BeKTOpa | , @ TOIBKO OT HAIlpaBJICHUs STOTO
BEKTOpA.
1000, 2 =Y. 5 1=j010, M=N.p) I=ko01 M-N

ol ox a oy o oz

T.e. YAaCTHBIC MPOU3BOJHBIC BBIPAKAIOT CKOPOCTh HM3MEHEHUs (YHKIMHM B HAIpaBICHUH OCeil
KOOP/IMHAT.

I'paqueHT CKaJIIPHOTO TMOJSI — BEKTOpP, KOOPAMHATBI KOTOPOIO €CTh 3HAYCHHS YaCTHBIX
npou3BOAHBIX GyHKIMU ot B Touke M(X, Y, Z).

IR
YacTHble cayyau: a) |

— ou> ou= our
raduM)=—i+— j+—Kk.
g (M) 3 VAP

9T0 O3Ha4acT, 4TO B obnactu V OIIpEACIICHO BEKTOPHOC IIOJIC — IIOJIC I'PAANCHTOB JTaHHOM q)YHKI_II/II/I

OIS
N
CBs3b POU3BOAHON QYHKIMH oIt U = U(X, Y, Z) 10 HampaBiaeHUIO | ¢ rpagreHToM 3TOro moJs:

1. (Z_Lljz(wu’ﬁ)' 2. %:‘M u‘cos(p:npI gradu, @ — yroa Mexxay Bekropamu grad U u E;

N
3. IlpousBoaHas pyHKIMK B TOYKE 110 HampaBiieHHo | uMeeT Haubosblee 3HAYCHUE, €CIN
-
HampasjieHue | coBmamaet ¢ HampaBJIEHHEM I'paJMeHTa JaHHON QYHKIIUH, KOTOPOE PAaBHO MO0

BeKTOpa grad u

aU _ - _ _ _ 1 _ 1 \2 1 \2 1 \2
5 _‘grad u|COS(0—|(p—0‘ _‘grad u‘ _\/(u DEHU )P+
IIpumep 5.7. Haiitu ckopocTh U3MEHEHMSI CKAJIIPHOTO TOJIS, 33JaHHOTO (PYHKIIHEH

U=>5x%yz —7xy*z +5xyz* B HaNpaBIECHNN BEKTOPA g = 8?—4T+ 8? B Touke M, (1,1,1).

Pemenne: 1. Haiiném 3HaueHus 4acTHBIX MPOM3BOIHBIX B Touke M (1,1,1)

a = (10xyz - 7y*z +5yz*)| =8, u = (5x"z—-14xyz+5x2°)| =-4,
To Mo 5’y M, Mo
ou ) 5
P =(5x°y—7xy +10Xyz)‘M =8 Y HAIPaBIISIONINE KOCHHYCHI:
Z |y, 0
- - Y 3 .
ecn a(ay,a,,a;), T ‘a‘ = a)% +a§ +a22, cosg:io, cosf=2, cosy= a,

a

a

Berancianm KOCHHYCHI YTJIOB BEKTOpa a C OCAMH KOOpPAWHAT:
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8 2. -1 2
COSaz—zg, cosﬁzg, CoOSy =—.

Joi16-64 3

ou ou ou ou
CkopocTh u3MeHeHHs ot B Touke M(X, Y, Z) paBHa: E = & COSa +—C0S 3 +—COSy .

Torna B Touke M, (1, 1, 1) umeem: a—‘f =8-E+(—4)-(_—1J+8-g:12.
Ol v, 3 3 3

Hpumep 5.8. Haiitu Benmuuny u HanpapjieHue rpamuenta mois U= X’ +Yy°+2°—3xyz B Touke

M, (2, 1, 1) . OnpenenuTs, B Kakux Toukax grad U nepnieHaukyisipen ocu OZ.

Pemenne.
t)gradu = i+ M+ Xk
ox oy~ oz
a—u:3x2—3yz; a—u=3y2—3xz; a—u:322—3yx;
OX oy oz
g a3 L] N grad u(M,) = 9i —3j —3k.
OX |, oy M, OZ |y,

2)‘grad u(MO)‘ = 81+9+9 =311
3)gradu LOZ, &iée (gradu, k)=0, k(0,0,2). (gradu, k) =3(z* —xy), z°-xy=0, z°=xy.

To ecThb B TOUKaX JIEKAIUX HA MOBEPXHOCTH z° =Xy gradu L 0Z .

6. HEOIIPEJIEJEHHBIA HHTETPAJI
6.1. IlonsiTHe HeompeeIEHHOT0 HHTErpaJia

Oyukius F(X), onpenenénnas B MPOMEXYTKE [a; b] Ha3bIBACTCS nep8ooOpasHol NaHHOU QYHKIIUU
f(6), ecmn st X € [a;b] BrimonHeHO paBencTBO:

F'(x)=f(x)

Jnst 3amannoi ¢yHkimn f (X) e€ mepBooOpasHas omnpezenseTcs HeoJHo3HayHo. Jloka3aHo, 4To ecnu

F(x) - nepsooGpasHas, as f (X), To Bepakenne F(X)+C, e ¢ — IPOM3BOIBHOE YHCIIO, 3a1aT BCe

BO3MOYKHBIE TTepBo00OpasHbie st GyHKimu f (X) .

JIrobast HeTpephIBHAS HA OTPE3Ke [a,b] bynkrws f (X) UMEET Ha 3TOM OTpe3Ke MepBOOOPa3HYIO

F(x). HeonpenenéunpiM unTerpanoM ot ganHoi Qynkumu f (X) HasbiBaercs MHOXKeCTBO Beex e

[f(x)dx=F(x)+c (F'(x)=f(x))

rae: | — 3Hak HeompenenéHHoro uHrerpana, f(X) — noxbiHTerpanbHas (yskums, f(x)dx—

NepBOOOPA3HBIX:

IMOABIHTETPAJIbHOC BBIPAXKCHUC, X— NEpEMCHHAsA HHTCTPUPOBAHUA.
Haxoxnenne mns gynkiuu f(X) Bcex e€ mepBooOpa3HBIX Ha3bIBaeTCs €€ HMHTETPUPOBAHUEM.
WNuTterpupoBanne — aeiictBue oopatHoe nudhepeHInpoBaHUIO.

CaoiicTBa HeonpeneaénHoro uurerpaJuaa (HHN)

N3 onpenenennss HY HenocpeACTBEHHO BBITEKAIOT €TI0 CBOMCTBA:
1. TIpousBoaHas HEONpPEAEICHHOIO HHTErpala paBHa MOABIHTETPATbHON (PyHKIHH:
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(I f (x)dx)': f(x);

2. Jluddepentman HU paBeH mombIHTErpaIbHOMY BBIPAKEHHIO:

d(jf(x)dx)z f(x)dx;

3. [kf(x)dx= kj

4, I(f(x ))dx = I dx+If

5. de(x): F(x)+c.

Tadauua HHTErpaioB

1. [dx=x=+c; 8. Id)z( = —ctgx+c;
o sin? x
2. "dx = -1); 1
j); X n+1+c(n¢ ) 9. Iazdszzaarctgngc,a;tO;
3 IYX:"‘M*C; 0. | i _1nX=8,
J. a* ( )J_ ' x*—a® 2a |x+a|
4. |a‘dx=—+c,(a>0,a=1);|e*dx=e" +c; dx 1 la+x
Ina 11. Iaz—x2:2a| ——|c

5, Isin XdX = —COSX+C:

6. Icods)z(x:thJrC; 12' '[\/x +a
[

In‘x+ x> +a?|l+c;

. X
7. Icosxdx=smx+c; 13. —arcsm—+c

CnpaBeymBOCTB ATUX GOpMYIT ipoBepsieTcs: U HepeHITTPOBaHUEM.
6.2. OcHOBHBbIE MeTOAbI HHTETPHPOBAHUS

3aava: JaHHBIM HHTErpall CBECTH K TaOJIUYHBIM.
HemnocpencrBeHHoe HHTerpHpoBaHue. 3HaTh TaOJIMIly MHTETPajoB, €r0 OCHOBHBIE CBOMCTBA,
yMETbh Npeo0pa3oBbIBATH aIredpandeckue 1 TPUrOHOMETPUUECKHUE BBIPAKEHUS.

n

X
XX

(),

_ whk|—

3
(x3‘+3x2\/;+3x2 +x2j
SN —

X

‘(a+b)3 = a®+3a’b+3ab’ +b?

a)J'

8 13 5 7 3 u 19 8 13
:J. X3 4+3x8 +3x3 4+ X8 |dx=—x% +3-—x® +3.=x*+—x® +Cc =
11 19 8 13

3 9 18 6
=Y+ XY+ = P+ =2 X + e

11 8 19 13
2 2
Il+COS XdXZCOSZX:1+COSZXdX =J-1+cos; X o I 1 dx_l(tgx+x)+c.
1+cos2x 2 2C0S° X cos?® x 2 2

Meton mnoasenenuss (yHKuMuM mnox 3Hak AuddepeHnnana (Co3HaTENbHOE IOHMMAHUE
TaOJTHIHI).
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Jro6as GpopMysia MHTErPUPOBAHKS I f (x)dx=F(X)+C coxpaHser CBOii BUI, eCiH B He& BMECTO
HE3aBHUCHUMOM TIEpEMEHHOM X, TTOJICTaBUTH JT00YI0 auddepenimpyemyro GyHKImo U = U (X)

jf(u)du:F(u)Jrc.

[Togsenenue GyHkuuu noxa 3Hak nuddepeHiaia cCoOCTOUT B TOM, YTO IO 3HaK AuddepeHnnana
3anmuchIBAOT QyHKIMIO, TuddepeHIran KOTOpOil paBeH JaHHOMY BhIpaxeHuto. [lonBenenue GpyHkumm
o1 3HaK nuddepenimana npuMeHseTcs AJIs CBECHUS HHTETPAJIOB K Ta0JIMYHBIM, T.C. K BUIY:

If(u)du =F(u)+c

[Tpumensist MmeTo moaBeAeHUS QYHKIIUU 1O 3HAK TuddepeHiana, HauTH HUHTErPaIbl:

1) _[e”du =e'+c¢
1. jeamgx 1?; = 2) u=arctgx = J.ea“”gxd (arctgx) =e™"* +c.
3) du=d(arctgx)= Ty dx
) o2 »
2. le?m)ix = 2)u=Inx 1 =I(Inx)3d(lnx):( n_>;) te=Coo
3)du=d(In x):;dx

J- A1X+B dx u J- A2X+B?_

?+bx+c Vax? +bx+c

JInsi CBefeHHS OSTHX HHTETPAJIOB K TAOMMYHBIM HAA0 B YHCIHTENC APOOH BBIACIUTH
muddepeHIman KBagpaTHOro TpéxwieHa ax? + bx + ¢, T.e. cmaraemoe (2ax+b)dx. A sarem unTerpan
pa3ouTh Ha CyMMY JBYX HHTETrpajoB, KaXIblii M3 KOTOPBIX — TaOJIMYHBIA (BO BTOPOM HHTErpae
KBaJIpaTHBIN TPEXUJIEH MPEACTaBUTh B BUJIE CYMMBI MJIM Pa3HOCTH KBaJIpaToB).

HHuTerpaiml, cogepxamme KBaJAPpATHbIH TPEXYJIEH:

dx

Haiitu naTerpas:

3 2X+6 18 7
3x—7 2( X+ )_3_ 3 ¢ (2x+6)dx d(x+3)
1.j—d - dx = .j—_la.I—z_
X* +6X+25 X* +6X+25 2 9 X*+6x+25 (x+3) + 42

:§In|x2+6x+25|—16-£arcth—H+c.
2 4 4

(4x—5)d —2(-2x+2)+4-5 1 d(x-1)
2. dx =2 (=X +2x+3) 2(-2x+2)dX — | —===
'[\/ X*+2x+3 I J=x2+2x+3 ‘[( ) ( ) '[«/4—(x—1)2
=—4\/—x2+2x+3—arcsinXT_1+c.
(18x+6) —+6

3j (2x+6)dx _J'g
" Jox? +6x+2 Jox? +6x+2

=§~\/9x2+6x+2 +%'In‘3x+l+\/9xz+6x+2‘+c.

(3x+1)

«/ 3x+1 +1

== j(9x +6X+2) 2 (18x+6)dx+
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MeTton HOIICTaHOBKI/I (3aMeHa mepeMeHHO#). ITOT crmocod 4acTo MoJIe3eH B TeX Clydasx, Kornaa
UHTErpal I dx HE MOXeT OBITh HEMOCPEICTBEHHO NpeoOpa3oBaH K TabmuyHbIM. [lomaras

X=¢(t), roe t — HoBas nmepeMeHHas, a QyHKIUSA @(t) UMeeT HenpepHIBHYIO MTPOU3BOIHYIO.
Torma f(X)= f(p(t), dx=@'t)dx u j f (x)dx = j f(pt))p'(t)dt — dopmyaa 3ameHbI

nepeMeHHOIi B HeONpeIeIeHHOM HHTerpase.
3ameuanue. Unocoa yenecoobpasno npumenums obpamuyio noocmarnosky: t = @(X), dt =@'(X)dx.
®opmyna gokaspiBaeTcs guddepeHnupoBaHueM o0enx e€ dYacTeld. YmauHas TOJICTAaHOBKA
MO3BOJISICT YIPOCTUTh MCXOJHBIA MHTErpaj, CBels ero K tadmuuHbiM. OJHAKO Aaxe B TeX ClIydasx,
KOTJa METOJ{ TOJCTAHOBKH HE MPHBOAUT HMCXOIHBI HHTErpall K TaOJUYHOMY, OH YacTO IO3BOJISET
YIPOCTUTH MOABIHTETPATBHYIO (GYHKIIHIO U TEM CaMbIM 00JICTYUTh BEIYMCICHUE HHTETPAIa.
Haittu unrerpansr:

x .o dt
1,I%=t_e ,dx_t =I dt_l =J' —— = arctgt +c = arctge” +c.
e+e dt = e*dx =tdx; t(tH ) v+l
1+Inx=t*
/ 2 t?-1)+1
2. [MrInx =3dx=2tdt=2jt2dt=2j( : ) dt:ZUd a J:
xInx t°-1 t°-1 t°-1
Inx=t>-1
1 «/1+Inx 1
=2|t+=In =J1+Inx 2J1+Inx +1n =
( 2 t+1j ‘ ‘ \/1+Inx+l

=2J1+Inx + Inin x|—2|n‘«/l+ In x +1‘+c.

3ameuanue. quW@ Memoo noOCMAaHoO8KU NPUMEHAENCA NPpU UHmMecpupoeanuu uppayuoOrajibHblX

8bIPANCEHU.
e*+1—t4
2Xdx 3 3 (t —1 4¢° dt t7 t® _ 4ol = F e*+1 1

-1

Wurerpupoanue no uactsm. Ilycrts U=U(X) u V=V(X) — HenpepsIBHO M depeHiupyembie
dynkumn.  Useecrro, wro d(uv)=vdu+udv,=udv=d(uv)—vdu. HWurerpupys mocneaHee
COOTHOIIICHHUE, TOTYIUM:

Iudv = uv—jvdu

— (popMyJia HHTETPUPOBAHMSA 110 YACTHAM /I HeoNpeIeJEHHOr0 MHTerpaJa.

IIpuMeHeHne MeTola UHTETPUPOBAHHUS IO YACTSAM 1€JIeCO00pa3HO B TOM cllydyae, KOrja HHTerpail B
MIpaBOW YacTH OKaXkeTcs 0oJiee MPOCTHIM /7Sl BBIYUCIICHUS, YEM UCXOIHBIA HHTETpaJl.

IIpu ero mpuMeHEHUM NOJBIHTETPAIbHOE BBIpAXKEHUE JAHHOTO MHTErpaja pa3OuBaeTcs Ha JiBa

COMHOKHUTENS (u u dv). [Tpu nepexoze k nmpaBoit yactu GopMyJibl IEPBBIN U3 HUX TuddepeHIpyercs
(du =u'dx); BrOpOIt HHTErpUpyeTCs (V = jdv), (ecin muddepeHInpOBaHNE CYIIECTBEHHO YIIPOCTHT

OIWH MHOXKUTCJIb, IIPpU YCJIOBUH, YTO UHTCTPUPOBAHUC HE CIIMIIIKOM YCJIOKHUT ,Z[pyl"Oﬁ)
HCKOTOpLIC KJIACChI UHTETPAJIOB, KOTOPBIC YI[06H0 6paTL 1O 4aCTAM:

1. jx"exdx, Ix” sin xdx, jx” cosxdx (u=x")
2. I X" In xdx, j X" arcsin xdx, jx"arctgxdx. (3a U B 3TOM CiTyyae MPUHUMAIOTCS JIorapuhMUIEcKas

WK 0OpaTHasi TPUTOHOMETpUYecKast (PyHKIIHS. )
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3. KpyroBble wim NUKINYECKUE WHTETPAIIBI. I e* sin xdx, Iax cos xdx, Icosln xdx . (Beibop U u dv

PaBHOCHIICH. )

Hanpumep:

u=arctgx du= dx
J 1+x° =xarctgx—fixzz xarctgx—lln(1+ x*)+c.
1+x 2

dv =dx V=X

1. I arctgxdx =

I/IHOF,I[a IIOJIE3HO IMOBTOPUTH MHTECIPHUPOBAHUC 110 YACTSAM.

u=x’ du = 2xdx U=Xx du = dx

=xzsinx—2jxsinxdx= ) =
du=sinxdx Vv=-cosXx

2. sz cos Xdx = )
cosxdx=dv v =Icosxdx =sinx

= x?sin X +2XC0S X —25in X +C.

HNuTerpupoBanne panuoHAJBHBIX JApodeii. PanmnoHansHONH IpoObI0 HAa3BIBAETCS OTHOIICHHE
Pm(x)

Qn(x)
HEIpaBUIbHAS.
Ecnmu npoOb HenpaBuiIbHASL, HAJ0 BBIICIUTD IIETYIO YaCTh, PA3JCIUTh YUCIUTEIh HA 3HAMCHATEIb,
T.€. HEMPABWIBHYIO IPOObh MPEACTABUTH B BUAC CYMMBI MHOTOWICHA W IPABWJIBHON pallMOHAIBHOM
pooHu.

JBYX MHOTOYJICHOB: . Ecom m<n, to pauuMoHanbHas JpoOb IpaBWIbHAsg, €cad M=N -

Ilpumep:
X —x*+1 X2 +X—2
XX -2x | X -2x+4
-2x° +2x* +1
—2x% —2x° +4x
AXE—4x+1
4x* +4x -8
—8X+9,—  HempaBwWibHas Apo0b
x'—x*+1 —8x+9
=X =2+ A —;
X" +X-2 X +X-2

IIpocreiimme panuoHaabHbIE IPOOH.
1 A 5 A M x+N, . 4 M,x+N,

5y 3= ;4 —k>2.
X—a (x—a) ax® +bx+c (ax2+bx+c)

KBapatHblii Tpéxunen ax’ +bX+C He MMeeT IeiCTBUTENBHBIX KOPHEH.
PaznorxeHne npaBIIbHON palMOHAIBHOM ApOoOH Ha MpocTeHme:

Pm(x)

n(x)
B BHJIE CYMMBbI KOHEYHOT'O YHCIIa TPOCTEUIITNX TPOOECH.
3TO pa3niokeHHe CBA3aHO C Pa3IoKEHUEM 3HaMEHaTeNs ApoOu Ha MHOKHUTEIH:
a) Kaxxomy nuHeitHOMY MHOXKHTEITIO 3HaAMEHATENs (X - @) COOTBETCTBYeT K mpocteiimux apobeit
Buga (1), (2), uuciuTenb KOTOPBIX — HeomnpenenéHHble Ko3(p(UIMEeHThI, a 3HaAMeHaTeNlb — MeJble
MOJIOKUTEIbHBIC CTETICHH JIByWIeHa (X - @), HAUMHAs CO CTeNEeHH K 1 KOHYast epBOii;

Teopema. Kaxxnast mpaBunbHas paliMoHalbHAS TIPOOh , (M < n) MoeT OBITH MpeIcTaBlIcHA

k
0) Kaxxmomy kBajipaTHOMY MHOXKUTEIIO (X2 + pX+ q) cootBeTcTBYeT K mpocTteiimmx npobeit Buga

(3), (4), uncnuTenb KOTOPHIX — MHOTOYICH MIEPBOW CTENICHHU, C HEONPEACIEHHBIMH KO3 huImeHTamu, a
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3HaAMCHATCJIb — ITOJOXKHUTCIIbHBIC CTCIICHU TpéaneHa (X2 + pX+CI), HayuHasg co crerneHu K m KoHuas

MEPBOIA.

Wraxk, amis vHTETpUpOBaHUS pallMOHABHBIX Apo0el HaO:

1. YcraHOBUTH, SIBJISCTCS JIU JaHHAS pallMOHAIbHAs ApoOb MPaBHILHON WM HempaBwibHOM. Ecin
OHAa HENPABWJIbHAS, BBIJICIUTH [[ETYIO YacTh.

2. TlpouwHTErpupoBaTh LEIYI YacTh M MPABWIBHYIO ApoOb. s MHTErpupoBaHHS MPaBHILHOU
napobu HeoOxoaumo: a) Pa3inoxuTh 3HaMeHaTeNb 1poou Ha MHOXwuTEH. D) [IpencTaButh qpoOb B BHIE
CYMMBI TpocTeHIux apobeii ¢ HeonpeaeaéHHbIME Kodddunuentamu. C) Haiitu kosddurmentsr. d)
[TpounTerpupoBath MpocTeime ApooH.

HNHTerpupoBanne TPUroHOMETPHYECKUX BbhIpa:keHHii. Tak kak J1t000€ TPUTOHOMETPHUECKOE
BBIPQ)KEHUE MOXKHO 3aICcaTh TOJBKO 4epe3 SINX W COSX, TO MOJYyYHMM HHTETpall PalMOHAIBHO
3aBUCALLMI OT SINX U COSX.

'f R(sin x,cos x) dx. (*)
DTOT MHTErpaj BCETAa CBOAMTCSA K MHTErPAy OT PalMOHAIbHOW (DYHKIIMM OTHOCHTEIHHO HOBOM

o X
MNEPEMCHHOM C ITOMOIIBIO ITOACTAHOBKHU tg E =t , TOrga

X
. 95 g 1-19°- 2 1-t° 20t
sinx = X1 5 COSX= X 1 dle 2
1+tng +t 1+tg? > +t? +t
Hampumep, HaiineM uaTErpat
tggzt
dx | 2t Zdtf/’({j
.—=3|nx:1 o WZ —=Inlt|= Intg
sin X + t
2dt
X = —
1+t

yHI/IBepCB.J'ILHaH IMOACTAHOBKA BCCrJia MO3BOJIACT BBIYUCIUTDL UHTCTPAIT (* ), OJTHAKO €€ HCIIOJIB3YIOT
O4YCHb PEAKO, TaK KaK OHa 49aCTO IMPUBOJUT K MHTCTPHUPOBAHHUIO TPOMO3AKUX palOHAJIbHBIX z[p06el71.
Ona HCIIOJIB3YCTCA B TCX ClIyUadX, Korga Apyrue rnoACTaHOBKHU ITPUMCHATDH HEJIb34.

Yacmuvie cryuau.

1) Unrerpan Bupa: .[(Sin X)rn (cos X)n dx.

a) Ecnu onuH u3 nmokazarteneid M win N — 1EJ0€ MOJIOKUTEIbHOE HEUETHOE YHUCIIO, BTOPOH JIt000H TO
rnojcraHoBka Sinx=t, cosxdx=d (sin X) =dt wm (COS X=t; —sinxdx= dt) ObICTpEE MPHUBOIUT

K LIETIH.
Harmpumep,

J~cossx (1-sin”x) d(SinX):jl—ZSinZX-f-SinAX
Jsinx Jsinx Jsinx

7
—2J.(sin x)id(sin x)+I(sinx)5d (sin x):2«/sinx—gsin2x sinx+§sin“x sinx+c=

d(sinx)= j(sin x)'% d(sinx)—

sin x (2—ﬂsin2 x+gsin4 XJ+C.
5 9

6) O6a nokazarenss M 1 N — LeJNbIe MOJ0KUTENIbHbIE YETHBIE, TOT1a UCIIOIB3YIOT (POPMYIIBI:

. sin2x . . ,  1-cos2x , . 1+cos2x
Sin XCOS X = 5 ; sin X=T; COS* X =——-.
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Hanpuwmep,

_[sin“xcos4xdx=ij(sin2x)4dx=i (Mj dx =—j (1-2cos 4x+cos® 4x ) dx =
16 16 2
1 1. 1+cos8x 1 sindx 1 1
=— x——5|n4x+f—dx =—| X————+=X+—sSin8x |+Cc=
64 2 2 64 2 2 16
1(3x sindx 1 . J
=—| —— +-—sin8x |+cC.
64\ 2 2 16

B) O06a mokazarenst 4€THBIC IIeNIble, HO XOTA Obl OJMH W3 HUX OTPHLATENBHBIA, TOT/Aa HCIIOJIb3YeTCs
MOJICTAaHOBKA tgX =t MJIM ¢ TOMOIIBIO TPUTOHOMETPUUECKUX MTPE0Opa30BaHUI.

Hanpuwmep,
tgx =t ,
X 1+t?) dt . (1+t? 3 gt 1
j _d4 sinx = j(4 )2 =j( - )dtzj(t4+tz)dt=t—+t—+c=c—ctgx——ctg3x.
sin® x J1+t t (1+1*) t 3 -1 3
dx = iz
1+t
C nomortiibio TpI/IrOHOMeTpI/I‘{eCKI/IX npeoOpa3oBaHMiA:
ctg’x
J' _J'cosec X-COSEC xdx_—J' 1+ctg x)d ctgx ) = —Cctgx — 9% ¢,
sin® x
r) MHor1a y100HO BBECTH TPUTOHOMETPUYECKYIO €ANHUILY:
J- dx _.[sin2 X + c0s’ X, J-sm xdx J- dx
sin x cos® x sin xcossx cos®x  J sinxcosx
_ 1
=—I(cosx)3d(cosx +2I =———+Inltgx|+c.
sin2x  2cos? X
,Z[) HNuor Ja IIPUMCHACTCS MCTOA MHTCIPUPOBAHMA 110 YaCTAM.
Hanpuwmep,
Iudv = uv—jvdu
cos? X . —cosx 1, dx
'[ ——dXx = U = COoS X du = -sinxdx == | =
sin” x 2sin“x  27sinx
cos xdx . \3 .
dv=—— V:J.(smx) dsinx=—
sin” X 2sin° X
cosx 1 X
=C——————=Injtg .
2sin“x 2 2
2) WuTterpanst BUA: I sinmxcosnxdx, m=n; I COS MX COS Nxdx; Isin mxsin nxdx,

npeoOpasyrores o popMynam:

sin mx cos nx = %[Sin(m+n)x+sin(m—n)x],
COS MX COS NX = %[cos(m+ n)x+cos(m-n)x],

sinmxsinnx = %[cos(m —n)x+cos(m+n)x].
. l¢, . . 1 1
Hanpuwmep, _[sm 3xcox5xdx = E_[(sm 8x—sin 2x)dx = —Ecos8x+zcos 2X+C.
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3) UnTerpansl BUuaa: Itg”xdx, .[ ctg"xdx, (n eN,n= 1) MPUBOIATCS K TAOJTUYHBIM CIICTYIOITUM

obpasom: Beigensercs tg°x=5ec’ Xx—1. 3aTeM WHTerpan pa30HBAIOT HA CyMMY JIBYX HHTETPajioB
(%) o o -2
(TIepBbIil — CTETIEHHOM, a BTOpOi I(tgx)n dX ; ¢ HUM MOCTYIIAIOT TaK XKeE).

Hanpuwmep,
4
Ithde = Itg3x(sec2 x—1)dx = th3xd (tgx)—jtg3xdx =thX—Itgx (sec® x—1)dx =

tg'x tg’x
:g——g——ln|cosx|+c.
4
4) _[sec” de( J. CoseC”XdX), ecii N — 4éTHOE IEJ0€ IOJOKHUTEILHOE YHCIIO, TOTra

sec’ xdx =d (tgx), a ocraBiuasics 4THAs CTCIICHb SECX 3aMEHSIOT Yepe3 tgX. (Sec2 X =1+tgzx) :

Hanpuwmep,

6 . 24)\? . 2 4 _ g 3 1 5
'fsec xdx—j(1+tg X) dtgx_j(1+2tg X +1g x)d(tgx)_tgx+3tg x+5tg X+C.

HNuTerpupoBaHue HUpPpaNMOHAJBHBIX BbIpa:keHWid. AnreOpanyeckas  QyHKIUS, He
SBJSIIOIIASICA  PALMOHAJIBLHOM Ha3bIBAaCTCAd HPPAUMOHAJbHON. He oT BeiIkol uUppanMoHaIbHOU
(GyHKIIUM UHTETpajl BhIpaXkaeTcs yepes dIeMeHTapHble (yHKIHH.

PaccmoTrpuMm wppanuoHanbHble (YHKIIMH HHTETPATIbI, OT KOTOPBIX C ITOMOIIBI0 IOJICTAHOBOK
MIPUBOJIATCS K MHTETpasiaM OT PalliOHaIbHOU (QYHKIUU.
1. NuTerpupoBaHue NpoCTEIMNX HPPAIUOHAIBHOCTEI.

m r

a) Wurerpan Buma J.R(X, X“,...,ijdx CBOJMUTCA K HHTErpaily OT palHOHATbHONW (YHKIMU

. K . . M r
oJICTaHOBKOM X =1°, e K — ob1uit 3HamMenatenb qpobeit —,...,—.
n S
Hampuwmep,
1
2 x=t* 248 t?((t°+1)-1 2
jxg—dxz =jt f’tdt:4j ( g ) )dt:4 jtzdt—jzdt =ft3—f|n|t3+]4+c:‘t=<‘/ﬂ=
i 41 |dx=4t’dt t*+1 t'+1 t*+1) 3 3

~3(¢¢ -1

W+4+c).

m
n
H

6) I R (X, (ax+b)",...,(ax+ b)S)dX CBOJIUTCS K MHTETPay OT PalldOHATLHON (DYHKIIMM MOACTAHOBKOM

(ax + b) =t“, rae k — o6mumii 3HaMeHaTeNb APOOHBIX MOKA3aTENEH.

Hanpumep,
I xx X+9=t° =J-(t6—9)6t5dt =6J.(t3—3)(t3+3) B
(x+9)% —3(x+9) |dx=6tdt t* - 3t° -3

= 6j(t3 +3)dt = gt“ +18t+¢c = ‘t = \6/x+9‘ :2«6/(x+9)4 +18¢x+9 +c.

ax+b\n ax+b s .
c) J. R| X, yeons dx cBomuTCs K HMHTErpaly OT palHOHAJIbHOW (QyHKIUU
cx+d cx+d

ax+hb

q =1", k — 0Omuii 3HaMeHaTesb JPOOHBIX HOKa3aTeNei.
CX+

HOACTAaHOBKOU
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Hanpuwmep,
44X o 4 —8tdt |—It_1) t(-8t)dt

J.iz ’ﬂdxz —_ =
X X

=—1jt2dt_ Zt4c=
2

7. ONPEJEJEHHBIA HHTEI'PAJI

7.1. BoruncjieHue onpeaeJéHHOro HHTerpaJjia

a) @opmyna Heromona-Jleiionya.
Teopema. Ecnu f(X) — HenpepbiBHA Ha [a, b] TO

[/ f(x)dx=F (b)-F(a), (7.)

rae F(x) — mobas nepsooGpasnas wis Gpynkumn f (X) na [a;b].

Hanpumep, BIYHCIUM ONpeAeNEHHBIN HHTETpal

ftg3xdx=f(sec2x—1)tgxdx=ftgxd(tgx) J'tgxdx (92 |n|cosx|j =£%+In£J (0+In1)= 1- ;nZ.

0) 3amena nepemennoll 8 OnpedeeHHOM uHmezpaie.
Teopema. Eciu dyHKims f(x) HETpepbIBHA Ha [a;b], a GyHKIMA X:qp(t) HETIPEPHIBHO

b depeHipyema Ha [C;d] u (p( )= (d):b a<g0( )<b, TO
j X)dx = j t)dt (7.2)

— (popMyJia 3aMeHBI IEPEMEHHOMN B ONpEAECIEHHOM HHTETpae.
Hanpumep, BbIYHCINM ONpEIEICHHBIA HHTETPa.

2x+1=t> x=0,t*=1t=1
rL:x:l(tz—l) x=d4 t?=9 t=3 |= [t j (t+1)-
01+2x+1 2 ’ ' 11t 1+t
dx = tdt

:f(l—i)dt :[t—ln|t+1||ij:(3—ln 4)-(1-In2)=2-In2,

8) nmezpuposanue no uacmsam 6 onpedenéHHom unmezpae.
Teopema. Ecau pynxium U =u (X) nv= V(X) - HenpepbIBHO AuddepeHnnpyembie Ha [a; b] TO

- j:vdu (7.3)

— (popMyIia HHTETpUPOBAHUS 110 YACTAM B OINPEeIEHHOM HHTErpae.
Hamnpuwmep,

u=arctgx, dv = xdx

1 x? 11
xarctgxdx = 2|=—arctgx| — =
IO 9 du:%d)(, V:X_ 2 9 0 J.

1+X 2

_ [ XParctgx  x , arctgx
2 2 2




7.2. Ilpuiio:keHue onpeeIéHHOT0 MHTErpaJia

a) Bvluucnenue niowaoeii niockux gueyp.

[Tnoma e KpUBOIUHEHHO# Tparenun, OrpaHUYeHA TPSIMBIMU y
X = a X = b, (@ < b), ocklo OX u HenpepbIBHONH KpPUBOH _
y=f(x)
y=f(x),(y>0).
R
0 NN
a b X
Beraucnsercst no gpopmyiie
b
= f(x)dx (7.4)

Ipumep 7.1. Haiitu muiomanp 061acTi, OrpaHUYSHHON TUHUAMU XY = 4; X+y=5

Pemtenne: Iloctpoum obnacte S (puc. 1) m Haiiném
Xy =4
abcuucchl TOUeK nepeceueHus A, B { y :
X+y=5
y=5-X, X’ -5x+4=0 = x =1 X, =4,

torga S = J:(S— X—ﬂjdx =

X
2
={5x—x——4ln xj
2

4

1
=7--8In2en’.
> 21!

1

Ipumep 7.2. Haiitu mwiomans 001acTy, OrpaHHYEHHOM TMHUAMHA Y’ = 2X+1; Xx—y =1.
Pemenne: Iloctpoum oGnacte S (puc. 2) W HaiinéM opauMHaATBl TOYeK mepeceueHus A, B:

y> =2x+1
{x—yzl ’
x=y+1 y*=2(y+1)+1Ly’-2y-3=0=>
=y =-1y,=8
S :r(erl—L_ljdy:[y—2+§y—y—3]3
: - 2 2 27 6),
16 1
=3 =53

Puc. 2
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7.3 HecoOcTBEeHHbIE HHTETPAJIbI

ITonsaTHE OmpenenéHHOro UHTErpaga 1aHo JJIi KOHEYHOTO OTPE3Ka [a;b] U HEIPEPBIBHON Ha HEM

byHKIIN f(X). OHO TepsieT CMBICH, €CJIM MHTEPBaJ WHTETPUPOBAHUS OCCKOHEYEH WM (DYHKIHS B

MHTEpBaJle UHTETPUPOBAHUS UMEET TOUKHU pa3pbiBa 2'° poja.
WuTerpan Ha3bIBaeTCs HeCOOCTBEHHBIM, eCiM (yHKIHUS f(X) HE OTpaHMYeHa Ha [a;b], WIN

HEOrpaHMYEHHA cama 00J1acTh UHTETPUPOBAHHSL.
7.4. UuTerpaJinbl ¢ 6eckoHeuHbIMH TIpeaeaamu (1 poaa)

Eciu f(X) HerpepbiBHA, & < X <00, TO 110 ONPEICICHUIO

[ f (x)dx=1im

b
a b—owda

f (x)dx (7.5) ) I

N

Ecli CyIIeCTBYET KoHeuHblli TIpeNeN B IIPaBoii yacty popMyisl 4 0] x
(7.5), To HECOOCTBEHHBIN MHTErPAl Ha3bIBAETCSA CXOAMIIMMCS, CCITH K€ OTOT Mpeesl OECKOHEUYEH, UIIH
HE CYILIECTBYET, TO — PACXOASIIIMMCS U 3HAUYCHUS HE UMEET.

AHAJIOTUYHO OTPEEISIOTCS HHTETPAIIBL:

ﬁo f (x)dx = lim "t (x)dx;

a—»>—oda

[ £ (x)ax=lim [ £ (x)dx+lim [ £ (x)dx.

-0 a—»>—xoda b—w Jc

Eciu 06a nipesena B paBoil 4aCTH KOHeuHbl, TO HHTETPAl Ha3bIBACTCS CXOASAIIMMCS, €CITH XKE XOMIs
Obl 00uH_u3 HuX OECKOHEUHBIN WIIK HE CYHICCTBYET, TO — PACXOASI LIIUMCSI.

Hrak, HeCOOCTBEHHBIE HHTErpajbl C OCCKOHEYHBIMH MpEACIaMH — IMPEAeIbl ONPeacIEHHBIX
I/IHTeraHOB C HepeMCHHLIMI/I BerHI/IMI/I NJIN HUXKHUMHA HpCHCHaMI/I HpI/I CTpeMJ'[eHI/II/I 3THUX HpeI[GJ'IOB K
OECKOHEUYHOCTH.

BBI‘-II/ICJ'II/ITI) HeCO6CTBCHHBI€ I/IHTeraJ'II)I, NIJIn YCTaHOBI/ITI) nux paCXOI[I/IMOCTI):

b

e xIn®x  poede xIn®x  boede In®x o= Inx

[ dx = lim|’ dx :limjhmzlim(_ij

= Iim(l—ij =1=
b—>oo Inb

e

HHTErpal CXOOUTCA U €0 3HAYCHHUEC PABHO 1.

d:((z = Jim | X “dx= jim 33| =3jim (¥4-%a) =0,

2 03¢, =3lim

I/IHTeraJ'I paCXO)lI/ITCSI nu 3Ha‘leHHfI HC UMCCT.
© . b . . b . .
3)_[ cos xdx =lim| cosxdx =limsin x| =limsinb.
0 b—w J0O b—w 0 b—oo

— MpeJieN He CYIECTBYET => MHTErpajl pacXOIUTCs.
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SAJAHUA U1 CAMOCTOATEJBHOI'O PEHIEHUSA

3ananue 1. /lokazaTh COBMECTHOCTDH JaHHBIX CHCTEM U peuTh 10 popmyiaam Kpamepa.

2X, + 3%, + X = 4 X + X - 2X, = -4
1193, + X, + 3% = -5 12.92x + 3x, + X, = 1
XX — X 4+ X = -3 X = X = X =

2, + X - X = 1 XX + 2% + X = 1
1.3. XX — X + 2% = T, 14. 3, — X, — 2% = 2
2%, + X, + X3 = -3 X + X, + 2% =
X + X, = 2% = -2 2%, — X + X = 1
15.92x, - X, + 3%, = -4 16. 3% + X, — X = -L
3% + X - X = 13 XX + X, + X = 5
3 + 2x, — 4x, = 8§ 2%, + X = X = 0;
1.7. ¢2x, + 4x, — 5x, = 11 18.:3x, + 4x, + X, = -1I
X - 2% + X = L XX — X 4+ X = 1
2X, — X + 2x, = 0; XX + 2X, — X3 = -6
19. 44x, + X, + 4% = 6 110. 2x, - X, + X = T,
XX + X + 2% = 4 X\ + 3%, + X = -2
2%+ X+ X =3 X, + 2%, + 2% = -1
111, 33, — X, + 2% = T, 112. 92, + X, — X3 = -6
=X o+ 2% X = =2 3% — X + 3% = b5
X + X, = X = 2 X\, + 2% 4+ X = =3
113.9 x + X + X = 0 114, 3%, + X, — 2%, = T,
2x, + 2%, + 3, = T. XX — 3% - 3% = 10
XX + 3% - X = 0 2X, + 2%, — X3 = =2
1.15. ¢2x, - X, + 2%X, = 1 1.16. <3x, - X, + 4x, = 4
3 + 2x, + 3, = 5. X, + 2X, — 2% = 5.
X + X, + X = 2 X + X = 3 = -2
1.17. X\, — 2% + 3 = 3 118. =X, + 2X, + X = 5
2% + X - X = L 2%, — 3X, + 2% =
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2.1.

2.3.

2.5.

2.1.

2.9.

1.19.

1.21.

1.23.

1.25.

3 - 2X, + X, =
X 4+ 2% = 2% =
2X, + X, = 3% =
2%, — 3X, + 4X, =
X\, + 2X, — X =
4, + X + X =
X + X, — 2%, =
X = 2% 4+ X =
=X 4+ 59X, - X, =
2X, — X = X =
3 + X, + 3% =
XX - X, — 2% =

1.20.

1.22.

1.24.

3X,
2X,
2X,

2X,
X2
—2X,

+ 2%

+ 3%,

+
—+

2X,
3X,

3aganue 2. Peluuth cucTeMy JIMHEHHBIX aredpandyeckux ypapuenui meroaom I'aycca.

X, + 3X,
2x, + 6X,
X - 3X2
3x + 3X
X, + 2%
2X1 - X,
4%, - IX,
33X + X
X, + 95X,
_2)(1
X 3X2
5X1 - X,
X - X,
3 + 2X,
X - 3X2
X
X - 2X2
-5X, + 8X,
4%, — TX,
2%, + 3%,

XS
4x,
3X,
3X,

3X,
4x,
18x,
X3

3X,

X3
oX,
6X,

3%,
X3

4x,

2X,
4x,
oX,

X3

+ + o+

+ o+

+ + + +

+

4x,
8X,
4x,
4x,

X,
3X,
11x,
2X,

2X,
4x,
2X,
2X,

4x,
2X,
2X,

X4

4x,
12x,
12x,
4x,

2.2.

2.6.

2.8.

2.10.

47

X
2%
4%

X

X

X
2%
3%,

X
X
2%
X

X
3%,
5%
5%

XX XX

+ +

+ + + +

3X,
6X,
9x,

4x,
2X,
6X,

N

X X X X
N I

N

+ + +

+

+ 4+ + +

+ + +

X3
4x,
2X,
5X,

95X,
2X,
X3
X3

2X,

2X,
X3

3%,
4x,
oX,
10x,

|

+
+
+



2.11.

2.13.

2.15.

2.17.

2.19.

2.21.

2.23.

2.25.

2%,
%
6%,

2%
3%,
5%

3%,
2%
%

XXX

2%

+ + + +

3X,
2X,
oX,

3X,
4x,

+ + + +

+

+ o+

+ 4+ + +

+ 4+ + +

+ + +

+ + +

+ + + +

2.14.

2.16.

2.18.

2.20.

2.22.

2.24.
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X o+ %
2%, — 3X,
33X, + 4x,
5X,

X+ X -
X - X ot
XX + X +
X, + X +

X+ X%

2 X X,

4, + X,
5% + 2X,

X2

X+ X

5X,

2x, + 3%,
XX + X +
XX, + X +
XX + X +
X, + X +

X, + 2%,

X+ X
2%, 2X,

X2

X - 4X2
33X - 2X,
2x, — 3X%,
4X1 - X,

+ 4+ + +

+ + +

+ + + +

+ + + +

+ + +



3ananue 3. BepmnHbl TPeyroabHO MMPaMHUAbI HAXOAATCHA B TOYKkax A, A, A, A,. HaiiTu,
HCIO0JIB3Ysl BEKTOPHbI (8, b): a) KocuHyc yriia Mexay peopamu A A, A A,; 0) 1JHMHY BBICOTBI,
ONYIIEHHOW M3 BepIIMHbI A, Ha rpanb A, A,A,; B) ypaBHeHHe pedpa A, A,; I) YypaBHeHHe
IockocTy A, A,A,; A) ypaBHeHHE BBICOTBI, ONYINECHHOH M3 BepIIMHbI A, Ha ILIOCKOCTh
A A, A,; e) yroa Mexay peopom A, A, U INIOCKOCTBIO A A, A,.
31 A(7;24), A(7,-1-2), A;(3,31), A (421).

32. A,(L36), A, (221), Ay (-L0;1), A, (4 6; -3).
33. A,(L20), A,(30,-3), A,(526), A,(8 4 -9).
34. A(5L-4), A, (L2-1), A, (33 -4), A(222)
35. A, (LL1), A,(-L24), A,(20,6), A, (-2 5 -1).
36. A,(6:14), A,(2-2-5), A,(T;L3), A, (L-37).
37. A, (L 26), A,(0;3,8), A,(-5-L4), A, (-3 2 —6).
38. A,(L23), A,(332), A,(231), A,(120;0).
39. A,(2-35), A,(0;21), A,(-2-2:3), A,(3 2 4).
310. A, (LL1), A,(20;2), A (222), A3 4-3).
311 A, (3L 4), A, (-L61), A,(-L16), A,(0; 4 -1).
312 A (L 42), A,(3L2), A,(524), A,(234).
313 A,(LL5), A,(251), A,(L43), A,(532).
3.14. A, (L1 3), A,(354), A,(324), A,(0;41).
3.15. A, (42 5) ,(0;7;2), A,(0;2,5), A, (L 4 0).
316. A, (L-L5), A,(44-1), A,(-120), A,(5L5).
317. A,(9;55), A,(-3 7;1), A,(57:8), A,(69;2).
318 A, (LL1), A,(444), A,(355), A (247).
3.19. A,(0;0;1), A,(235), A,(6;23), A,(37;2).
320. A, (L 23), A, (-2 41), A,(7:6;3), A,(4 -3 -1).
321 A,(0;0;0), A,(5;2,0), A,(250), A, (L2 4).
322. A,(243), A,(7;6;3), A,(493), A,(367).
3.23. A,(3 5 4), A,(5:83), A,(L9;9), A,(6;48).
3.24. A,(3:3,9), A,(6,9;1), A,(L7;3), A,(85;8).
3.25. A,(6;6;2), A,(547), A,(247), A(7;30).

3aganue 4. BoluucanTs npegedbl.

2 . 3 3x
41. a) lim -6x+5 ; 6) lim COS X 2cos x; 5) lim(x+4j .
=5 2x* —11X+5 x—0 X x>0\ X4 8
6 _ _ 3x+2
42. a) lim & X3, 6) lim SN Xd=X). B) lim(l+i] .
xoo 3% 4+1 x—1 \/; -1 X—>0 2X
—X+5
43. a) lim¥&X =373, 6) lim1—C%52X. B) 1im(x—+3j .
-3 X°-9 x>0 Xsin X x>0\ X —2
2 _ —5x+3
a) lim > —24X=5, 6) lim——~—; B) lim| 2X=3
x5 X2 —7x+10 " x-0 SIn X + tg5x xoe| 2X+41
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N i «
45. a) limX=2". 6) lim 92X —SIN7X. B) lim(7—6X)53
x=3 /33X = X x—0 3x x—1
2 _ 2 3x-5
4.6. a) lim2 ‘ﬁ; 6) lim =X —3X. B) 1im[x—+5j .
x—1 1_\/; x>0 sin5x x>0\ X+3
sin( ”)
- —Xx+50
47. a) lim 22X+, 6) lim—— 4/ B) hmln( ]
ot X - x>r 1 J2cosx’ oo\ 1+4x
x+3)° 23\
48. a) lim—— . 2 I N . A 2 +3
x> 7x% —5x% +4x -1 x>01—c0s4x’ xoo| 2X° =3
_ 1 1
49. a) lim¥X*F2=2. 6) Tim 2reSINoX. B) lim (cos3x)s<
x—2 X—2 x—0 TX x—0
4.10. a) i Imﬂ; 6) lim——C0SX . B) lim 2x(In(3+X)—InX).
x5 x*—125 x—0 C0S3X —COS X Xta0
411, a) lim(\x* +9-Jx*=9); 6) lim cost3 Cos'2x, ) lim (5 4x)e .
xX=> X
412, ) | «/ 1-2 im L= COS6X. o) lim In(L+5%)
x»S /2X+ 3 x—0 3th3X x—0
— 5x
413. a) lim X =8L. 6) lim VoS ‘“QOSX; B) lim (3x—2)x4
x—3 X _27 x—0 x—1
4x-5
414, a) lim 202, 6) lim 2rt9L0X B) lim{1-L] .
x->2 3x?—12 x>01— cosSx X0 X
4.15. a) limX2=X=3. 6) lim&— B) lim——In 1+ 2x.
x>0 arctg2x x-0 2% x>0 3x
3_ 2 _ i
4.16. a) lim XX +4x-1, 6) limSN3X. B) lim(1+tg?3x)*
X—»00 (X+2) x—0 Xe x—0
417, a) limMo+x=4. 6) lim &esiniOx, B) lim 3x(In(5+2x) - In 2x).
! sinz(x+4)’ x>0 X+ 27X X0
. T
sm(x—4] oy
4.18. a Iim(\/x2+x+1—\/x2—x); 6) lim—— "/ B) lim(2x—5)x3.
)i ) ot 1-2c0sx’ ) lim(2x=3)
1
419. a) lim[ =2, mYOFX=3. B) lim (1+sin? 3x ).
x->1{1—x 1-—X x—>01 COSSX x—0
— 1
4.20. a) lim 41““3)(2 ‘/2“6; ) lim_N296X lim (cos 6X)5¢ .
x—5 X —5x x—0 fl—COS4X x—0
3 2 _ 8+x
4.21. a) lim ); _ X ; 6 1mM' B) lim(1+5x)
xo=| 5x*+1 15x+1 x>0 Xtg2X x>0
1-sin X
5x> —3x? +5x S
4.22. a) lim——————+; 0) lim ; lim (3X+5)(In(X+5)—In x).
) x—o X +4x* —3x° ) x> —X B) Xa+w( )( ( ) )
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2 _ _ 5
4.23. a) lim2X_H7x=4. 6) lim X" X gy Jim(2— )i
X2 10x -5 x—0 X x—1
2 2 4
4.24. a) lim > & ) th B) lim(10—3x)x3.
x—1 X — 1 x—>01— COS3X x—3
4.25. a) limXX=3-1. 6) lim S255% 1. B) lim| —
x>0 \[x+5-3 x=0 Xsin5x x—=| 1+ 3X
3aganue 5 . Haiitu npou3BoaHbIe g—y
X
5.1. a) y:5“°5‘”ﬁ+lntg2x; 6) ysinx=cos(Xx—Y).
H ]
5.2. a) y=«/3x“+2x—5+(Sln 2);5; 6) y>=xe™
X_
. Inx 2 2
5.3. a) y=arcsinyx*—1+ ; 6) (x+y) +(x=3y) =0.
e ()" +(x-3y)
54. a) y=\/;arccos x+|narctg1; 6) XIny—ylnx=8.
X
55. a) y=tg°(x* +1)-Inyx" +4; 6) X—y+arctgy =0.
2
56. a) y=In C(_)s3ax; 6) y2X:acrth.
sin® ax X
5.7. a) y:ln(cos2 arctgez_e j; 6) x3+y*—3axy=0.
—X
5.8. a) yzmﬂn?’x/x%l; 6) sin(X+y)—2xy =0.
COS X
59. a) y:ezxsin(cosz(thX)); 6) Iny+X=x+y.
y
510. a) y= ; 0) arcsinxy+5:x.
VX +3 y
5.11. a) y= cosx 1y tg— 6) e _e¥ 4+ Y.
2sinx 2 X
5.12. a) y=arctg fi; 6) xy=In(1+y).
1+x
X 7 X
5.13. a) y=tg’| =+= |+2Incos| =+~ |; 6) X*+Xsiny=0.
) y=1g (2 4j [2 4j ) y
5.14. a) y=+4-x> +e* arcsing; 6) lny+§:1.
y
5.15. a) y:(1+|nsin2x)2+2°053X; 6) L —acrtg 2.
X y
516. a) y= Intg\/x -5+—— 0) Xxsiny—ycosx=0.
X% +4X — 6
5.17. a) y:53r°5‘”ﬁ+lntg2x; 0) Y —sin Y.
X

o1

2Xx



Ja? +x? ~

5.18. a) y=In +arccos /X 6) e’ +x%e 7 =2x.

a+x  a+x
5.19. a) y=ctgz(x+1)-arccosl; 6) ¥ —x*+y®=0.

X
5.20. a) y=2"""arcsin’2x; 6) sin(X+y)+2x—3y=0.
5.21. a) y:InZarccosi; 6) x*+y*—2y=0.
Jx

5.22. a) y:arctgz(x+\/1+x2); 6) cos’(X+Y)=Xy.
5.23. a) y=Inln(e*cosx+e"sinx); 6) y—x+arctgxy = 0.
5.24. a) yzésin3ﬁ—§sin5 x+%sin7ﬁ; 6) 1+x:%ln(x+2y).
5.25. a) y:ex3 cos1+x?; 0) y—X+arctgy =0.

3ananue 6. lana pyHkuus U =U (X, Y, Z) , Touka M(X,, Yo, Z,) ¥ BEeKTOp s. Haiitn B TouKe M:

ou - _
a) NPOM3BO/IHYIO N0 HANIPABJIEHUID — 110 HANIPABJIEHUIO BEeKTOpa S ; 0) rpaaueHT grad u.

6.1. u:5x“+sin2i; s=j—k; M, (L L 0).
y
6.2. U=\ +y>+72°; s=i+2j-2k;  My(3 -4 5)
6.3 u=x'InY+2zy: s=i+j—k; M,(2; 1 1).
z
6.4. u:x32+sin§—y5; s=3i+6]+2k; MO(E;E;ZJ.
z 2 4
6.5. u:ln(5x2+xy+z); s=2i-3j+3k; M, (L 2; 4)
6.6. U=X"yz° +2X +1; s=2i+3j—k; M, (L -2; 2)
6.7. u=3x"—y+42°x; s =-3i+4k; Mo (L L 2).
6.8. u=arctg(xyz)-In(x+y+2); s=i-k;  M,($0;2).
6.9. u:sin§+zzy; s=-2i+ j+2k; MO(%;l; 2).
y
6.10. u=xIn(x*+y)-2°y; s=-8i+4j-8k; M,(L0; 1).
6.11. u =cos® xy +3z; s=i-3j+4k; MO(%; -1 2}.
z? - =
6.12. u=arcsin —+x; s = 5i +12k; M, (-1 2; 1).
y
6.13. u=e’ +Inx; $=12] -5k; M, (2 L 0)
6.14. u:ctgyz—lz; E:i—Zi—E; Mo(l; %; 1).
X
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6.15.

6.16.

6.17. u
6.18.
6.19.

6.20.
6.21.

6.22. u

6.23.

6.24.

6.25.

u=2" —cosl;

2z

u=sin®yz+2x%y;
:«/2xy— y’z +E;
X

X

u=52+y’x’;
u=x*+x%z;
u=xe’+vye —z%
2y .

=e¥ +—;
ZZ
u=ylIn(x*z) + 2x%y;
X
u=xyz—In—;

u=2yJx +3y2¥2?;

u :xsyz—ln(5x2+y2);

s=i+8j—4k
s=5i—j+k;
s——|+4]+2k
s=di+j-k;
s=—i—2j+4k;
s=i+5j—2k;
S=i+j+k;
s=4i+2j -k
§z—i—]+3§;
§:i+2]+2E;
s=2i—3j+3k;

3aganue /. HailTu mHTErpaJbl

7.1.
7.2.2) j

73

74.

2 e

a) _[tg“xdx;

1+x
31+

.a) J‘cos4 xsin? xdx;

7x* +4x+20
dx

x? +4 x+2)

7.5.a) j(x+2)e‘xdx;
7.6.a) jcggj(x;

7.7.9) iﬁ

7.8.a) j(x;tllf'x :

7.9. a) _[x“ In xdx;

7.10.2) [——

cos® X
sin?

0) _[xsin 2Xdx;

6) jlnsxdx;

6) Jgd\/x_s_g& X;

63/x
dx
0) | m———
)-[3+5cosx
dx

x* -1
3x +6x+1

6)'[

6)_[x|nxdx;

x +4x+5)

dx

6) | —————;

)Isinx+cosx
dx

0 J‘xx/1+ X3 |

0) jxarctgxdx;

53

B) I arctgﬁdx.

B) J‘cos4 xsin® xdx .
X; B) Jctg“Bxdx.

B) jsin“ XdX .

B) I X27dx.

cos® X
B j —
sin? x

dx
R P

dx.




dx .
7.11.a) | ————: 6) | xcos5xdx; sin® x cos” xdx.
a)f(lJrg/;)\/; ).[ B).[
7.12. a) j ctg®xdx; 6)_'. 5:)( 8+4X B) J' arcsin xdx.
7.13. ) j% 6) jctgsxdx; B) J'xsec2 xdX.
. 2, In x x*—3x+1
7.14. a) J.(l-i‘ 25|n3X) dX, 6) J.—dX B) Imdx
dx sin xdx
7.15. _— 0 ; -3 dx.
a)-[\/;ﬁ/x_z J‘1—sinx B)IX X
2 J—
7.16. ) I%dx; 6 le— "a:ft?zxdx; B) Isin3xcos3 xdx.
+4x
7.17. a) I(x2+1;j(xx2+x); 6) jarccosxdx; B) Icoss xdx.
_ x>+ x4 — cos® x
7.18. a) j&ln xdx; 6)'[ T B) Isin“xdx'
7.19. )I x24)-(1_>)((++74) 6) szln(l+ X)dx; B) J.tg“xdx.
—x2—5x)dx
7.20. 4+ cos5x)’ dx; 6) | In(x*+1)dx; ( .
? j( ) )-[ (X +1)ox B)I(x2+x+1)(x—2)
721.4) Ixcosxdx_ s J-4x2—12x+12dx_ B)J Jxdx
o sin®x ' xz(x—z)2 ’ e+
. dx .
7.22. Zsin xdx; 6) | —; * xsin’ xdx.
a) J.x sin xdx )Ixz(x—l) B) Icos xsin? xdx
dx
7.23.a) |cos” xdx; 6) |In? xdx; —_— .
Y I ) j & I(x+1)(x—2)2
7.24. a) J. e* cos xdx; ) J'cos6 xadx; B) J. Sdx
x? +4 )
7.25. a) Im 6) J.Xz In XdX; B) .[COS Xdx.

33]13}[1/[6 8. BbIYHCJIUTH HECOOCTBEHHbIMH HHTErpaJjJ ujim 10Ka3aTtb €ro pacxoaAuMmocCTb.

8.1 [xsinxdx. 82 j dx 8.3.I x| 8.4. j'nx
0 L x(nx)? x“(1+X)
) o L arctg3x

8.5. IZL 8.6. j(x+3)e 2dx. 8.7. jﬂdx. © dx.
X5 +2X+5 4x+6 5 1+9x

89. [xcos3xdx.  8.10. j XX 511, jxe*sxdx. 8.12. j# 8.13. | d); .
. 1+x° 5 I X +4x°+8 5 xIn® X
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8.14. | >2<dx .8.15.? dx

o x+4 e X2 —6X+5

2

819. | —————.
!5x2 +4x+3

dx
xInxIn?Inx’

1 1+ X

8.23.

N — 8

8.16.}1?(—1(. 8.17.Txc032xdx. 8.18.'[

dx 8.20. Tamgx dx. 821 Txexzdx. 8.22. T .
0 2

8.24. T
0

T ox2+7x-1
(x=1)(x+1)?

—00

dx

X~/In

>

0

xdx

8.25. 5
1 (l+ X)

3ananue 9. Boruucaurs miiomaab Gpuryp, orpaHuYeHHbIX JUHUSMH € IOMOIIbIO OTIPeleSIeHHOT0

HHTErpaJa. CL[e.]'[aTL YEPTEIK.

9.1. y* =16-8x; y* =24x+48.

2
X 1
92. y=—; y=—:X=4.
Y 16 Y x?
9.3. y=x"-3; y:iz;x:l.
X

9.4. y:xz—]; x=2; y=0.
95. xy=4; x+y=5.

9.6. y* =2x+1 x—y-1=0.

9.7. x2 =4y; y= .
Y x2+4

9.8. y=1+cosx;, x=0; y=0.

9.9. y=-—x*>+6x-5 x=0; y=0.

9.10. y=2-x2 y=42-xy=0.

9.11. y=e*;y=e"; y=2.

9.12. y=(x+1)?; x+y=1 y=0.

9.13. y=X* —4x+3; y=x+3.

9.14. y=Inx; y=0; x=e.

9.15. y=sinx; y=0; x:%; X=—-.

9.16. x =-2y*; x=1-3y°.

9.17. y=Xx+1 y=cosx; y=0.
9.18. X’ +y*=25; 2y-5=0.

9.19. y=Xx>—4Xx+3, y=Xx+3.
9.20. y=8-x°; y=x".
9.21. y=4x—x*; y=0.
1 2
922. y=—; y=X"; y=4.
X

9.23. y=Inx; y=-Inx; x=3.
9.24. y =4-x*; y=x*—-2X.

9.25. y=2x; X*+y*=25,y=0,y>0.
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