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BBEJAEHUE

VueOHO-MeTonuecKoe Mocobue MpeAHa3HAuYeHO ATl MPOBEAEHHs
MPaKTUYECKUX 3aHSATHH CO CTYACHTAMH HHXCHEPHBIX CIIEHHaIbHOCTEH
MpUOOPOCTPOUTENBHOTO, & TAKKE CIIOPTUBHO-TEXHUYECKOTO U MEXaHH-
KO-TE€XHOJIOTHUECKOTO  (haKkylIbTeTOB benopycckoro HalnuoHaIbHOTO
TEXHUYECKOT0 YHHBEPCUTETa MO IucHMIUIMHE «MatemaTtuka». JlaHHoe
y4e0HO-METOJUUECKOE [T0COOHE BKIIOYAET OCHOBHBIE TEMBI U3 pa3jelna
«Auddepenunansupie ypaBHEHUS», KOTOPHIMH HEOOXOIMMO OBIAAETh
oOyJaomumMcs B Te4YeHHE y4dyeOHOro ceMecTpa Ui JajbHEHIero
YCHIEIIHOro YCBOCHHA MaTcpuajia o CMCKHBIM AUCHUIIMHAM, a TaKKE
HalmvcCaHus KYPCOBBIX IMPOCKTOB C IMPUBJICYCHHUECM KOMIIBIOTCPHBIX BO3-
MOXKHOCTEH M MaTeMaTHYECKHX PacucToB. TGMBI, KOTOPBIC OXBATbIBACT
JAHHOE MMOCOOMe, COOTBETCTBYIOT ACHCTBYIOIIECH y4eOHOW mporpaMme
JUISL MEDKEHEPHBIX CHENUANIBHOCTEH MPHOOPOCTPOUTENHLHOTO (haKyIbTeTa
benopycckoro HallMOHAILHOTO TEXHUYECKOTO YHUBEPCUTETA.

ABTOpaMH METOANYECKOT0 M0coOHs MpecieaoBaiach 1elb HOBbIIIe-
HUS YPOBHsI YCBOEHHsI y4eOHOTo MaTepualia, MOBBIIICHUS CaMOCTOS-
TEJIbHOCTH CTYAEHTA MPU MNOJATOTOBKE K 3K3aMEHaM IO JaHHON JUCLIH-
IUIMHE, O00ECICUYCHUs Peaiu3allid OCHOBHBIX TNPHUHIIMIIOB JIHUJAKTUKU:
JOCTYITHOCTH U CHCTEMHOCTH y4eOHOTO0 Tpoiliecca. TimaTtenbHbIil moadop
Marepuasa Mo3BoJIIeT OCYLIECTBIISATh NEPBHYHOE 3aKpEIUIEHHE MaTepH-
aja, a TaKkKe CHCTEeMaTU3UPOBATH 3HAHUS ydalluxcs U (HOPMHPOBATH
HaBBIKH pemieHus auddepeHnnansHbpIX ypaBHEHHH 1 cucTeM. B moco-
Oun comepkuTcsi 000OIIAONINIA MTPOBEPOYHBIN TECT W 3aJaHus, PEKO-
MCHAOBAHHBIC 1JId IOATOTOBKH K OJIUMIIMAJaM II0 MAaTEMAaTHKE CpCIu
CTYJCHTOB.

I/I3II3HI/IG SABIACTCA AOMOJHUTCIIbHBIM MaTCpUuaioM JId IMMOATOTOBKHU
npernojiaBareiell K KOHTPOJBHBIM paboTaM MO JAuCHUILIMHE «Martema-
THKa» B paMKax JielicTBytomero boaoHckoro mpomnecca.



1. IM®PEPEHIIUAJILHBIE YPABHEHMUSA
1.1. OcHoBHBIE IOHSITUS U ONpeaeIeHusI

1. YioBneTBopaOT 1M (QYHKIHHA COOTBETCTBYIOMINM UG hepeHn-
QILHBIM YPaBHEHHSIM:

a) y=sinx—1+c-e "™, %+ y-cosx=0,5-sin2x;
X

2

_ d3y 3 dzy

1

=C - X+Cy-X +C3, +— =0.
»Y ? ’ [dx3j X dx?

mayuoHHvle NnoJisi Mamepuaﬂbﬂozl Cpe()bl.

Jughdepenyuanvrvle ypasrerus onpedensaom epagu- @

2. YIOBNETBOPAIOT JI (YHKUUH COOTBETCTBYIOIIMM Au¢depeHu-
AJTbHBIM YPABHEHUSIM:

_ d2y) 2 dy
= .Xl Co,| —= _._20;
a) Y=C - X " +Cp o2 17X i

0) y= 25-c-In(cosx), y =ctgx;

B) y=C-ezx+%-X-y'+2-y=ex.

Juppepenyuanvuvie ypagnenus wupoxo UCHOILIY-

JOMCst 8 MOOCSAX IKOHOMUYUECKOU OuHamuKu, 6 KOmopbvlx
ucczze()yiomc;l He MmOJIbKO 6 3dasucumocmu nepemerHblx

Om 6peMEHU, HO U OM 83AUMOCEA3U 60 6PEMEHU.




1.2. YpaBHeHHs C pa3Ae s lOMMMHUCS IepeMEHHbIMH
Teopemuueckue ceedenusn

OOmuit B ypaBHEHUS:
P (x)-Qu(y) - dx+ P, (x)-Q,(y)-dy =0.

ANTOpUTM penieHus 6a30BbIX 331a4:

d
Bripasuts —y. |:> Pasnennts |:> WNuTterpupoBaTts.
dx MIEpEMEHHBIE.

Ipumep 1. Pemuts ypaBuenue 1+ (L+y’)-e’ =0.
dy

Pemenwne. 3armmem Y’ B nmpyro#t popme: Y = v
X

Torna ypaBuenue npumer Bua: 1+ (L+ %) e =0.
X

Bripazum U3 3TOr0 ypaBHEHUS MPOU3BOJIHYIO: (1+%)'ey =1
X

y
1+ Yoy =—e7; dy__ivel

dx dx ey
ey

PaSHeJ’IerM HCpeMeHHBIe .
1+eY

dy =—dx.

y
WnTterpupyem: je—dyz—JdX; In(1 +e¥)=—x+c.
1+eY

Pemenue npeacrasieHo B BuAe 00IIEro HHTETpaa.
3. Pemuts nuddepennmansHble ypaBHEHHS:

a) y-dx—x-dy=0; e) +y?)-dx+x-y-dy=0;
0) (1+y)-dx—(1-x)-dy=0; x) &Y - (L+x%)-dy =
B) (y—5)-dx+x2-dy=0; =2-x-(1+y?)-dx;



r) @+Yy?)-dx—+/x-dy=0; 3) (1-x)-dy=y-dx
) (1+x2)-dy— 1—y2 -dx =0;

B acmponomuu ougghepenyuanvuvie ypaguenus uc-
RONB3VIOMCA OJisL CO30AHUSL MOOeNU 38€30HOU CUCTNeMbl
8 PAMKAX 36€30HOU OUHAMUKU NPU AHATU3E 83AUMOOell-
cmeus yacmuy.

4. Peumuts muddepeHnraibable YpaBHEHHS:

a) dx=+1—x2 -dy; r) X-X +1=1

6) y' =-y% n y =y,
B) X-y-dX+(x+1)-dy=0;

Hupgepenyuanvuvie ypagnenus ucnoawb3ylomes npu
onpedeneHuy 3a8UCUMOCMU UHMEHCUBHOCU PAOUOAK-
MUBHO20 pacnada om epemeHu u om KOau4ecmeda paouo-
AKMUBHBIX AMOMO8 8 0Opa3zye.

5. Pemuth nuddepeHnmnansable ypaBHEHMS:

a) X-y =2y, r) (cosx)-y’=(y+1)-sinx;
6) 2 =10""7; ) x-\/1+y2+y-\/1+x2-y':0;
B) Y =12 +2-y+1; €) y’=2-\/§.

B meouyunckux npunoscenusix ougpghepenyuanvhvie
VPAGHEHUsI UCNONb3VIOMCSL OISl ONPeOeleHUst CKOPOCmuU
KPOBOMOKA, CKOPOCMU OBUNCEHUSI KIANAHO8 U CMEHOK
cepoya, onpeoenenus 613K0CMu KpOoGi.




1.3. YpaBHeHusl ¢ OTHOPOTHBIMU (PYHKIMAMHU
Teopemuueckue céedenusn
OOmuit B ypaBHEHUS:
P(x, y)-dx+Q(x, y)-dy =0,

e P(X, ), Q(X, y) — omHOpOHbBIE (DYHKIIMK OMHAKOBOTO MTOPS/IKA.
ANTOpuTM perreHus 6a30BbIX 3a1a4:

OcymiecTBUTh 3aMEHy Haiitu Haiitn
y=u-Xx I::> HKLUIO U. I::> HKITHIO Y.
dy=u-dx +x-du. by Py y

Ipumep 2. Peminth ypaBHEHHE (X2 +y?)-y =2x- V.
Pemrenune. OOpaTyM BHUMaHKE, YTO OAHOWICHBI, IPUCYTCTBYIOIINE B
yYpaBHEHHH, HMEIOT OJJMHAKOBYIO OOLIYIO CTeleHb. 3anuieM Yy B Ipy-

ro#t opme: Yy’ = d_y

dx

Torma ypaBHEHHE IPUMET BUJI: (X2 + yz)-% =2X-Y.
X

N36aBumcs ot apoOu: (X2 + y2) -dy =2x-y-dx.
TepeneceM B OIHY CTOPOHY YPaBHEHHS:

2X-y-dx— (x2 + y?)-dy =0.

O6o3naunm ¢yukiuu npu dx, dy byskmusmu P u Q:
P(x, y)=2x-y, Q(x, y):—(x2 + yz).

[TpoBepum, SBISIOTCS U QYHKIMH OJTHOPOTHBIMU:
P(k-x, k-y)=2(k-x)-(k-y)=2k?-x-y,

Qk-x, k-y) =—~((k-x)? + (k- y)?) ==k (X* +y?).



3naunt, QyHKIwH P 1 Q 0HOPOIHBIE OIMHAKOBOTO MOPSIKA.
Jenaem 3ameny: Y =U-X, dy =u-dx+ x-du.
IMoncraBnsiem 3aMeHy B ypaBHEHHUE!

2x-y-dx—(x2+y2)-dy=0;

2x-U- - dx— (X2 +(u-Xx)%) - (u-dx+ x-du) = 0,
PackpriBaem ckoOKu:

2x%-u-dx—(x% +u?-x%)-(u-dx+x-du) =0;

2x%u-dx —x2u-dx—u®-x%-dx—x3-du—x3-u?-du=0;
x2-(2u-dx—u-dx—u3-dx—x-du—x-uz-du)zo;
(u—u?)-dx—x(1+u?)-du=0.

Paznensiem nepemeHHbIE:

2
(u—u®)-dx=x(1+u?)-du; (L+u 3) duzl.dx_
(u-u?) X

HNuterpupyem:

1+u?) 1+u?) _
I(uu)d_'fdj—u)d jdx
1.(3+30)
'f—(u 0 du j dx;
1?1 o4 1
3" Wi -u) 37 -u)

du =-Inx+c,

2_
e 1j(?’us—l)du=lln|u3—u|+c.
37 (u”-u) 3



HuTterpan I(g—du HailieM C TIOMOIIbIO Pa3JIOKEHUS TMOJbIH-

TerpajbHON QYHKIIUH B CyMMY 3JI€MEHTapHBIX APOOEi:
1 A B C

= +—.
W-u) u u-1 u+l

[IpuBoguM K 00IIEMY 3HAMEHATEINIO:

1 A(u? -1) .\ B(u? +u) .\ C(u? —u).
(u3—u) u u-1 u+1

[IpupaBHUBaeM y paBHBIX IpOOEH YUCIUTEIH:
1=AU? -1 +BU? +u)+C(u2 -u);
4= Au? — A+Bu? +Bu+Cu® —Cu.

Cobupaem k03¢ UIIMEHTH TP COOTBETCTBYIOIINX CTETICHSX:

u’: 0=A+B+C, u:0=B-C, u%:1 =—-A

Pemaewm momyuennyto cucremy: A=-1; B=0,5; C=0,5.
IMoacraBnsieM noy4eHHbIE KOAPGHUIIMEHTHI B Pa3IoKeHHE:
1 —1 0 5 0 5

(u —u) u u 1 u+1

Toraa WHTETrpajl MOKET OBITh HAWJICH:

L guojt, 05, 05
(3—U)

du —j(_ — —)du_—1n|u|+05 Inju—1|+
-1 u+1
+0,5-Inju+1|+c.

HcxonHoe ypaBHEHHE IPUMET BUA:

%1n|u3—u|+%(—ln|u|+0,5-ln|u—1|+0,5-In|u+1|)=—1nx+c.



6. Petuth quddepeHnmanbHble ypaBHEHNS:
a) (Yy—x)-dx+(y+x)-dy=0;
0) (X+Yy)-dx+x-dy=0;

B) X-dy —y-dx=1/x*+y? -dx.

Hupepenyuanvuvie ypagnenus ucnoawb3ylomes npu
aumanuze NeKMpOMACHUMHBIX 601H (padap, menesude-
HUe, CO8peMeHHble CPeOCMBA CE53U).

7. Pemuth nuddepeHimanbable ypaBHEHUS:
a) (8y+10x)-dx+ (by+7x)-dy =0;

6) x-y?-dy=(x>+y°)-dx;

B) (X+Y)-dx—(x—y)-dy=0.

Luppepenyuanvuvie ypaguenus onucvieaiom 3asu-
CUMOCMb YCKOPEHUs mena om pasHooeticmeyioujeli 6cex
NPUTONHCEHHBIX K METY CUTL U MACCbL Thed.

8. Peuth nuddepeHnmansable ypaBHEHHS:
a) (X+2y)-dx—x-dy=0;
0) X- y'=yfx-eylx;

B) X—y=(Xx+3y)-y"

B 6uonozuu ougghepenyuanvrvie ypaguenus ucnono-
3yI0mcs 05l U3y4eHust 36YKOGOCIPUHUMAIOWUX U 38VKO-
B0CHPOU3BOOAWUX OP2AHOB UYEN08EKA U HCUBOMHO20, A
maxkoice O onpeoenenus PYHKYuu UsMEHeHUs. YUCIeH-
HOCIMU RORYIAYUU MUKPOOPLAHUIMOS 8 3A8UCUMOCU OM
8peMEHU.

10



1.4. JIuneiinbie nuddepeHunaibHbIe ypaBHEHUS
NePBOro Nopsiaka. YpasHenue bepuyiin

Teopemuueckue céedenus

OOmwmii BU IMHEHHOTO ypaBHEHUS MEPBOTO MOPSAKA:

Yy +p(x)-y=q(x).

ANTOpUTM pemieHus 0a30BbIX 3a/1ay:

y=u-v,
y' =u-v+v

Ocy1iecTBUTh 3aMEHY

“u’.

| Cobparb ko3 puiEent
IIpHU U ¥ IIPUPABHATH

€ro K HyJIo.

-

=

IMomobOpaTh
byHKLIHIO V.

N

IToncTaBHUTE ee
B HCXOJHOE
ypaBHEHHE,

HaWTH U.

4\ Haiiti
—/

(GYHKIHIO Y.

OO6mmii B ypaBaeHust bepHym:

roe m=0, m=1.

y +p(x)-y=q(x)-y",

ANTOpPHUTM penieHus 6a30BbIX 33/1a4:

Pasgenuts Bce
YJIEHBI YpaBHEHUS

Hay".

Ocy11ecTBUTD 3aMEHY
I::> 7=y ™, I::>
Z=(-m+1)-y™y.

Pemnts ypaBHeHUE
OTHOCHUTEIIBHO Z.

Haiitu
GbyHKLHIO Y.

11



XOJIHOE ypaBHeHue: V-U +u-0= 2x3; X

12

2
Ilpumep 3. Pemnth ypaBHeHuHE Y ——: y= 2x3.
X
Pemenwne. Peanmsyem 3ameny: y=U-V, Y =u-v +v-u’.

, , 2 3
[loxcrasnsiem B ypaBHeHUE: U-V' +v-U ——-U-v=2x".
X

, , 2
CoGupaem ko3pGUIMeHTsI Ipr U V-U +u- (v —=-v) = 2%°.
X
[IpupaBHUBaeM 3TOT KOADDHUITUEHT K HYITIO:

, 2 S, 2 dv 2 dv 2
V——yv=0; v =— v, —=—+v;, —=—"-dX
X X dx X vV X
IMonpbupaem (GyHKIHIO V: |n|v|=2-|n | X]; v=x?. HoxcrasnseM B HC-

2-u'=2x3; u’ =2x; u=x*+c.

Torna QyHKIUS Y IPUMET BUJ: Y =U -V = (x® +¢)- x> =x* +c-x.
Ilpumep 4. Pemuth ypaBHeHHe Y + )y —Xx- y3 = 0.

Pemenue. [lepenecem nocneauuii ogHoOUsIEH BIpaBo: Y +y=x- y3.
3HauuT, 3T0 ypaBHeHHe bepHyum ¢ mokazarenem m=23.

PaznenvM Bce 4iieHBI 3TOTO ypaBHEHHs Ha yiiyPy+y?=x

22=-2y7y.

JlenaeM COOTBETCTBYIOILYIO 3aMEHY: Z =Y
Torna u3 nocienHero paBeHCTBa MOJIYYUM: y‘3 -y=-0,5-2".
Ucxonnoe ypasuenue npumet Bua: —0,5-2" +z=x;

72’ —2z=-2x — 3TO TUHEHHOE YpaBHEHUE TIEPBOTO MOPSIKA.
Peammsyem 3ameny: z=U-V, 2 ' =u-v' +v-u’.

Iloncrasnsiem B ypaBHeHue: U-V' +v-u —2u-v=-2x.
Cobupaem koddurmentsr npu U: V-U " +u-(v' —2-v) =—2x.
[MpupaBHUBaeM 3TOT KO3QuIIMEHT K Hym0: V' —2-v=0;

V' =2v; dl:Zv; dl:de.
dx v

Tox6upaem Vv: Injv|=2x; v=e*.



IloncraBnsiem B ncxoqHoe ypaBHeHHe: V-U  +u -0 =-2x;

2

e*.u =-2x; u =-2x-e %

b

u=-2[x-edx.

[MprMeHHM MHTETPUPOBAHUE IO YACTSAM JUIS HAXOXKIACHHUS 3TOTO WH-
Terpana:

[x-edx =[

=-0,5x-e” +[0,5-6dx=-0,5x-e™ ~0,25-e” +c.

u=x du =dx
dv=e2*dx v=-0,5e2)

u=-2(-0,5x-6 2 -0,25-e ¥ +¢) =x-e 2 +0,5-e X +C.
Torna dyHKIWMs Y IPUMET BUJI:

z=u-v=(x-e 2+ 0,5-e 2 +C)-e** =x+ 0,5+C-e**.
BosBpamaemcs k HCX0HOM GyHKIMM: Z = Y 2,

y2=x+ 05+C-e>*

9. Pemuth nuddepeHnmnansHble ypaBHEHHS:

a) X-y'—2-y=2-x4; 3) X-y'+x2+x-y—y=0;

0) y'+y-tgx=$; w) 1+x%)-y =2-x-y=(1+x2)%
B) (2X+1)-y =4x+2y; K) 3-y +y=y72;

r) (x-y+e*)-dx—x-dy=0; M Xy —2-x-y=3-y%;

1) X2-y'+x-y=—1; M) X-y'+3-y=4-x2-y2;

e) y=X-(y —x-cosx); H) X-y'+2-y+x5-y3-eX=0.

XK) X-(X—l)‘y'+y=x2~(2x—1);

Heobxooumocmv pewams ouppepenyuanvuvie ypas-
HeHUsl OJis1 HYHCO MeXAHUKU, MO eCMb HAX0O0UMb MpaekK-
mopuu  OBUNCEHUL, ABUNACH MOAYKOM Ol CO30AHUS
Hviomonom nosoz2o ucuucienus.

13



1.5. YpaBHenusi B noJiHbIX AuddepeHnuanax
Teopemuueckue ceéedenus

OOmuii BU ypaBHEHUS:
P(x, y)-dx+Q(x, y)-dy =0,

x

rae aist Gyakumii P, Q BeImonHseTCs ycnoBHe: a = v
X

AJNTOpPUTM pemieHus 0a30BbIX 3a/1a4:

. ou
Ocy1iecTBUTh 3aMEHY 4\ Haiitu E,HpI/IpaBHHTB :

_ oy
u J'P(X1 y)dx. —|/ K ko3¢ durmenty Q.

Haiitu nmpousBoaHyto Haiitu 3ammcats oOmIHiA
¢’ (y), a 3atem ¢(y). byHKIHIO U. HHTETPAJ.

Ilpumep 5. Peminth ypaBHEHHE y2 -dx+ (2X Sy — 1) dy =0.

Perrenne. Beegem obo3nauenus: P(X, y) = yz; Q(x, y) = 2x-y—1.
oP _0Q P _ aQ

ITpoBepuM BBITIOTHEHHE YCIOBUS: — = : y, —=2V.
oy Ox oy OX
3HAYUT, UCXOJHOE YypPAaBHEHHUE SBISCTCS YpPaBHEHHEM B IIOJIHBIX
muddepeHnmanax.

u=JP(x, y)dx=y?-x+@(y).
ou au

Haxomum — 1 —= 2X-y+ ¢ (y).
oy oy

IMpupasauBaeM Kk pyHkmu Q: 2X-y+o¢ (y)=2x-y—1;
o' (M=-L o(y)=—y+c
Torga U= y2 “X—Yy+C.

OOu1uit mHTErpaN NPUMET BU: y2 X—y=C.
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10. Pemuth nuddepeHnuanbHbie ypaBHEHS:

a) e_y.dX,(z.y_Fx.e_y).dy:O; T) (1+ y2 -sin2X)-dX7

6) (2-9-x-y%)-x-dx+ —2.y-cos?x-dy =0;
+(4y? —6x%)-y-dy =0; 1) 2-X-y-dx+ (x2 +1)-dy = 0;
B) X-dX+Yy-dy=0; 6)2-X-y-dx+(x2—y2)-dy:0,

1.6. JIuneiinbie ogHOpPOAHBIE TU(depeHunaIbLHbIE YPABHEHUS
¢ OCTOSAHHBIMHU KO3 (puIIHeHTaMU

Teopemuueckue ceedenus

OOmuit BU ypaBHEHUS:
y™ +a -y D e,y Dy ta ,y=0,

rze 8 — ACHCTBUTEIbHBIEC YHCIIA.
ANroput™ perieHus 6a30BbIX 3a1a4:

CocTaBUTh XapaKTEPUCTHYECKOE Haiitu kopHu
YpaBHEHHE. YpaBHEHUS.
Haiitu pemenne, COOTBETCTBYIOLIEE 3amucatp o01ee
Ka)KJIOMY KOPHIO. pelieHue.

Ilpumep 6. Peminth ypaBHEHHE y(5) — 6y(4) +9y"""=0.

Pemenne. CoCTaBUM COOTBETCTBYIOIICE XapaKTEPHCTHYECKOE YpaB-
nenne: k® —6k* +9k® =0; k3(k? —6k+9)=0; k3(k —3)? =0.

k = 0 — kopeHb kpaTHOCTH 3, K = 3 — KOpeHb KpaTHOCTH 2.
Pemenue nmpumer Bua:

y=c-e%+c, x-e% +cy-x% e ¢, 03 o x-e¥ =
=C +Cy-X+Cy- X2 +Cy - 405 x- e,
11. Pemnts nuddepeHunanbHbie ypaBHEHUS:
a) YW -5y +4y=0; B) YW 3y 43y -y =0;
15



6) Y -2y 2y =0; O _ay =0,

ONUCAHUU BOTIHOBBIX CBOUCE Mamepul (8 NOIYNPOBOO-
HUKAX, MPAH3UCMopax).

Hupepenyuanvuvie ypagnenus ucnoib3yromcs npu @

12. Pemnts nuddepeHunansble ypaBHEHUS:

a) y(4)—8y”+16y:0; r) y(4)+10y”+9y=0;
&)y +y=0; n Yy -y =0
B) Y =2y +9y —18y=0; %) v +6y® _3y=0.

Cucmemvl OupghepeHyuanbHbIX YPAGHEHUI NO3601510M
onucamv KUHEMUKY XUMU4eCKux peakyuil.

1.7. JInnelinbie HeOMHOPOAHBbIE TU(PepPeHINATBLHBIE
YPAaBHEHUS C MOCTOSTHHBIMHU KO3 PUuIMeHTAMHU
€O CIenHaNbHOM IPABOil YaCThIO

Teopemuueckue ceedenusn

OOmwmii BU ypaBHEHHUSL:

(n-2)

rJe &y — AeHCTBUTEIbHBIE YHCIIA.
ANTOpPUTM penieHus 6a30BbIX 3a/1a4:

Haiitn kopHuU
3amucarh XapaKTepPUCTHUECKOE 4\ -
u of1ee perieHue Y

YpaBHEHHE. —|/

OJTHOPO/IHOTO YPaBHEHHS.

Haiitu o0Oiiee

*
YactHOC peuieHue Yy~ HECOJHOPOIAHOIO pereHne
YpaBHCHUS B 3aBUCUMOCTH OT W. y= y + y*

16



IIpumep 6. Petuts ypasuenue y' ' —4y” + 4y = e,
Pemrenne. CocTaBUM COOTBETCTBYIOIIEE XapaKTEPUCTUUECKOE ypaB-
HEHHE COOTBETCTBYIOIIECTO OJHOPOJHOTO TU(PPEPEHIINATEHOTO YpaBHe-

m: k% —4k+4=0; (k —2)2 =0. k=2 — KOpeHb KpaTHOCTH 2.
Pemienne opnopomHoro auddQepeHInansHOrO ypaBHEHUS NPUMET
BUI Y =C -6 +c,-x-e?%,
ITpaBas yacth ypasHenus €*. Torma W = 1. W He sABIseTcs KOpHEM

XapaKTCPpUCTUYCCKOI'0 YpaBHCHUS. 3Ha‘lI/IT, YaCTHOC PCIICHHUEC HCOJHO-

pomHOro AUQQEPEHIUATEHOTO YpAaBHEHUS MOXET OBITh HAWACHO IO
X

dopmyne: y*=A4-e".
IToacraBuM ero B ypaBHEHUE:
A-e*—44- +44-* =e*. 4=1. y*=¢".
OO1ee perieHre HeoJHOPOIHOTO TU(GEPEHIIMATBHOTO YPAaBHCHHUS
y=y+y*=c e +c,-x-e?* +e*.
13. Peminth quddepeHnnanbHbie ypaBHEHUS
a) y' =7y +12y=x; r) y"+6y'+5y=ez-x;
0) y'+y —2y=_8sin2x; ) y"+9y=6e3X.
B) Y —y=5x+2;

Jughpepenyuanvhvie ypasHenus UCROAL3YIOMCS OJs @

aHaausa ¢UHCZH006020 PUIHKa U onpedeﬂesz OUHAMUKU YEH.

14. Pemuts nuddepeHnmanbble ypaBHEHMS:

a) Yy’ -3y =1+7x; r) y”—3y'+2y=(x2+x)-esx;
0) V' +4y=2sin2x; ny -y =6x+5;

B) y"'+y'=e2x; e) y"_2y=x3+2x+1.

B meouyune oudppepenyuanvuvie ypasrnenus ucnoio-
3yI0mcs 0N ONUCAHUSL MOOeNU Npoyecca pacnpocmpa-
HeHUsL UH@DEKYUOHHBIX 3a001e6aHUll 8 U0NUPOBAHHOU
RONYAYUU.

17



1.8. JIuneiinbie HeoHOPOAHBbIE AU PepeHINATbHbIE YPABHEHHUS.
MeToa Bapuanuu Npou3BoJILHON MOCTOSIHHOM

Teopemuueckue ceedenus
OGwuii BU ypaBHEHHUS:
yMWia .y D ia, .y ta  y=f(X),

Tz 8 — ACHCTBUTENbHBIC YHCIA.
ANTOpUTM penieHus 0a30BbIX 3a/1a4:

Brrmcarts obmiee penrenne
Y =Cay1+Cz2 Yo +...+CnYn Y (X :>

OJTHOPOZHOTO ypaBHEHUSI.

Pewnts cucremy
ClY1+...+CpYy =0, Haiitu obiee pemenue
I::> Yy +...+Chyn =0, y* | HEOXHOPOJHOIO YpaBHEHHs
y=y+y*.
iy " ey, MY = £ (x).

Ilpumep 7. Peminte ypaBHeHue Y '+ y = Ctgx.
Pemenne. Pemim ogHOpoHOE MrddepeHnnanbHoe ypaBHEHUE:

y+y=0.
CocTaBuM XapaKTEpHUCTHYECKOE YPABHEHUE ! k?+1= 0;
k? =—1; k = +i.

Torma obmee pemenre ogHOpOAHOTO AU(HEPEHITHATBHOTO YpaBHE-
HUA IPUHUMACT BUO:

Y =C; -SiNX + C, - COSX.

18



Hcnons3zyem METO Bapualuu:
y*=¢;(X) - Sinx + C, (X) - COSX.
CocTaBUM CcHUCTEMY:
C1(X)-sinx+c5(x)-cosx =0,
{cl’(x) -C0S X —C5 (X) -Sin X = Ctgx.

Pemenne cucremsl: C,” = —cosx. ¢, =—sinx + Cj.

Torma ¢ = COSZX'
sinx
2 2, o 2
COS“ X COS“ X -SIN X t=cosx t
= dx = dx = =—f——dt=
“ ISinX J sin? x (dtz—sinxJ J1_'(2
2 —1+1 t2 -1 1
J t? -1 It2—1 It2—1
=t—lln1i+clzcosx—llnl+cﬂ+cl.
2 1-t 2 1-cosx

Ob1ee pererre HeOJHOPOTHOTO AU HEPEHIINATHHOTO YPAaBHEHHUS:

y=Yy+y*=c -Sinx+c cosx+(cosx—lln1+COSX
2 2 1-cosx

)-sinx +
+(—sinx) - cosX.

15. Pemuts nuddepeHnmanbbie ypaBHEHMS:

2) y,,_y_4x2+1_
xx

..., sinx

0) Yy '+y' = 5
COS™ X

omcsA 6 Manﬂﬂx, 0m06pa9fcaiomux aMH(JMuKy paseumus
COYUATIbHBIX NPOYECCO8.

Luppepenyuanvuvie ypaerenus wupoxo Ucnoav3y- @
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1.9. Tuddepennuaibubie ypaBHEHUS BHICHINX MOPSIKOB,
JA0MyCKaIOLHe MOHMKEHUS MOPSIKa

Teopemuueckue céedenus

1) OOwwmii BUI ypaBHEHUS:
y™ = £ (x).

ANTOpPUTM perieHus 6a30BbIX 3a1a4:

| HnTerpupyem N pa3 ypaBHEHHUE.

I1) O0wit Bua ypaBHEHUS:
f(x,y,»")=0.

VYpaBHEHHE HE COAEPXKHUT B IBHOM Bujie Y(X).
AnropuT™ pemenus 6a30BBIX 3a1a4:

OcyIIecTBUTH 3aM€EH
y;Jl_ V.2 =y’ Y I:> Haiitu z. I:> Haiitn y.

I11) O6uwMii BU ypaBHEHHS:
f(y,y’, »")=0.

YpaBHEHUE HE COAEPKUT B IBHOM BHUJIE X.
AJIropuTM perieHus 0a30BbIX 3a]1a4:

3 =p, .
mentey N i, ) iy

20

Ilpumep 8. Petnth ypaBHeHHE Y™~ = X —cos2x.
Pemenue. MuTerpupyem nanHoe ypaBHEHHE TPH pasa:

y”=0,5x% —0,5 sin2x +¢;;

y'= y'Z%x3+0,25 COS2xX + ¢ - X +Cy;

y =2 x4+ Linox+ 0,5¢; - X% +C, - X+ Cg.




16. Pemuth nuddepeHnmanbHbie ypaBHEHMS:

a) Xy =T, r) y’'=-6-x;
6) y,,=25‘y; Zl) ym:e—x;
B) y"=—3; )y =e"-x

17. Pemnts nuddepeHnnansubie ypaBHEHUS:
a) X-y'+y +x+5=0;

6) 4y +(»")? =4x-y".

Jughdepernyuanvnvie ypasHenus uUcCnorb3yiomes 0as @

ananuza meniooOMeHa 8 KOpnycax Hacocog (YpasHeHus.
MenI0npo8OOHOCL).

1.10. O6o01ma0OMii TECT MO pa3aery
«InddepeHunaabHble ypaBHEHUS»

Teopemultecxaﬂ uacmo

1. BctaBuTh MpoOMyIIEHHOE CJIOBO B ONPEIEIICHHUH.

Huddepennmansueim  ypaBHenneM (YY) Ha3piBaeTCcsl ypaBHEHHE,
CBSI3bIBAIOLIECE MEXIy COOOW HE3aBUCHMBIEC NMEPEMEHHbIE, UX (YHKLHUIO
u ee ... win quddhepeHnmaibl.

a) uHTeTpaN; O) MPOW3BOJHBIC; B) 3HAUEHUS (PYHKIIWU.

2. 1Y nepBoro nopsiaxKa Ha3bIBaeTCsl ypaBHEHHUE BUIA

a) F(x,y,y)=0;, 6) F(x,y,»")=0; B)a-x+b=0.

3. Pemmnth 3amauy Ko — 3t0 HaiiTu:

a) HavaJIbHBIC YCIIOBHS; 0) MPOU3BOJIbHYIO OCTOSAHHYIO C,

B) YacTHOE peuieHre 1upepeHnaIbHOT0 YpaBHEHNUS.

4. Tnst Toro 4ToObl ypaBHEHHE

P(x, y)-dx+Q(x, y)-dy=0

OBUIO ypaBHEHHEM B IMOJNHBIX TU(depeHnanax, Heo0XoauMo 1 J10CTa-
TOYHO, YTOOBI BHIITOHSIIOCH YCIIOBHE:
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oP 0O
2) P(xY)#Q(Y); 6) P(xy)-dx=Q(x,y)-dy; &) 2=
oy OX
5. YpaBHenue Buma yY” + p-y” +q-y =0 Ha3pBaercs:

a) TUHEWHBIM ypaBHEHWEM; 0) YpaBHEHHEM C Pa3IeNAIOIINMU Tie-
pemMeHHbIMU;  B) AuddepeHnanTbHpIM YPaBHEHHEM BTOPOTO TOPSIIKA C
ITOCTOSTHHBIMU KO3 purmeHTammu.

6. XapakTepuctuueckoe ypaBHeHUE TUPHEPEHIIMATBHOTO ypaBHEHUS
BTOPOTO TIOPSIJIKA UMEET BH/I:

a) a® - x+c= 0;

6) A2+ p- A+q=0;

B) A%+ p-A+q=c(X).

7. Pemienue Buga y=¢ - ek 4 C, -X-e® nmeer nmud hepeHnnaIbHOe

yPaBHEHHME, €CJIM KOPHH XapaKTEPUCTUYECKOTO YPABHEHHSL:
a) A £hy. ) Ay <Ay B) A=y
d2y

8. TnddepeHnnanbHoe ypaBHCHHE BUIA: d_z = f(X) permaercst myrem:
X

a) HETIOCPEICTBEHHOTO0 UHTETPUPOBaHKs; 0) pa3/ielicHUs IIEPEMECHHBIX;

B) BBEJIEHUS HOBOM MEPEMEHHON Y=U V.

HpaKTH‘[eCKaﬂ 4acTb

1. Bun nuddepeHnmaibHOTo ypaBHeHUsT )'=x+1:

a) JuHerHoe 1-ro mopsizka; 0) OJHOPOJHOE; B) C PA3ACISIFOLIMMUCS
MepEeMEHHBIMH.

2. PazneneHne mepeMeHHBIX B aupdepeHIraTbHOM —YpaBHEHUU
e*-Iny-dx+x-y-dy =0 npusener ero K BUIY:

e*dx Inyd e*dx d e*dx yd

a) Y. g ST YAy XYY

X y X Iny X Iny

3. HacTHBIM pelieHueM OHOpoIHOTO N (epeHIMaTLHOTO YpaBHE-

HUA NEPBOTO HOpsAKa y'= y2 / x* —y/ X, YAOBIETBOPSIOMIETO YCIOBUIO

y(—l) =1, sBigercs QpyHKIMSA:
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a) y=2/(1—x2); 6) y=2-x/(1—3-x2); B) y=2-x/(1+x2).
4. O6muit wHTerpan audQepeHnaIbHOTO ypaBHEHHUS B IIOJHBIX

nudpepennmanax (ex +y +siny) ~dx + (ey + X+ x-cosy) -dy =0:

a) eX+x-y+x-siny+e¥=C; 6) e +x+siny+e’ =C;

B) &’ +X-y+y-sinx+e*=C.

5. O0mee pemieHne JWHEHHOTO YpaBHEHUS IIEPBOTO MOPSIKA
y'=3ylx=x:

a) y=C-x—x2; 0) y=C-x2 —x3; B) y=C-x3—x2 .

6. O0mmM pemieHueM auddepeHnanbHOro ypaBHeHus y"— 8y'+
+16y=0 sBasieTcss QyHKIMSL:

a) y=C,-e¥+C,-x-e™; 6) y=C,-e™+C,-e” ¥,

B) y=e"(C,cos4x+C,sin4x).

7. YactHeIM perieHreM ypaBHeHus )"+ 4-y'+29y =0, ymoBieTBops-

rolrtero HadanbHeM yeosusiv Y(0)=0 1 y'(0) =15, smusiercs dyHkips:

a) y=5e"%sinbx; 6) y=3e*sin5x; B) y=3e"*sin3x.

8. Onpenenuty BUA dYacTHOTO pemeHus y"—4y'+4y= Sezx, HE
petias ero:

a) y=A-e2X; 0) y=A-x-e2X; B) y:A-x2 e

9. YacTHBIM pelieHueM ypaBHeHHS y™' = cos’x, YIOBJIETBOPSIFOIIETO
HAYaJIbHBIM  YCJIOBHUSAM y(O) =1/3, y'(0)=0, y"(0)=1/8, y"(0)=0,
ABJISCTCS (DYHKIIHS:

a) y=(1/48)x" +(1/8)x* +(1/32)cos2x;

6) y= (1/32)x*+(1/48)x* +(1/ 2)cosx;

B) y=(1/12)x" +(1/ 4)x* +(1/ 32)cos4x.

10. Pemenue 3agaun Ko y"=2y3, y(2):y'(2):1 U1 ypaBHE-
HHSL BTOPOTO TOPS/IKA, HE COJIEPIKAIIET0 SIBHO apryMEHTa X:

a) y=3-x 0) y=x/(3-x); B) y=1/(3-x).
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OTBETbBI
TeopeTnueckasi 4acThb
1)6;2)a;3)B;4)B;5)B; 6)0; 7)B; 8) a.
IIpakTHyeckas 4acTb

1)B;2)6;3)06;4)a;5)B;6)a;7)6;8)B;9)a; 10) B.

1.11. 3agaum 1J151 MOATOTOBKH CTY/J€HTOB
K OJJUMIIHA/Ie 10 MaTeMaTHKe

1. V kakoi#l KpUBO# OTpe30K 000 KacaTenbHOW K rpaduky (QpyHK-
LMY, 3aKIIOYEHHBIA MEXIY TOUYKOM KacaHus U ocblo O,, NEIUTCS OChIO
OpJuHAT nonoiam?

2. Haiitu Takyro popmy 3epkaiia, OTpaXkaroIIero BCe JIy4YH, BBIXOsI-
e U3 3aIaHHON TOYKH, TTapaJUIeIbHO TaHHOMY HAIIPaBJICHUIO.

3. Cocyn emkoctpto 100 71 HAmONHEH pacTBOPOM, COAEPKAIIUM
10 xr conu. B ogHy MUHYTY B HEro BTEKAaeT 3 J1 BOABI U CTOJBKO XKeE
CMECH TIepeKauyuBaeTCs B IPYroi COCYH TOU ke eMKocTH. B apyrom co-
CyJle TIepBOHAYAIILHO HaxoUTCs Bona. M3 HETro M30BITOK YKHUIIKOCTH BbI-
nuBaeTcs. B kakoit MOMEHT BpeMEHHU KOJHYECTBO COJH B 0OOHX COCY-
Jax OyIeT OJIMHAKOBO?

4. HaiiTu Takyro KpHBYIO, Y KOTOPOH pajiiyC KpUBU3HEI paBeH KyOy
HOpMaH K rpaduKy (yHKIMNA; UICKOMAas KPUBas MMPOXOIUT YePE3 TOUKY
M(0;1) 1 mMeeT B 3TOH TOUYKE KacaTelbHYI, COCTABIISIIONIYIO ¢ OChio O,
yroa 45 rpagycos.

5. lBa OIWHAKOBBIX Tpy3a TMOABEIICHH K KOHIYYy MpYyxXHHBI. [lof
JIEMCTBUEM OJIHOTO Ipy3a MpYyKUHA yJJIUHSETCS Ha a cM. OnpenenuThb
IBIKCHHUE TIEPBOTO Ipy3ka B ciy4yae oOpwiBa BTOporo rpysa. Omnpene-
JIUTH TEPUOJ] KOJIeOaHUH TIEPBOTO TPy3a.
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2. ADDITIONAL MATERIAL FOR FOREIGN STUDENTS

The educational and methodical manual is intended for conducting
practical exercises with students of the second year of study of the spe-
cialties of the instrument-making faculty, sports-technical faculty and
faculty of mechanics and technology of Belarusian national technical
university of the discipline «Mathematics». This educational and me-
thodical manual includes basic equations, which need to be learned by
the students from the section «Differential equations» during the third
academic semester of the second year of study for further successful as-
similation of the material for others disciplines and writing of course
projects with the involvements of mathematical calculations. The topics
covered by this manual, correspond to the current curriculum for engi-
neering specialties of the instrument-making and sports-technical facul-
ties of Belarusian national technical university.

The authors of the methodical manual aimed to increase the level of
mastering the educational material, increase of independence of the stu-
dents in preparation for the exams in this discipline, ensuring the im-
plementation of the basic principles of didactics: accessibility and the
systemic nature of the educational process. Careful selection of the ma-
terial allows for the primary fixing of the material, systematize the
knowledge of the students and form skills in solving differential equa-
tions and systems.

This paper is an additional material for the preparation of the tests by
teachers in discipline «Mathematics» of the current Bologna process.

2.1. Basic concepts and definitions

18. Does the function y satisfy the corresponding differential equation?

a) y=sinx— 1+C-e75inx,ﬂ+ y-cosx= 0,5-sin2Xx;
X

2
b) y=c-x+ccz,(%j —%x%+y= 0;
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_ d3y 3 dzy

1

c = “X+Cy X " +Ca, - |+—-—-—2=0
) y=¢ 2 3 (dxgj X dXZ

fields of the material environment.

The differential equations determine the gravitational @

19. Does the function y satisfy the corresponding differential equation?

_ dzy 2 dy
1 .
@ y=0C-X +Cz,(_;?J+“;._; Q

b) y=25-c-In(cosx), y’ =ctgx;

C) y=C-€2X+%-X-y'+2-y=ex.

The differential equations are used in the models of
economic dynamics, in which are investigated not only in
the dependence of the variables on time, but also on the
relationship in time.

2.2. The equations with separable variables
Theoretical information

The general form of the equation:
R(x)-Q(y)-dx+Py(x)-Q,(y)-dy=0.

The algorithm for solving basic problems:

To express ﬂ To separate To integrate.
dx of variables.

Example 1. To solve the equation 1+ (1+y’)-e’ =0.
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Solution. We write y” in another form; y’ =j—y. Then the equation
X

takes the form: 1+ (1+ %) ¥ =0.
X
We express the derivative from this equation:

dy _ 1+e?
dx ey

(1+ﬂ)'ey =-1; Hﬂey =—e7;
dx dx

Y
1+eY

We separate the variables: dy = —dx.

y
We integrate: jle—ydy =—[dx; ln(1+ ey)z —X+C.
+e

The solution is represented as a general integral.
20. To solve the equations:

a) y-dx—x-dy=0; f) A+y?)-dx+x-y-dy=0;
b) (1+y)-dx—(1-x)-dy=0; g) e (L+x%)-dy=
c) (y—5)-dx+x*-dy=0; =2-X-(1+y?)-dx;
d) (1 +y?)-dx—/x-dy=0; h) 1-x)-dy=y-dx.

) (1+x?)-dy —y1-y? -dx =0;

create a model of a stellar system in dynamics in the

In astronomy the differential equations are used to @
analysis of the interaction of particles.

21. To solve the equations:

a) dx=+1-x° -dy; d) x-x"+t=1

b) y =-»% e) y =y?/x%
C) X-y-dx+(x+1)-dy=0;
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dependence of the intensity of radioactive decay on time

The differential equations are used in determining the @
and on the number of radioactive atoms in the sample.

22. To solve the equations:

a) X-y' =2y, d) (cosx)-y”=(y+1)-sinx;
b) z'=10""%; e) x'\/1+y2+y-\/1+x2~y'=0;
Q) Yy =p2+2-y+1L )y =2-y.

In medical application the differential equations are
used to determine the speed of blood flow, the velocity of
the valves and the walls of the blood vessels, the deter-
mination of the viscosity of the blood.

2.3. The equation with homogeneous functions

Theoretical information

The general form of the equation:
P(x, y)-dx+Q(x, y)-dy =0,

where P(X, y), Q(x, y) — homogeneous functions of the same order.
The algorithm for solving the basic problems:

The sEbstitution To solve it with 4\ To find
y=u-x respecttou. |/ Y.
dy =u-dx +x-du.

23. To solve the equations:
a) (y—x)-dx+(y+x)-dy=0;
b) (x+y)-dx+x-dy=0;

c) x-dy—y-dx=4/x* +y? -dx.
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The differential equation is used in the analysis of
electromagnetic waves (radar, television, modern means
of communication.

24. To solve the equations:
a) (8y+10x)-dx+ (By+7x)-dy=0;

b) x-y2-dy =0+ y?)-dx;
c) (x+y)-dx—(x—y)-dy=0.

The differential equations describe the dependence of
the acceleration of the body on the resultant of all forces,
applied to the body and body weight.

®

25. To solve the equations:
a) (X+2y)-dx—x-dy=0;

b) x-y"=y—x-e¥'%;

C) X—y=(x+3y)-y"

In biology the differential equations are used to de-
termine the function of changing the population size of
microorganisms as a function of time.

®

2.4. The first-order linear differential equations.
Bernoulli equation

Theoretical information
The general form of the equation:
y'+p(x)-y:q(x).

The algorithm for solving the basic problems:
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Substitution
y=u-v, E>
y =u-v+v-u.

We collect the coefficient

. To select v.
of u and equate it to 0. j 0 selec

We substi'tute vin _the initial To find y.
equation, we find u.

The general form of Bernoulli equation:

y +p(x)-y=q(x)-y",

where m=0, m=1.
The algorithm for solving basic problems:

To divide all terms

of the equation by y"

I=

The substitution
7= yfm + l, |::>
Z=(-m+1)-y™y.

30

with respect to z.

I:"> We solve as a linear equation j‘> To findy.

. 2
Example 2. To solve the equation y" —=-y = 2x°.
X

Solution. To implement substitution: y=u-v, y ' =u-v' +v-u’.

s . 2
We substitute it in the equation: u-v' +v-u'——-u-v= 2x%.
X

.. 2
We collect the coefficients of u: v-u’ +u-(v' —=-v)=2x.
X

We equate this coefficient to zero:

2

V——v=0; v =—-v; —=—"v;

X X

dv 2
dx X

. dlzz_.dx_
\' X

We select v: In|v|=2-In|x|; v=x°.

To substitute it in the initial equation: v-u"+u-0= 2x3;

X2 .U = 2x3; u' = 2x, u=x

2

+c.




Then the function y takes the form: y=u-v= (x2 + c)x2 =x*+c-x.

Example 3. To solve the equation y’ +y—x-1%= 0.
Solution. We transfer the last monomial to the right part:

y +y=x-)>.

Means this equation is Bernoulli equation with index m = 3.
To divide all terms of this equation by y* y= -y +y 2 =x.

2o =2y

To make the appropriate replacement: z=y
Then we obtain from the last equality: y>-y=-0,5-2".

The original equation takes the form: —0,5-z" +z=x;
z’—2z=-2x —this is the first-order linear differential equation.
To implement a replacement: z=u-v, 2’ =u-v' +v-u’.

We substitute it in the equation: u-v' +v-u’—2u-v=-2x.

We collect the coefficients of u: v-u +u-(v' —2v)=-2x.

We equate this coefficient to zero: v’ —2v=0; v =2v;

dl =2V; dl = 2dx.
dx v

We select v: In|v|=2x; v=e?,
We substitute it in the initial equation:
V-u'+u-0=-2x; > ‘u’=-2x; u'=72x-e_zx; u:fZIX-e_ZXdX.
We apply the integration by parts to find this integral:

u=x du =dx
[x-e*dx= ) e

dv=e"Ydx v=-0,5e""

=-0,5x-e” +[0,5-6 ¥dx =-0,5x-e7>* ~0,25-e ** +c.
u=-2(-0,5x-6 72X -0,25-e ¥ +¢) =x-e 2* +0,5-e >* +C.
Then the function takes the form:
z=u-v=(x-e 2+ 0,5-e 2 +C)-e** =x+ 0,5+C-e**.
To return to the original function: z=y 2, y > =x+ 0,5+C-e*.
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26. To solve the equations:

a) X-y —2-y=2-x" h) x-y +x%+x-y—y=0;

)y ertge= L (1) y 2w =(1422);
c) (2x+1)-y’ =4x+2y; i) 3y +y=y7;

d) (x-y+ex)-dx—x-dy=0; K) X-y" —2x-y=3y%

e) X2y +x-y=—1; ) x-y +3y=4x>-y?%;

f) y=x-(y —x-cosx); m) X-y +2y+x°-y-eX=0.

9) X-(x—1)-y +y=x>-(2x-1);
2.5. The equations in total differentials
Theoretical information

The general form of the equation:
P(x, y)-dx+Q(x, y)-dy =0,

where for functions P, Q the condition is satisfied: % = 66_Q
X

The algorithm for solving the basic problems:

- - 1 au
The substitution To find —, To find 9’(y),
- +o(y) oy
u= IP(X, y)dx. and then o(y).

equate itto Q.

|:> To find u. ) We write the general integral.

Example 4. To solve the equation

y%-dx+(2x-y—1)-dy =0.
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Solution. We introduce the notation: P(Xx, y)= y2; Q(x, y)=2x-y-1.

We verify the implementation of the condition:
E:@ : EzZy, @=2y.
oy ox oy OX
Then this equation is an equation in total differentials.
u=y?-x+o(y).
We find a : M 2x-y+o'(y).
oay oy
Weequate to Q: 2x-y+¢'(y)=2x-y-1 ¢'(y)=-1
o(y)=-y+c.
Then u=y?-x—y+c.
The general integral is y?-x—y =C.
27. To solve the equations:

a) eV dx—(2y+x-eY)-dy=0; d) (L+y?-sin2x)-dx—

b) (2—9x-y2)-x-dx+ —2y-cos?x-dy =0;
+(4y2— 6x3)-y-dy=0; e) 2x-y-dx+(x2+1)~dy=0;
C) x-dx+y-dy=0; f) 2X-y-dx+ (x2 — y?)-dy =0.

2.6. The linear homogeneous differential
equations with constant coefficients

Theoretical information
The general form of the equation:
yWia -y D a .y D4 ya  -y=0,

where ay — real numbers.
The algorithm for solving the basic problems:
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We form the characteristic 4\ We find the root
equation. —|/ of equation.

|:> We find a solution, 4\ We write the general

corresponding to each root. —|/ solution.

Example 5. To solve the equation y® —6y® 19y =0.
Solution. We form corresponding characteristic equation:

kS —6k* +9k3 = 0; k3(k2 —6k+9)=0; k3 (k—3)* =o0.

k = 0 —the root with multiplicity 3, k = 3 — the root with multiplicity 2.
The solution takes the form:

y=c-e%+c,-x-e%4cy-x2 €% 4, e oo x-e¥ =

=G +Cy - X+Cq- X2+ € 405 x-e%,

28. To solve the equations:

a) y _s5y”ray=0; ¢) YW 3y 43y —y=0;
b) y” =2y -y +2y=0; d) y*® —ay” =0,

wave properties of matter (in semiconductors, transis-

The differential equations are used in describing the @
tors).

29. To solve the equations:

a) y(4)—8y”+16y=0; d) y(4) +10y”+9y =0;
b) y* +y=0; &) Yy -y =0;
C) Y =2y +9y" ~18y =0; f) y© +6y® 3y =o.
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2.7. The linear heterogeneous equations with
constant coefficients with the special right part

Theoretical information

The general form of the equation:
y W ray D ga, y0 Dy =f(x)-e",

where a, — real numbers.

Example 6. To solve the equation y” —4y" +4y=¢*.

Solution. We form characteristic equation, corresponding the homo-
geneous equation:

k2 —4k+4=0; (k—2)* =0. k=2 — the root with multiplicity 2.

The solution of homogeneous differential equation takes the form:

y=c¢ - +c, x-e*,

The right part of the equation is e*. Then w = 1. w is not a root of
characteristic equation. Then the particular solution of heterogeneous

differential equation can be found by formula: y*= 4-¢”.
We substitute it into the equation:
A-eX—44- +44-* =e*. 4=1. y*=¢".
The fundamental solution of heterogeneous differential equation:
y=y+y*=c -e?*+c, x-e2* +e¥.

30. To solve the equations:
a) y'=7y +12y=x; d) y"+6y'+5y=ez~x;

b) y”+y —2y=_8sin2x; e) Yy +9y=6e>".
C) Yy —y=5x+2;
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2.8. Test on the section «Differential equations»

Theoretical questions

1. To insert the missed word to the definition.

The differential equation is called the equation, connecting the inde-
pendent variables, their function with its ... or differentials.

a) integral; Db) derivatives; c) values of the function.

2. The differential equation of the first order is called the equation of
the form:

a) F(x,y,y)=0; b) F(x,y,»")=0; c¢)a-x+b=0.

3. To solve the Cauchy problem is to find:

a) initial conditions;  b) an arbitrary constant C;  c) the particular
solution of the differential equation.

4. In order for the equation

P(x, y)-dx+Q(x, y)-dy=0

to be an equation in complete differentials, it is necessary and sufficient
that condition:

a) P(x, y)#Q(x, y); b) P(x, y)-dx=Q(x, y)-dy; c¢) —

5. The equation of the form y”"+ p-y”+¢-y =0 is called:

a) linear equation; b) the equation with separating variables;
c) the equation of the second order with constant coefficients.
6. The form of the characteristic equation of the second order is:

a) a®-x+c=0; b) A2+p-r+q=0; ¢) A2+ p-A+q=c(x).

P_aQ
oy ox

7. The solution of the form: y=c, - +c, - x-e* refers to the equa-
tion, if the roots of the characteristic equation are:
a) 7\.1¢7\42; b) 7\41<7\,2; C) 7\4127\/2.
2

8. The differential equation of the form: % = f(x) can be solved by:
X

a) the direct integration; b) the separation of variables; ) the in-
troduction of a new variable y=u-v.
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PROBLEMS

1. The view of the differential equation y'=x+1is:

a) linear equation of the first order; b) the uniform equation;
c) the equation with separating variables.
2. The separation of the variables in the differential equation

e*-Iny-dx+x-y-dy=0 can be reduced to the form:

2) exﬂz_lnﬂ; b) e*dx __ydy; c exdxz ydy.
X y X Iny X Iny
3. The particular solution of the homogeneous first-order equation
y'=y?/x* —y/x, that satisfies the condition y(~1)=1, is the function:
a) y=2/(1-x2); b) y=2x/(1-3-x2); ¢) y=2x/(1+x?).
4. The general integral of the differential equation in the complete
differentials (ex +y +siny) -dx + (ey +X+X- cosy).dy =0is:

a) e +Xx-y+x-siny+e¥ =C;
b) " +x+siny +e’ =C;
c) e +x-y+y-sinx+e*=C.

5. The general solution of the linear equation of the first order
y'=3y/x=xis:

a) y=C-x—x%, b) y=C-x*-x3, ¢) y=C-x*—x%.
6. The general solution of the differential equation y"— 8y'+
+16y =0 is the function...

a) y=C,-e”+C,-x-e*;

b) y=C;-e**+C, e **;

c) y=e"(Ccosdx+C,sin4x).

7. The particular solution of y"+4-y'+29.y=0, satisfying the ini-
tial conditions y(0) = 0 and y'(0) =15, is the function:

a) y=5e%sin5x; h) y=3e**sin5x; c) y=3e*sin3x.
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8. To define the view of the particular solution of y"—4y'+4y=
=3e?*, not to solve it:

a) y=A-¢*; b) y=A-x-e?*; ¢) y=A-x* ¥

9. The particular solution of the equation y™ =cos?x, satisfying the
initial conditions y(0)=1/3, y'(0)=0, y"(0)=1/8, »"(0)=0 is the
function:

a) y=(1/48)x" +(1/8)x* +(1/ 32)cos2x;

b) y=(1/32)x* +(1/48)x* +(1/ 2)cosx;

c) y=(1/12)x* +(1/4)x* +(1/32) cos4x.

10. The solution of the Cauchy problem y"=2)°, y(2)=»'(2)=1

for the equation of the second order, which does not contain the argu-
ment explicitly:

a) y=3-x; b) y=x/(3-x); ¢) y=1/(3-x).
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ANSWERS

Theoretical questions
1) b;2)a;3)c;4)c;5)c;6)b;7)c; 8) a.

Problems
1)c;2)b;3)b;4)a;5)c; 6)a; 7)b;8)c;9)a; 10)c.

2.9. Problems for preparing students for
the Mathematics Olympiad

1. Which curve has the interval of the any tangent, enclosed between
the point of tangency and the axis of abscissa, is divided by the axis of
ordinates in a half?

2. To find the shape of a mirror, reflecting all the rays, emanating
from a given point, parallel to a given direction.

3. A 100-liter container is filled with a brine, containing 10 kg of
dissolved salt. At one minute 3 liters of water flows into it and as much
as it is mixed is pumped into another vessel of the same capacity, origi-
nally filled with water, from which excess fluid pours out. At what point
in time will the amount of salt in both vessels be the same?

4. To find the curve, for with the radius of curvature is equal to the
cube of the normal; the required curve must pass through the point
M(0;1) and has the tangent at this point, that makes an angle of 45 de-
grees with the Ox axis.
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ITPHJIOKEHHUE (ANNEX)

[y

. [0dx =c;

N

. [1dx = x+c;

n+l

. [x"dx = X
n+1

w

+c, nz-1;

&>

jidx=ln|x|+c;
X

X

5. jaxdx=a—+c
Ina

6. [e*dx=e" +c;

7. jsinxdx:—cosx+c;

oo

. [cosxdx =sinx+c;

1
9. dx = —ctgx +C;
Isinzx J
10. | dx = tgx +C;
cos? x

X
dx = arcsm —+cC;

ﬂj\ji

1 1 X
12. dx==—arctg—+c;
ja2 +x* a a
a+Xx
13. dx=—| +C;
Iaz 2a | XI

14, [————dx=In|x* +Vx* £a’

+C.
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