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AHAJIM3 YCTOUYHUBOCTHU NOAIIPYKUHEHHOI'O ®M3UMYECKOI'O MASITHUKA
METOJAAMHU AM. JISIITYHOBA

I'ypeuu 10.A., INamenko A.B., Cadponon K.H.

In a difference of usual stability definition methods of a spring physical pendulum, in this article stability of a
spring physical pendulum defined using methods created by A.M. Lapunov. In the result, connection between different
parameters of spring and pendulum was formalized, and defined a point of stable pendulum position.

B omimumne OT CymeCTBYIOIMX IOAXO0/J0B OIpefesieHUs] YCTOWYHUBOCTH ITOANIPY>XKUHEHHOTO
(¢u3pyeckoro MasTHUKA, B JaHHOH paboTe aHaIM3 YyCTOMYMBOCTH MasTHUKA BBITOJHEH METOJAMHM
AM. JlanmyHoBa, 4YTO MOXET OKAa3aTbCsl IOJIE3HBIM CTYJIEHTaM, M3YUYalOHIMM pa3Iu4YHbIC
JUCLIMILIMHBI, CBSI3aHHbIC C aHAIM30M YCTOMYUBOCTH PA3IMIHBIX CHCTEM.

IloctanoBka 3agauu. llonoxeHue paBHOBecHS (U3MYECKOTO MAsSITHHKA, B KOTOPOM €ro
LEHTP Macc HaXOAUTCS Hajl ONOPOH HEyCTOWYMBO. {71 cTabmim3anuu 3TOTO MOJOXEHHUS MEXITY
TEJIOM M ONIOpOH NOMENIEHA CIUpasbHas IPYKMHA, CO3/1al0INasi BOCCTAHABIUBAIOILIMIM MOMEHT M,
NpONOPLHUOHANBHEIN YTy HaKJIOHa MasgTHHKA O U paBHBIH M = €@, rae € - )eCTKOCTh MPY>KHHEI.
BBINOJIHUTE aHANIM3 YCTOWYMBOCTH MasiTHUKA MeTtogamMu A .M. JlsnyHoBa.

PaccmorpuMm  ¢usnyeckuii MasTHHK € OChIO

npuBeca, COBIAJAmOIIEd ¢  OChl0  BpameHus X,
NEPHEHAUKYJSIPHON TIJIOCKOCTH 4YepTeXka U Mpoxoasineit
yepe3 Touky O. [lonoxxeHue masiTHUKa OyAeM OTNpeaensTh
YyIJIOM @, OTCUMTBIBAEMOIO OT BEPTUKAIbHOU ocu Z.
PacctossHue oT ocHM mpuBeca A0 HEHTpa Macc MasgTHHKa
obo3HauuM yepe3 [. Ha MasiTHUK, OTKJIOHEHHBIH OT
BEPTUKAJILHOTO ITI0J0XKEHUS, NeHcTBYIOT cunbl: G, Yo, Zg
W MOMEHT ynpyroctd npyxuHsl M. Tpenuem B

LWIMHAPUYIECKOM LIapHUpe MpeHeOperaeM.
OnpenenyM KMHETUYECKYIO SHEPTHIO MasITHHKA:

a‘Z
T=Jx7, rae Jx — MOMEHT MHEPUUM MAaATHUKA

OTHOCHUTENIBHO ocu OX.

Jns  onpeneneHus MOTEHUMAIBHOM  3HEpPruu
KOHCEPBAaTUBHBIX CHJI, MNPWIOKEHHBIX K MasTHUKY,
paccMOTPUM TPH €r0 MOJI0KEHUSL:

- HepBOC TOJNOXEHHE — BepTHKaiIbHOEe o=0,
KOTOpO€e COOTBETCTBYET HeaehopMHUpOBaHHON
CIIMPATBFHOM NPY>KHUHE;

- BTOPOE€ U TpeTbe TMOJIOKEHUS - =,
COOTBETCTBYIOT 1€(OPMUPOBAHHON NPYKUHE.

Onpenennm NIOTEHLUAJIBHYIO JHEPTHUIO
BOCCTAHABIMBAIOIICH CHUIBI CNUpaIbHOM npyxunsl I,
[T, II3 B Tpex mnojoXeHUsX MasTHuka npu ;= 0,

o=+ a oz3=-—0a.
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=% o am=n,- 1,
152 2 2 a
ca’ ca)’ &
=L - — an =11, - 11,
1-3 2 2 7
ca’
A=A=-I,=-I1,=5—
12 1-3

rae 1A2 s 1£3 — paboTa BOCCTaHaBIMBAIONIEH CHIIBI IIPYXUHBI TPU NepeMEIICHHH €€ KOHIIa
ﬁ

BMECTE C MaITHUKOM, COOTBETCTBEHHO, U3 I0JIoxeHus 1 B nonoxenue 2 uusz 1 B 3; 11, =0.

HOTCHHI/IaJ'II)HaSI SHEprus CUJl, NpUNOXCHHBIX K MasTHHUKY, paBHA.
o 2
. ca
1T = —j(mglsm a—ca)da =mglcos o —mgl +——
0
Ilonnas SHECPIrud CUCTCMBI:
1] 2

E:T+H:Jx%—+mglcosa—mgl+%.

Ucnoinb3ys ypaBHeHue Jlarpanxa

d oT or _ oIl

dtda da  da’

COCTaBUM ,HI/I(lJ(bepCHI_II/Ia.HLHOC YPaBHCHHUC NABH)KCHHA MassTHHUKA.
J.a=mglsina—-co. (1)

IlpuBenem ypasnenue (1) x aBym auddepeHUMANBHBIM YPaBHEHUSIM MEPBOTO MOPSAKA.

O6o03HauuM uepe3 BemecTBeHnble nepemennsie Y; (I =1,2) mapamerpsl, xapaxTepusyromue

cocrosiHue (pusmyeckoro Masitiuka & =y, , O =y, .

Y= DY),
y —m—glsin y -
2 Ix Yr nyl. )

Torna Belpaxkenus (2) sSBISIIOTCS UCXOIHBIMH YPAaBHEHUSIMHU.
O@HO M3 COCTOSHMM paBHOBECHS (DPUBNUECKOrO MAsiTHHKA, PACMOJIOXKEHHOIO BEPTHKAILHO
npu HeaeGopMHUPOBAHHOHN NPYKHMHE, XapaKTePU3YIOTCS CICTYIOIIUMHU 3HAYEHUSIMH BEIECTBEHHBIX

nepemennsix Y, =0,y, =0. ITo3ToMy ypaBHeHMS BO3MYIICHHOrO IBWXEHHS COBMANAIOT ¢
MICXO/IHBIMH.
X = Xy

s
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X —m—glsinx —Lx 3
2T N 3)

IepBbiii Metoa JisinynoBa [1-3]. Pasnaras B psin MakyopeHa mpaBbie 4acTH ypaBHEHUH

BO3MYILEHHOTO ABWXeHH (3) mo creneHaMm X;, X, U OrpaHUUMBAsChH YJICHAMM MEPBOro HOpsaKa
MaJIOCTH, TOJTY4HM YPaBHEHUS MEepBOro MPUOIMKEHUS:

X, =X,
. mgl c
X, :7“‘1‘ _T]—x_xl' 4)

3anuiieM ypaBHEHHs NEPBOro NpUOJIDKCHUS B MAaTPHYHO# dopme:

P x| A N _19 G4 || M
x=[A] % wm | . |=[A]l = ’ , (5)
X, X, ay An | X%
rae
0 1
Al= —
[Al=]| mgl—c 0
Jx

CocTaBUM XapakTepUCTHYECKOE YpaBHEHHE, COOTBETCTBYIOlIee cucTeme (5):

-4 1
det([A]1-A[K])=|mgl —c 2=0.
Jx
rae [K] - eayHuYHas MaTpuia.
, c—mgl
XapakTepucTHYECKOE YpaBHEHUE WMEET BHI: A+ J— =0, Xapaktep KOpHeii
X

XapaKTCPUCTHICCKOI'0 ypaBHCHNs 3aBUCUT OT 3HAKaA CBOOOJHOTO YJICHA:
» Ecom ¢ > mgl , TO 3TOT 3HaK MOJIOKHUTECITHHBIA U KOPHH XapaKTEPUCTUYCCKOIO IOJIHMHOMA

+i

YUCTO MHHMBIC /11,2 = . B cootrBeTCTBUM C TCOpCMOﬁ IIEPBOro METOAa HHI’I)’HOBa

3TOT Cliydail OTHOCUTCS K KPHUTHUYECKOMY, T.K. BEIIECTBEHHAsl YaCTh KOPHEN paBHSAETCS HYIIO
(Re A; = Re A, = 0). O1oT ciyuaii gomkeH ObITh UCCIIEA0BAH AOTOIHHTENLHO BTOPbIM METOJOM
JlanyHoBa.

» Ecnu ¢ <mgl, to cBOGOaHBIIM wieH oTpunaTeneH. KopHu XapakTepUCTHYECKOTO MOJMHOMA

c—mgl
Jx

-+

BEIIECTBEHHbIE U PA3HBIX 3HAaKOB. OHU onpeensioTes rno ¢dopmyse /11,2 =
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B cooTBeTCTBUM ¢ TeopeMOH mepBoro Meroaa JIdmyHoBa, mpu MOJOXKHUTETBHOM 3HAYEHUHU
OJIHOTO U3 KOPHEH XapaKTepUCTHYECKOIO IIOJIMHOMA, COCTOSIHUE pPaBHOBECHS HEYCTOMYHBO
HE3aBUCUMO OT HEJIMHEHHb: X YJIEHOB YPABHCHUS IBHKCHUS.

Bropoii merox JlsmywoBa. PaccMOTpuM noapoOHee KpuUTHYeCKu# cnmydail. /[las  storo

Heobxoaumo BBecTH (Qymkumio Jlsmynosa V(Xx), xoTopas momkHa o6nazath psAIOM CBOJICTB,
OINMCAaHHBIX B quTepartype [1-3].

B kauectBe ¢yHkuuu JlsamyHoBa V(Xl,xz) NpenjiaraéM BBECTH  OIpeJeIeHHO-

MOJIOXKUTEIIBHYIO KBaAPAaTHYHYIO (GOpPMY, KOTOPYIO HOJTYYHUM PA3JIOKECHHEM B DS MOJHOM SHEPTrUH
2

a
E =T +II npu ycnoBuu, 410 COSOL = 1—7 +... . Toraa gynxuus JIanyHoBa mpuobpeTaeT BUL:

2 —_
V(x,,xz):Jx%+cwaf. (6)

®ynkuus (6) orBeuaer BceM ycnoBUsSM (QyHKIMM JIsmyHOBa: SIBJISETCS BEINECTBEHHOM,
OJHO3HAYHOH, HENPEPBIBHON, 3HAKOONpeAeNcHHOW QyHKIMeH, ofpamiaeTcs B Hylb [pH

x=x=0v(©0,0)=0, V(x,x,) >0 npu c>mgl.
Bo3pMeM 10J1HYI0 IPOU3BOAHYIO 110 BpeMeHH oT QyHKIUM JIsmyHoBa

V(x,x,)=Jxx,- %, +(c—mgl)x, - x, . (7

By,[[CM CUUTATb, YTO OTKIIOHCHHUSA MAsATHUKA OT BECPTHKAJIBHOI'O ITOJIOXKCHUST HCBCIIUKH. Torpa
B Ka4YC€CTBEC ypaBHeHI/Iﬁ BO3MYIIEHHOT'O ABMXXCHUS HCHOJIB3YEM YPABHCHUS IICPBOIO HpI/I6HI/I)KCHI/IH

.

Teneps moacTaBiM B BBIpaXK€HUE IOJHOM IIPOU3BOAHON MO BpeMeHH OT QyHKIUHU JIamyHoBa
(7) 3HaYeHus X, U X,, B3ATHIC U3 (4). B HTOTe MOIYYUM BHIPAXKEHUE TOXKAECTBEHHO PABHOE HYJIIO

V(xpxz) = (mgl—c)x] -)-Cl -l‘-(c—rngl)x1 .)’Cl =(.

Ecni npoussogHass 1o BpeMeHM OT GyHKIuM JISnyHOBa TOXIECTBEHHO paBHA HYIIO

V(x,,x,) =0, 10 cornacHo TeopeMe 06 yCTONYMBOCTH MO BTOPOMY MeToxy JISImyHOBa COCTOSHHE
paBHOBECHSI MasiTHUKA IIPH €TI0 BEPTUKAIBLHOM MOJIOKEHUH ~ YCTOMYHBO.

BeiBoa. Cucrema MNOANPYKUHEHHOTO (U3MYECKOTO MaSTHUKA HMEET €JMHCTBEHHOE
COCTOsSIHHE paBHOBecHs IpH O = 0 (BepTHKAJIBHOE MOJIOXKEHHUE MasSTHHKA) B ciiyyae € > mgl , uro
JI0Ka3aHo ¢ IOMOHIBIO BTOpOro Meroaa JlsmyHos,a.
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