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ONTUMMU3AIIAA JUHEVMHBIX TMBPUIHBIX CUCTEM YIIPABJIEHUA

Kano. ¢puz.-mam. nayx FAbACOBA O. P.

Benopycckuii nayuonanvhvii mexHuyeckui yHugepcumem

[ocranoBka 3agaun. Oynkuuio f{f), t € T =
=[t, f], GymeM Ha3bIBATh JUCKPETHON B MPSIMOM
(oOpaTHOM) BpeMEHH C TIEPUOJAOM KBaHTOBAHWS
h=({ =)/ Ny (N;
f(O)=f(), te[vt+h, T€{tuti+h,...t —h} x
x(f(t)=f(r),t€lt—h, 1], tef{tat+h,... t'}).

Ilycte T — mpoMexxyTOK ynpasiieHus; h, =h,/M;

— HaTypajJbHOE YHUCIO), CCIIH

h =" —t*)/ N — mepuonabl KBaHTOBAaHMS BpeMe-

HU; M, N — HaTypasbHbIE YNCIa;
T={t,t.+h,..[ —h);
T={t.t.+h,..[—h);
H,eR™™, H, e R™™,

rank(H, H)=m<n=n+n,
geR™ u,u €R", v.,v eR"; c, e R",
c € R x,eR"™, yeR"; A(DeR"™,
A, ()eR™™, B(t)e R*™,

t € T,— Kyco4Ho-HenpepbiBHbIe yHKuMK; A (7)€

eR"™; B(fe R*", 1), A1); teT,— muckper-
Hble (YHKUUH B IMPSIMOM BPEMEHH C TEPHOIOM
KBaHTOBaHUA h,; u(t),t €T,— MUCKpeTHas (QyHK-
oUsl B NPSIMOM BPEMEHH C IEPHOAOM KBaHTOBA-
nus h,

PaccMoTpuM nuHENHYIO 3a/ladyy ONTUMU3AIUU
rubpuHoOi cuctemsl [1]:

J(u,v)=cx(t)+ c;,y(t*) — max; (D
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x=Ax+ A()y+ B(u, te T, (t+h)=

2
= A A+ BB, te T, @)
x(t.) =xy, y(t.) = Y5
Hx(€)+H,y(t')=g; 3)
NeU={ueR" :u<u<u},
u(t) e {ue nm<ulu} @

WeV={ve R":w<v<v},teT

3meck x=x(t) € R™ — coCTOSHUE HEIPEPHIB-
HOIl YacTH CHCTEMBI B MOMEHT BPEMCHH [
y =y(t) — cocTosHHE IHUCKPETHON YacTH CHC-
TEMBI.

[Tox tpaektopueit cuctemsl (2), COOTBETCTBY-
IOICH  YIPaBISIOIMM  BO3ICUCTBUsIM  u(-) =
=w(),teT),v()=((t),teT), Oyaem moHH-
MaTh Tapy W3 HempepbiBHOW dhyHkmmm x(9), f€ T,
U nuckpeTHoll GyHKIH ){), f€ T, KoTOpas ynmo-
BJIETBOPSIET (2).

IMapy (u(-),v(-)) Ha30BeM NpOrpaMMoi, eciiu

Ha HEW BBITTONHSIOTCS (4) U COOTBETCTBYIOIIAS €t
TPACKTOPHUS CUCTEMBI (2) YJIOBIETBOPSET OTpPaHU-

gernsm (3). Tporpamma (u°(+),v"(+)) HassiBaeTcst

ONITUMAJILHOM, eclii Ha Hel KpuTepuil kadecTsa (1)
JIOCTHraeT MaKcHMallbHOro 3Hayenus. CyOonrtu-

MalbHYI0 (€-ONTHMaNIbHYIO) mporpammy (u°()
y(-)  ompenemum mepasenctBoM J(u°(-) v°() )
FJ@ () y () )=e.

®opmyaa Komm. J[1s pemieHust 3agayu 1o-
ctpouMm ¢Gopmyny Komm, BbIpaxkaronylo 3aBHCH-
moctb (x(2),y(¢)) or HauampHOro cocrtosiHus (3)
1 YTIPABIISIONMINX BO3IACHCTBUM (4).
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T(t)=[t.,t], (u(s) ¥(s))

— YIpaBIAOMUE BO3IACHCTBUS,

Iycts tel,

v(s))seT(),
(x(s),y(s)), se€T(t),— TpackTopus cuCTeMsI (2)
¢ HauanbHeIM ycnoBueM (3). Cornmacuo (2) umeet
MECTO TOX/IECTBO:

[X(s) ]_ A(K(3)+ A(3) () + B(s)u(s)
Hs+h)) | AS)HS)+ hB ()W) ’
se 1(9.

YMHOXMM 00€ 4acTH TOXKAECTBa Ha IIOKa HE
OTIpEICIIEHHYIO MaTPUYHYIO (PYHKIIHIO

Fy(ts)e R

_| At e R,
e { E(ts)e Rﬂ] (5)

Fy))(t, s)e R™
se 109,

CcUmuTas ee 3aBUCUMOCTb OT S TaKOW, YTO 3aKOHHBI
Bce ornepaiuu ¢ Hei. Umeem:

F69X9) + Fy(69 s+ h) =
= F(69)[AGAS) + A A + B9+

+ o6 LAWK + BBIU];

(6)
F,(t,9)x(s)+ F,(¢,9)y(s + h,) = F, (t,5) %

x[A4,()x(s) + A, () y(s) + B (s)u(s)] +
TF,(6,9)[4,()y(s) + h,B,(s)v(s)], s € T(2).

IIpounTterpupyem o6e gacT TOXAECTB (6):

[ £ 5)% ds +[ Fy(t,93(s+ h)ds =

= [ F(£ LAWK + AL A+ B(Ju(s)]ds+

+ [ Fyt LA A+ BB(IHds  (7)

j F s)% ds+ [ 6,95+ b)ds=

I F (6 [ A(5)X(8) + Ay () W) +B(s)u(s)]ds +

b
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+[ F69[A) X+ BB (I ds  (8)

Fx (tﬁ S)’
F,(t,5), seT(t), mbdepenuupyembimu 110 s,

[Ipeobpazyem (7), (8), cumras

F, (t,9), F, (t,5),s € T(t), nmuckpeTHBIMH B 00-
PaTHOM BPEMEHH C NEPUOJIOM /1, :

[ 9P 5= Feox - Fie o) -

b

jer

L
t+h,

‘[ngt ) W5+ h)ds= jF))(z‘s B)Ks)ds =

t+h,

IF@)(Z‘S B)Hs)ds+ J.Fy(ts B)s)ds=

t+h,

- j E(t,s— h)X(s)ds+ F,(t, H A DA,

t+h,

j F (1.9 P49 s

F(t,t)x(2:) = j < )()ds;

€

= F,(t.0x(0) -

t+h,

jF (t,5) (s +h,)ds = jF (t,s = h)y(s)ds =
ti+h,

t+h,

jF(zs h,)y(s)ds + jF(zs h,)y(s)ds =

= j Ft,s— h) {(s)ds+ F(t,)) {Dh,

[ToacraBum (9) B (7), (8) u 3amuiem pe3yabTat
B BUJIE!

E(60x0) = F(, ) X&) — F (6, ) ADh,+

+ FF GBS | ks )AX(S)}X(S)dSJr

L

+ [ 9 AL~ Fyft; 5= h) + F (6, ) A9 H5)ds +

t+h,
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t+h,

+ Jf}(r, AL H)ds+

t+h,

jF (6.5 A(9) A s)ds+ j F(t ) B(S)u(s)ds+

+ B Y E(t s+ h)B(s)Hs); (10)

seT(f)

FE(tH Kt = ——Fﬂ(t H)xL)+— 7 F a6 L) X(L) +

+ bi.[ aF%it, 9 +FL(L S)A/\,(S)}X(S)ds-i-

V&

L jF(ts)/gU(s) F(ts—h)+

&+11

t+h,

+F(t S)A)(S)])(S)ds+ - J.Fy)?(t )AL ) A s)ds+

t+h,

+— j F(,5) A9 As)ds+- j F (4, 5) B()u(8)ds +

+ B, > F(t, s+ h)B(9)s). (11)

seT(b
[Ipeobpasyem HekoTopsie Boipaxenus u3 (10)

u(11):

[AE A - Eyt s b+ Fy(t 9 AGIKds—

t+h,

s+h,
=X { [ R A0y -

seT(O\&| s

s+h, s+h,
- [Fet-m)xod+ | Fx)xz:r)xr)dc} =

s+h,
- [j FAt D) A de)() — F (69X, +
seT(H\&

* s

+ F(t, s+ B) A(s) X9h, } =

seT, (1)\t« s

s+h,
> {IEY(t,r)AXy(r)dr—ny(t,s)hv+

L5+ h) A(S)h, }(s) -

BectHuk BHTY, Ne 2, 2007

- { J'F(r YA (di— F (65— h)+
seTt=h)| Vs,
+ Fylt,9) A(s— B)Hs);

bv I[F (6,9 AL + F)t, ) A(S) — Ft,5— B)]x

t+h,

s

s+h,
x xs)ds=bi”€%i [ e 4,0

s+h,

x YT)dt+ j F 1) At o)k -
s+h, s+h,
ij(m b))(t)dr} [ Y jF (1) A () x
V seT O\t ¢

X Ws)ds+ F(t, s+ h) A A)h,— F (L, 9) ()4, } =

s+h,
{ i j F () A (v)d+
seT(H\t

+ F(t,s+h)A(s)— Ft, S)}}(S) =

- { IF(M)AW(r)dc F(t,s—h)+
seT(t-h,) V-

+ F(t 5)Afs— hv)} K.
Ilycte ¢yHkuus (5) yaOBIETBOPSET COOTHO-

MICHUSAM:

aF(t s =—F(4,9)A(s),s€ TW); F,(t,s— ) =

= F(t9A(s—B)+

+_ jF(tr)Ag(r)a‘r se T(s—h); F(ts—h)= (12)

s—11

= F9)A(s— b). se T~ h),
F(t9=0,se 1.

Torma
Fx(t,t) =F, ny(t,t) =0, Fy(t,t) =FE. (13)
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IToactasus (12), (13) B (10), (11), momyanm
uckomyr popmyiry Komm
X0 = F(6£)xL) +

t+h,

+| F(tt.+ h)A(t)h,+ j F(t, ) A(9)ds | L)+

+ j FE(t, 5)B(s)u(s)ds+

I Y Fy(ts+ h)B(US); (14)
seT(t)
HO = E(t t.+h) A (&) +
+h, Y F(t,s+h)B(IUS), t=L+h,..., L.

seT(h

Hns momnoro oOocHoBaHUS (popMymnBl OCTa-
JOCh TI0Ka3aTh, YTO CYIIECTBYET E€IMHCTBEHHAS
¢yskuus (5), KOMIOHEHTHI KOTOPOW MPHUHAAJIeKAT
YIOMSIHYTBIM KJlaccaM (YHKUUH U yJOBJIETBOPSIOT
(12), (13). Dro nerko cumenaTh, pelmias CrpaBa
HajeBo ypaBHeHus (12) ¢ ycmoBusimu (13) moce-
JI0BAaTEIbHO HAa MHTEPBAIaX JJIUHBL /1.

BblunciieHHe ONTHMAJIBHOH  NPOrpaMMbl
MeTO/I0OM MaTeMATHYeCKOro NporpaMMHpOBa-
Husl. TpamuIMOHHBIA METOX MaTeMaTHYecKOTo
nporpamMmupoBanus [2] pemenust 3agauu (1)—(4)
CBOAMTCA K 3aMEHE IPOM3BOIHON Pa3HOCTHBIM
OTHOLICHUEM

XD~ (Xt+h)-xD)/h,, te T,
ITocne aroro 3amaga (1)—(4) mpuHUMAET BUA;
cx(t)+ c'yy(t*) — max;
Xt+ b)) = A~ h(ADXD + AL)HD +
+B(Hu(h) =0, te1;
At+h) = ADK) - hB(O) =0, te T;
x(8.) = xg, Y(t.) = Vo3 (15)

Hx(t)+H,y(t)=g;
w<uh<u, teT; u<UAH<v, teT,

[Mepemennbimu 3anaun (15) sBastores u(f), x(¢),
teT;;v(t),y(t),teT,. Ux obmee Koauuect-

Bo pasHO 7,MN+n NM+r,N+n,N. Komuiect-

BO OCHOBHBIX OFpaHH‘IeHI/Iﬁ 3aJa4yu COCTaBJIACT
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aMN+ n,N+ m. llpu Mansx /i, 3anada (15) npea-
cTaBJsIeT co00# OOMBITYIO 3aa9y JTHHEHHOTO TIPO-
rpaMMHUpoBaHus [3] ¢ MaTpHIeil YCIOBHHA CICITH-
QIBHOW CTPYKTYpBI, COAEpKaliell OOJbIION Mmpo-
LEHT HYJIEBBIX 3JEMEHTOB. METOJOB JHMHEHHOTOo
[IPOTPaMMUPOBAHUS, YUUTHIBAIOIIUX YKa3aHHYIO
cneruduky 3amaun (15), moka He cosmaHo. Ilo-
3TOMY MOXHO HCIIOJIb30BaTh METOABI, YUUTHIBAIO-
LIM€ TOJIBKO Pa3peXEHHOCTh MAaTPHUIIbl YCIOBH.

OmnwuieM MOAU(PUIMPOBAHHBIA METOJ] MaTeMa-
TUYECKOT0 MPOrpaMMHPOBAHMS PELICHHUS 3aJauu
(1)~(4), mo3BoNAIOIIMK CYLIECTBEHHBIM 00pa3oM
COKpaTHTh pPa3Mepbl DKBHBAJICHTHOW 3ajjau JIU-
HEIHOTO MPOTrpaMMHUPOBAHUS.

[lepermmmenm kputepuii kadectBa 3amaun (1)—
(4), uctionbzys popmyny Komu (14):

AXE)+ ) = &L, t)xe) +

t+h,

+ (£, 6+ B)A(L)h,+ j E(f, S)A(},(S)dS] He)+

+ j F(f,)B(u(s)ds+ I, Y F(l,s+ bV)By(s)v(s))+

seT(()
" dy(Fy(t*, L+ h)A(L) (L) +
+h Y (st hB(OUS)-

seT(()

(16)
T+h,
= Z[ j dE(f, S)BX(S)dS}I(‘C) + Z(dXFX}(z‘*, s+ B x

e\ 1 seT(()

x B(8)+ ¢ F({, s+ h)B()WS) + F(L, £)x(t) +
+&|(F e+ B A6, +

+[ F(E.9 AL e+ & F(E 6+ B) Ae) (o).

O003HaUNM:

T+4,

4= [dEEIBds e T

¢(s) = F(f, s+ h)B(s)f + (17)
+d F(f, s+ h)B(s)h, s T({)

n otopocuM B (16) craraeMelie, HE 3aBUCSIIHE OT
u(t),teT,; v(s),seT,, Tak Kak OHH HE BIIUAIOT

Ha BHUJ ONTUMaJIbHOW mporpammbl. Torga kpure-
puii kadectsa (1) mpuUMeT CIIeTYFOINN BU:
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Zc; (tu(t) + ZCL (s)v(s) — max.
tel, seT,
AHanmorngHeIM 00pa3zoM MpeodpazyeM TepMu-
HaJBHOE orpaHuueHue 3anaqn (1)—(4):

T+4,
HXO)+ H ()= j (H F(f,$)B(s)ds |u(z) +
e\ 1
= S(HF L s+ )R x

se T(t*)
X Bs)+ H,F(£, s+ h)B(s)h)¥(s)+
+ HE(E 0)X8) + H|F (£ 6+ B) A(t)h,+

+ [ F(E 9 Ads)e)]+ HE(E e+ ) A)(e) = 2

O06o03HauNM:
T+h,

D,(v)= [HF.(,5)B (s)ds,teT,;

D(s)= HF({,s+h)lB(s)+

+ H,F({,s+h)B(s)h,
z=g-(HEC X0+

t+h,

+HF (£, + B)A(t)h, + [ £(7.94,09%
x ds|f(t))+ H F(f 6+ h)He)).  (18)

Torma TepMuHAIIBHOE OTpaHUICHHE (4) TPUMET
BUJL:
2 D,(u(m)+ 2D (sM(s) =2 .
tel, seT,
Takum oOpa3oM, 3ajaya ONTUMAaIBHOTO YIIPaB-
nenns (1)~(4) SKBMBANEHTHA 3ajaue JIHHEHHOrO
pOrpaMMHUPOBAHHMS:

Zc; (tu(t) + ZC; (s)v(s) = max ;

3D, (u(r)+ Y D(s)(s)=g;  (19)
teT, seT,

*® *
u <u(t)<u ,tel; vwsv(@)<v ,tel,.
3anmava (19) umeer m OCHOBHBIX OTpaHUYCHUN
u r,MN +r N nepemenHelx u(t),tel,; v(s)
seT,, T. e. Ipu ManbIX h,,h, OHA SBISETCS «IIO-

nyOonpmioi». Marpuria ycnoBuii 3amaun (19)
IUIOTHO 3aIl0JIHEHA, HO MMEET OCOOEHHOCTBh, CO-

CTOSIIY0 B TOM, 4YTO OJJIEMEHTHI c,(T) ¢, (1)

tel,;
obpazom (17), (18) ¢ amemMeHTaMU HCXOAHOMN 3aja-
yu ontuMaibHoro ynpasienus (1)—(4), T. e. 3ana-
ga (19) oTHOCHTCS K CHEIUANBHBIM 3a7adaM JIv-
HEIHOTO MPOTrpaMMHUPOBAHUS.

B nmanpreiimem OymyT omyOnIMKOBaHBI OBICT-
phle anropuTMBbl pemieHus 3amaun (19), yaurteiBa-
IOLIHe AMHAMHYECKYIO IPUPOJTY €€ FIEMEHTOB.

[Ipu mobom €>0 B 3amaue (1)—(4), umero-
el pelieHue, CyIEecTByeT OECKOHEYHOE YHCIIO
€-ONTHMAaNBHBIX Tporpamm. IloaTomy Ha MHOXe-
CTBE €-ONTHUMANBHBIX MPOTPaMM MOXHO BBECTH
Mo00l  TOTIOMHUTENbHBIA KPUTEPUH KadecTBa.
Hanpumep, ajist nocTpoeHus €-ONTUMaIbLHOM Tpo-
rpaMMbl C MUHUMAIBHBIM TIOJHBIM HUMITYJIHCOM
CKaJISIPHOTO YIIPABIIAIONMIETO BO3ACHCTBUA  u(?)

D,(s),D,(s),s€T,, cBA3aHbl CIELUATbHBIM

Ju()|£1,teT, 1OCTaTOYHO PEMINTH 337ady:

].(u1 (t) +u,(t))dt — min;

t

> D, (V) (1) —uy (1) + Y D, (s)v(s) = g;

€T, seT,
D e, (M (1) +u (1) + Y ch(s)v(s) 2 a’ g

0<uy@®<L0<u(®<Ltel;
w<HH<V,te T;a’ = J@, V)

¥ ONOKUTE u° (1) = u) (t) —uy(t),t T.

O0sacTh  NMPAKTHYECKOT0  TNPHMEHEeHHs:
yIpaBlIeHHE IBIKEHUEM aBTOMOOWIIS, DHEPreTH-
YEeCKHUE CUCTEMbl, MEIUIIMHA.

BBIBOJ

[IpennoxkeH METON BHIYUCICHUS ONTUMAIBHOM
porpaMMbl B JIMHEWHOW 3ajade ONTHUMAJIBLHOTO
YIIpaBJICHUS THOPUIHON CUCTEMOM.

JUTEPATVYPA

1. Borelli, F. Constrained Optimal Control of Linear and
Hybrid Systems / F. Borelli // Lecture Notes in Control and
Information Sciences. — Springer, 2003. — Vol. 290. — 293 p.

2. Tabak, [I. OnTuManbHOE yNpaBieHWE U MaTeMaTHye-
ckoe mporpammupoBanue / JI. Tabak, b. Kyo. — M.: Hayxka,
1975.-279 c.

3. Jaepon, JI. C. Onrumuzanus OOJBIIMX CHCTEM /
JI. C. JIacnon. — M.: Hayka,1975. — 431 c.

IMoctynuna 19.09.2006

* o o
B otimume ot Hacrosieit 3agaqa (15) He sxBUBaneHTHa 3a1aue (1)—(4), a ABNAETCS NUIIb €€ aNNPOKCUMAIHEH.
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