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2-OAHOPOAHbBIE C*-A/IMEBPLI C NMPOCTPAHCTBOM
NMPUMUNTUNBHbBIX NOEAJTOB, TOMEOMOP®HbLIM IBYMEPHOMY
OPNEHTUPYEMOMY KOMITAKTHOMY CBA3SHOMY MHOI'OOBPA3NIO,
MOPOXAEHHBIE NMOAEMITOTEHTAMM

M. B. LLYKUNH™"

'[1enopyCcCKnin HaLMOHabHbIA TEXHUYECKWA YHUBEPCUTET,
np. HesasucumocTw, 65, 220013, r. MuHcK, Benapycb

PaHee 6bIN0 [0Ka3aHO, YTO KaxKgas «-0AHOpoAHas C*-anrebpa M3omopdHa anrebpe BCeX HEMpPEepbIBHbIX CEYEHUI
COOTBETCTBYHOLLIErO anirebpanyeckoro paccnoeHus. Mpu aTom 6asa paccnoeHns eCTb NPOCTPAHCTBO W1/eanoB 3TOM anreo-
pbl B 060/104e4HO-sAepHOI Tononoriu. C NCNo/b30BaHKEM STOW peann3aummn B HacTosILLel paboTe pacCMOTpeHa 2-04Ho-
pogHas C*-anre6pa A ¢ NPOCTPaHCTBOM MPUMUTKBHBIX 1AEa10B, FOMEOMOPGHLIM ABYMEPHOMY KOMMaKTHOMY CBS3HOMY
OPUEHTVPYEMOMY MHOr006pasvio. HaMu CKOHCTPYMpOBaHb! TPW MAEMNOTEHTA M3 anrebpbl A TakMX, YTO HaUMEHbLLAs
baHaxoBa anrebpa, UX cofepkallas, CoBnagaeT ¢ anredpoi A.

KnioueBble cnoBa; C*-anrebpa; MAeMNOTEHT; KOHEYHOMEPHbIE HEMPUBOAMMbIE MPeACTaB/leHUs; onepaTopHas a-
re6pa; NoOpoOXAAoLLE 3MIEMEHTI.
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2-HOMOGENEOUS C*-ALGEBRAS WITH THE SPACE OF PRIMITIVE
IDEALS HOMEOMORPHIC TO A TWO-DIMENSIONAL
ORIENTED COMPACT CONNECTED MANIFOLD
GENERATED BY IDEMPOTENTS

M. V. SHCHUKIN?

"Belarusian National Technical University, 65 Niezalieznasci Avenue, Minsk 220013, Belarus

Before showed in 1961 that every n-homogeneous C*-algebra is isomorphic to the algebra of all continuous sections
for the appropriate algebraic bundle. The base space for the bundle is homeomorphic to the space of primitive ideals for
the algebra in the appropriate topology. By using that we considered the 2-homogeneous C*-algebra /1 such that the space
of primitive ideals of the algebra is homeomorphic to a two-dimensional compact oriented connected manifold. We con-
structed three idempotents from the algebra A that generated the algebra.

Key words: C*-algebra; idempotent; finite-dimensional irreducible representations; operator algebras; number of
generators.

MHTepec k C*-anrebpam, NMOpPoOXKAEHHbLIM UAEMMOTEHTAMM, MOABUCS B CBA3N C NMPUMEHEHUEM B TEOPUM
CUHTYNIAPHBLIX UHTErpanbHbiX 0nepaTopos. Anredbpa CUHTYNAPHbLIX UHTerpanbHbIX OMepaTopoB Haf MPOCTbIM
KOHTYPOM MOXeT OblTb peasiM3oBaHa Kak anrebpa, MopoxpeHHas ABYMA WAeMMoTeHTamu. Takue anrebpbl
MOTYT UMETb HernpuBogMMble MPefCcTaBNeHNs pasmepHoCTU Tonbko 1 1 2. B pabote [1] onucaHa CTpyKTypa
npocTpaHCcTBa NpeAcTaBneHnin 6aHaxoBbIX anrebp, NOPoXAeHHbIX N MAeMNOTEHTaMWU C HEKOTOPbIMU KOHK-
PETHBIMU COOTHOLUEHUAMU Mexay Humu. B paboTe [2] onucaHa cTpyKTypa «-04HOPoAHbIX C*-anrebp ¢ npo-
CTPaHCTBOM MPUMMUTUBHbLIX WAeanoB, rOMeOMOP(HbLIM ABYMepHOl cepe SN Mcnonb3ys 3Ty peanusauuio,
B pabotax [3; 4] gokasaHo, 4TO Nt0bas «-ogHopogHas (« > 2) C*-anrebpa ¢ MPOCTPAHCTBOM MPUMMUTUBHbIX
ngeanos PrimA, roMeomMopHbIM ABYMepHOI cdhepe S*, MOXET ObITb NOPOXAEHa TPEMA ULEMNOTEHTAMU U He
MOXeT ObITb MOPOXAEHA ABYMA maemnoTeHTamun. B pabotax [5; 6] HallieHO MUHMManbHOE YMCNO UAEMMO-
TEHTOB, NOPOXJALW KX HeKoTopble C*-anrebpbl U MaTpuyHble anrebpbl. B HacToAwel paboTe HaMu foka-
3bIBaeTCH, 4To Ntobaa 2-ogHopogHaa C*-anrebpa Haj KOMMNAKTHbIM LBYMEPHLIM CBA3HbIM OPUEHTUPYEMbIM
MHOroo6pasnem MoXeT 6biTb NMOPOXAEHA TPEMSA WUAEMNOTeHTaMW. [N 3TOr0 Mbl UCMOMb3YEM Pe3y/bTaThbl
paboThbl [7], B KOTOPOI onucaHa CTPYKTypa «-04HOPOAHbIX C*-anrebp ¢ NpoCTPaHCTBOM MPUMUTUBHBIX MAea-
N0B, TOMEOMOP(HbIM ABYMEPHOMY OPUEHTUPYEMOMY KOMMAaKTHOMY CBA3HOMY MHOroo6pasuio.

[na nokasaTte/ibCTBa OCHOBHbIX Pe3y/nbTaTOB HaM MOHAA06MTCA peanv3auns «-04HOPOAHbLIX C*-anre6p
Haj KOMMAaKTHbIM ABYMEPHbIM MHOToo6pasmem.

MpepnoxeHve 1 [8]. KoMnakTHOe ABYMEPHOE CBSI3HOE OPUEHTMPYEMOE MHOroo6passe roMeoMopgHO
chepe A C NPUKNEEHHBIMU K pyYyKaMmm.

MycTb 3ajaHa «-of4HopoAHas C*-anre6pa A Haj NPOCTPaHCTBOM BbipeXxem 13 MHOXeCTBa  YyacTb
cpepbl D, roMeOMOP(HYI0 OTKPLITOMY Kpyry.

MNpeanoxkeHwe 2 [7]. OrpaHuyeHne paccnoeHnss  Ha MHOXXKecTBO PMN\D TpusuasHo.

PeannsyeMm MHOXeCTBO P;M\D Kak BEpXHIO YacTb €AUHUYHON cdepbl € K pydkamu. MycTb By 0603HavaeT
anrebpy HenpepbIiBHbIX KBaAPaTHbIX MATpUL-QyHKLMA Ha PMNZ) nopsgka « ¢ 4ONONHUTENIbHbIM YC/I0BMEM Ha
rpaHuLe:

z7 O 0]
a(z)™V '(z)a(l)V(z), a(z)eBy, V{z) = 1
0 O 1

rAe z - KOMMAeKCHas KOOpAMHaTa Ha NJ0CKOCTU. BbICOTY TOUKM Hag NAOCKOCTLI0O 0603Ha4MM Yepes h.
MpepnoxeHwve 3 [7]. Anre6pa A nsomopHa ofHoili 13 anreép By.
Peannsyem P"D Kak BepxHK nonycdepy paguycom 1c K pyykamu, KOTOpble He BbIXOAAT 3a Npegesbl

UMAUHAPA PaAnycom 11 BbICOTOM  VIMeeT MecTo pe3y/bTaT, aHaNorMYHbIV NPEANOXEHMNIO 3.

MpennoxeHwve 4. Anrebpa A Hag 7*u3omopdHa ofHoii u3 anrebp By, rae By - anre6pa Hag PM\D, onpege-
nseMas CoOTHOLIEHUAMM:
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z7 0 0
a{z)=V{z)a{l)Vv '(z), a{z)eBy, V{z) = - ona ze5' =5D.
vO 0 .. ly

HekoTopble pesynbTaTbl UCCNef0BaHUA CTPYKTYpbl C*-anre6p By
0O603HauMM 4epe3 E-j KBapaTHy0 MaTpuly MopsAKa M, y KOTOPOW Ha nepecedeHun r-ii CTPOKW W y-ro
CTON6LA CTOUT YMCO 1, @ OCTasIbHbIE 3/IEMEHTbI 3TO MATPULIbI paBHbI 0.
Nemma 1. Anre6py By, paccMaTpuBaemyto Kak MoAy/b Haj CBOUM LIEHTPOM, N30MopdHbiM C
peannsoBaThb Kak npsmyo cyMjMy moayneit

), MOXKHO

By=EyC{P,)® E,,B,®..@E,,B @ E\B. ® E,C{P,),

2<s< 2<s,l<n

raoe C[P?) - anrebpa Bcex HeMpepbIBHbIX YHKUMIA HA  Mogaynb cocTONT u3 hyHkuuii a[z) e C(PMD),

YA0BNeTBOPAOLWMX AONOAHUTENbHOMY YCNOBUIO Ha rpaHule afz) =z" m<3(i), ze 5' = 6D.
Joka3zaTenbcTBO. JI1060/ 3nemMeHT ge By nmeeT Bug y, Aec(a\D, C**"), [x vy, NeR

y[o0BneTBopstoWunit npn A= 0 yCnosuto

gy 0 .. o "An0) A12(1) m nz-'”
I\ 0 1 .. 0 a21(1) ~22(1) mm ~2,(1) 0
.0 o ., K ~A2(1) . .0
0TKyza
( (\ 1p”
") om gl
g (M = 2l )
/\«2(1) oo a™(1)
Mockonbky z e S\ 10 |z|=1. Torga gn(®) = g'n(l) n dyHKUMIO g,, MOXHO paccMaTpuBaTb Kak (PyHK-

unto Ha P ®yHKuum g,y(2 <i, j< n) TakXKe MOXHO paccmaTpumBaTb Kak (yHKUuM n3 C(/"). PyHKuuM
gij{x,y, A)(2 <j <n) obpasywoT mMoaynb 5", ¢yHkunn g,,(x,y, A)(2 <i<n) nopoxaarwT MOAyNb

Jlemma gokasaHa.
Nemma 2. Ecam pyHkyun o,...,¢peB"

3/el, f T05,=y;-C(Pj +...+/-C(Pj.

JokasaTenbCTBO. PaccMOTpMM ANA KaxXaoh Touku Xx"ePi™0 OTKpbITbI/ LWap

[-[n-\)< T <n-\" n B noboin Touke xgP*rD 3/6 1,/,

paguycom r[x")
Takom, 4To HekoTopast yHkuma /.[x)h0, xe2U*n[Pi*\D). 3aecb 00603HauvaeT wap pagmycom 2r(xa]
e5'=5D, 10/.(2) =2""%-(\) ®0 npnze 5. Anda TOUYKN
ytobbl S'cUAN.

PMD KOMNaKTHO, TO CYLLECTBYET KOHeuHoe nognokpbitve Uy..., U, Bo3bmeM pa3bueHne eguHulbl Aj, ..., A\ nog-
UYMHEHHOE MOKPbITUO NY..., ny Torga yHKumio f & B MOXHo npeactasutb B Buge f =fh” + ... +fh™. B cuny

1 C TEM XE LIEHTPOM, YTO 1 Mpw 3TOM, ecnu

o6 s' Bbibepem Tak OKPeCTHOCTb B aTom cnyyae MHOXeCTBO [TocKobKY

BblGopa okpecTHocTen [/, V/ e 1,1, 3H(/), X(,)(®) 50, pe {2U.) o (P*\A)). Torga Ha U. cyllecTByeT u orpa-

HU4YeHa hyHKLMSA

o

Mo nemme TuTue - Bpayspa - YpbiCOHA OHa NPOAO/IKAETCS 0 HEMPEPbIBHON (YHKLUM
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onpeAeneHHON HaBceM  Tenepb monyyaem, uyto / =/« Ir, e —h...+f =" 1) PyHK-
(i) £,.0) n(s)

wm/ w?e— G cnefloBaTe/ibHO, NONYYeHO Tpebyemoe pasfioxXeHue.
(i)

O6patHo, mogynsb / <C(PM) ¢ no onpegeneHuo mogyns B~ torga /j mC(PA) + ... + fA- C(PM.) ¢ B~
Jlemma fokasaHa.

Nemma 3. Nlo6oii anemeHT /e C(PM\O)|(/(7) =/(1), z 6 5£)) mMo>KeT 6bITb NpefCcTaBneH B BMAe
f =M i +figi, rpe f. GB®, g. GB_.

LokasaTenbctBO. Anrebpa HenpepbiBHbIX PyHKUnn C(PMNZ?) cycnosuem f{z)~ /(l), zg 8D, u3o-
mMopgHa anreépe C[Pi").

Bosbmem nokpeiTre UY, U2 MHOXeCTBA  Takoe, 4To [/, COAepXUT TOUKY X, nepecedeHuns Pj\D u ocu Oh
N He COAEePXUT Touek z g 5' = BB, Ll He cofepXuT TOUKY X,.

MycTs /T, n2- pa3bveHve eagnHMLBLI Ana NokpbiTuag 1 Uj. Bosbmem ml’"2=dA *n, rge
rl r

A [1i2 0603HaYaeT B 0GONX cnyyasx OfHY U Ty >Ke BETBb KOPHA. 3TU (DYHKUUU onpefeneHbl, Tak kKak A > O

rl
OrpaHMYeHO CHWU3Y Ha MHOXecTBe tj*. [anee, nonoxum /j = gr = rae BblGpaHo O4MHAKOBOE 3Ha-
YyeHune KOopHs B 06omx cnyyasx. Torga f\&B” n g, GB #, tak Kak ,Jfh"[z) =Onpnze =pgB. CnpaBegnms

cnegyrownii pag pasencts: f =fh”+ fhh =Jfhi mJfh, + y[]\ l| | mJfh? -l" = frg~+ fAg”, 13 KOTOpOro
z z
crefyet yTBepXKeHWe neMmbl. JleMma foKasaHa.

2-OpfHopofaHble C*-anrebpbl Haf 4BYMEPHbLIMU
KOMMNaKTHbIMU CBA3HBIMU OPUEHTUPYEMbIMU MHOT006pasmsamm

Cnepfytolan Teopema ABaSeTCA OCHOBHbIM pPe3ynbTaToM LaHHOW paboThbl.

Teopema 1. NMycTb A 0603HauyaeT 2-ofHOpPoAHyt0 C*-anrebpy Haj [ABYMEPHbIM KOMMAKTHbLIM CBS3HbIM
OpUeHTUPYeMbIM MHOroo6pasmem Torga anrebpa A MOXKeT 6blTb NOPOXKAEHA TPEMA ULEMNOTEHTaMM.

OokaszaTtenbctBO. MNMycTb /1, 0603HaYaeT 2-04HOPOAHYI0 C*-anrebpy

z
By, V =
y, V(z} o 1
PaccmoTpuM MAEMNOTEHTLI
"1 h; 1 0' "1 / 13
I P—,Z h 0 ? P - n .
00 ’ 1Y /1 [F U]

roe hy, f, f o6o3HavaloT cnegyrowme gyHkumm: hr{x,y,h) =h, f[x,y, h) =x+iy, f{x,y, h)=x-iy.
MpoBepuTb, ABNAKOTCA NN MATPULbI-PYHKLUK PY P\, P* naeMnoTeHTamun, MOXHO HernocpeAcTBEHHbLIM BblUMC-
nenvem. NgemnoTeHTol Tj, Pj, P* npuHagnexart anre6pe J1, no onpegeneHunto anrebpsol /1.

Mycte B - HaummeHbluas GaHaxoBa anrebpa, cogepxawas P\ P, Py PaccmoTpuMm npoussefeHue
\+h O
PuP = o 0 .hyHKkuus 1+ h] pasgensiet Touku mHOXecTBa h G[O, 1] n Hurge He obpalyaeTcs B Hyfb,

3HAYMT, OHa NOpoXAaeT anrebpy HenpepbiBHbIX QyHKUnin C[h). Apyrumu cnosamu, Ans n060i GyHKLUK

h~eC {h) cywecTByeT nocneLoBaTeNbHOCTb MHOIOU/IEHOB (i+ ) Takad, yto lim MM\ +h]*=h" Torpga
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~2 0 . C{h) o
0 0 OTcrofa cneayet, uTo anrebpa maTpuu-QyHKLUWiA ¢ 5, B yacTHoCTH
0 0
1o
65
0 o0
1 0
JnemMeHT BV BV = 14 1/|—’ e B. 3TOT 3/neMEHT NOPOXJAET anredpy c(l7l) o ¢ S. B yact-
0 0
0 0

woctn, 1t1M 0 g4

0 0
10 0 " 7T 0 0
neMeHT lvar o Pr- f € B nTaKxe P e i+1r 0O f e B
0 0 0 0 0 0 0 0 0 0 0 0
Pj iz 0 ° 6 S £ ° B
anee, afieMeHTbl Pj ~ 1= , A -Em, = .
A J h O A OO0
"0/ ‘0 O .
3nemeHTHl 1r 0" ep,
0o 7 O 0
'0 0 o '
/1 o B,
7 o 0 O
o/ 0 o ‘hf o
eB
0 0 m o 0 O
OyHKymMn hfu hf pasgensaroT TOUKM B 0AHOW MAOCKOCTW Ha BbICOTE 0 Hag nNNocKocTblo /r = 0. DYHK-

ums h pasgensiet ToukM NoO BEpPTUKaW, BCe 3T (YHKLMUM BMeCTe C PYHKLMeENR, TOXAECTBEHHO paBHOli 1, no-
poXJarT anrebpy cornacHo Teopeme CToyHa - BeliepwTpacca. 3gecb P/ 0603Ha4yaeT MHOXECTBO
PME), CKNeeHHOe Mo OKPYXHOCTK 6" = 5Z). MNMpocTpaHcTBO [* roMeoMOpPHO MHOXECTBY [,. ITO 3HAYMT, UTO

anrebpa HenpepbIBHbIX QYyHKUKWIA ¢ (p/) nsomoptHa anrebpe C(PH).

'0 /] To n
MockonbKy GYHKLUMK/W Ir He paBHblI OAHOBPEMEHHO HYNO Ha PM\D, To maTpuubl 00700 no-
° B i c{a) o y
POXAalT MOAY/b Haf, anre6poli B COOTBETCTBUU C IEMMOWA 2.
0 o 0 o
0 0 0 0 o a _c{a) o
MaTtpuubl-QyHKLUN 7 NopoXAalT Moay b Haf anrebpoli
7 0 h 0 ] 0 0
.0 m0 O
n3 Moaynei o 0o 7 0 nopoXxgarT anrebpy
o o ”
c B
o ® .1
ofp,) or 0 8" "0 01 0O 0
NTakK, B coflepXXuUT MHOXecTBa ’ 1 5 AN . B cuny nemmbl 1 vmeem
1 0 o/ o, [B,, o 0 c@.),

cnepytollee paBeHCTBO A5 anredp: B =AM Teopema AoKasaHa.



BelecTBeHHbI, KOMMIEKCHbIN 1 (DYHKLMOHANbHbIA aHanu3
Real, Complex and Functional Analysis

Bubnuorpadguryeckme ccbiaiku

1. BottcherA., Gohbergl., Karlovich Yu, etal. Banach algebras generated by N idempotents and applications // Oper. Theory. Adv.,
Appl. 1996. Vol. 90. P. 19-54. DOI: 10.1007/978-3-0348-9040-3_2.

2. Antonevich A., Krupnik N. On trivial and non-trivial n-homogeneous C*-algebras // Integr. Equ. Oper. Theory. 2000. Vol. 38,
issue 2. P. 172-189. DOI; 10.1007/BF01200122.

3. LLlyknH M. B. HeTpuBunanbHas C*-anrebpa, nopoxaeHHas YeTbipbMsi ngemnoteHTamu // Tp. NH-Ta maTematnkn HAH Benapycu.
2001. T. 9. C. 161-163.

4. Shchukin M. Non-trivial C*-algebras generated by idempotents // Proceedings of the International Conference on Nonlinear
Operators, Differential Equations and Applications : semin. on fixed point theory Cluj-Napoca : in 3 vols (Cluj-Napoca, 12-17 Sept.,
2001). Cluj-Napoca, 2002. Vol. 3. P. 353-359.

5. KnipnikK, Roch S., Silbermann B. On C*-algebras generated by idempotents // J. Funct. Anal. 1996. Vol. 137, issue 2. P. 303-319.
DOI: 10.1006/jfan.1996.0048.

6. PabaHoBiy B. |. MaTpiiuHi 6aHaxoBu anrebpu i Teopisi 306paXkeHb : AicC. ... KaHg. (in3.-maT. Hayk : 01.01.01. Kues, 2000.

7. LWyknH M. B. «-OgHopogHble C*-anre6pbl ¢ NPOCTPaHCTBOM MPUMMUTUBHBIX MAeanoB, FOMeOMOPHHbLIM OPUEHTUPYEMOMY KOM-
NakTHOMY ABYMepHOMY MHoroo6pasuto // Becui HAH Benapyci. Cep. i3.-mat. HaByk. 2010. Ne 2. C. 12-17.

8. Maccu Y. Anrebpaunyeckas Tononorusa. M. : Mup, 1977.

References

1. BottcherA., Gohberg 1, Karlovich Yu., et al. Banach algebras generated by N idempotents and applications. Oper. Theory. Adv.,
Appl. 1996. Vol. 90. P. 19-54. DOI: 10.1007/978-3-0348-9040-3_2.

2. Antonevich A., Krupnik N. On trivial and non-trivial «-homogeneous C*-algebras. Integr. Equ. Oper. Theory. 2000. Vol. 38,
issue 2. P. 172-189. DOI: 10.1007/BF01200122.

3. Shchukin M. V. [Non-trivial C*-algebra generated by four idempotents]. Proc. ofthe Inst, ofMath, ofthe Natl. Acad, ofSci. of
Belarus. 2001. Vol. 9. P. 161-163 (in Russ.).

4. Shchukin M. Non-trivial C*-algebras generated by idempotents. Proceedings of the International Conference on Nonlinear
Operators, Differential Equations and Applications : semin. on fixed point theory Cluj-Napoca : in 3 vols (Cluj-Napoca, 12-17 Sept.,
2001). Cluj-Napoca, 2002. Vol. 3. P. 353-359.

5. Krupnik N., Roch S., Silbermann B. On C*-algebras generated by idempotents. J. Funct. Anal. 1996. Vol. 137, issue 2. P. 303-319.
DOI: 10.1006/jfan. 1996.0048.

6. Rabanovich V. I. [The matrix algebras and the theory of representations]: diss. ... PhD (phys. and math.): 01.01.01. Kiev, 2000
(in Ukrainian).

7. Shchukin M. V. [«-Homogeneous C*-algebras with the set of primitive ideals homeomorphic to an oriented connected compact
two-dimensional manifold]. Proc. Natl. Acad, ofSci. ofBelarus. Phys. and Math. Ser. 2010. No. 2. P. 12-17 (in Russ.).

8. Massi U. Algebraicheskaya topologiya. Moscow : Mir, 1977.

CTaTbs nocTynuna spegkonneruto 10.07.2017.
Received by editorial board 10.07.2017.



