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BBEJAEHUE

Hacrosimue meronuyeckue ykasaHHsi U KOHTPOJIbBHBIC pa0OThI TPEAHA3HAYCHBI
JUIE  CTYJICHTOB TIIEPBOTO Kypca 3a0YHOTO OTJACICHHS HHXCHEPHO-TEXHUYCCKUX
crnenuaiabHocTeit BHTY.

[Tocobue CoOaep UT OCHOBHBIE TEOPETUYCCKHE CBEIACHHUS W3 MPOrPAMMHOTO
MaTepuaia, THUIIOBBIC MPUMEPbI M KOHTPOJIBHBIC 3aJlaHUS 1O TeMaM Kypca BBICIICH
maTematuku (20 BapuaHTOB).

CTyIeHT OJKCH HM3Y4YHTh TEOPETUYCCKHU MaTepuas, pa3o0parh MPHUBEICHHBIC
00pa3ibl PelICHHs TUIIOBBIX MPUMEPOB U 3ajad, BBINOJHUTH PEIICHHUE 33]a4 CBOETO
BapHaHTa, HOMEpP KOTOPOTO COBMAMACT C JBYMs IOCICAHUMH IUPPaMUA 3a4ETHON
kHmkku (mmgpa). Ecnim Homep mmdpa Oosble aBaANATH, TO CIEIyeT OTHITH OT
HoMepa mudpa yucio, kparHoe 20, U mojydyeHHass pa3HOCTh (1Be MOCieHue H(PHI)

OyJIleT HOMEpPOM BapUaHTA.

Hanpuwmep:
Homep 3aueTHON KHUKKH Howmep BapuanTa Howmepa 3agau
301789/148 8 8, 28,48 u T. &
303700/194 14 14, 34,54 u . 1.
300120/100 20 20, 40,80 u T. &



IHPOI'PAMMA

Tema 1. HeonpenesieHHbI HHTErpaJ
[lepBooOpasnasi. HeomnpeneneHHslii uWHTErpal W €ro cBoicTBa. Tabmuiia
OCHOBHBIX HHTEIpaJiOB. 3aMEHAa IIEPEMEHHOM W HHTETPUPOBAHME II0 YacTsIM B
HEOIIPEEIIEHHOM MHTErpase.
NurerpupoBanue mnpocteimux aApoded. HMHTerpupoBaHue  panMoHaIbHBIX
¢yukuuii. Meron pauuronanuzanuu. HTerpupoBaHue TPUTOHOMETPUUECKUX (DYHKLIUH.

HnTerpupoBanme npoCTEUIINX UPPALUOHAITBHOCTEN.

Tema 2. OnpenesieHHbIH HHTETPaJI
3aja4y, MPUBOAAIIME K IMOHATHIO ONPEICIIEHHOTo HHTerpana. OnpenerncHHbIN
UHTerpai u ero cpoiicrsa. @opmyia Hetorona—Jleiouua.
3amMeHa NEPEMEHHON M MHTETPUPOBAHKE I10 YACTSIM B ONPEIACICHHOM HMHTErpae.
HecobOcTBeHHbIE MHTETPAJIBI.
IIpunoxxeHus ONIPENEIEHHOIO0 MHTErpajga K BBIYMCICHUIO IUIOLIANEH IUIOCKUX
Guryp B JEKapTOBBIX U MOJSPHBIX KOOpAMHATaX. BeluncieHne o0beMOB U AJIUH JYT.

HpI/I6J'H/I)KeHHBIe MCTO/JIbI BBIYHCJICHUA OIIPEACIICHHOTO NHTCTpAJIaA.

Tema 3. ®yHKIIUM HECKOJIbKHX MepeMeHHbIX

OyHKIIMK  HECKONBKUX TepeMeHHbIX. Ob6macte onpenenenus. [lpexnen.
HenpepeiBHOCTE. YacTHBIE TPOU3BOIHBIE.

HubdepenunpyeMocTs  (PYHKIUM  HECKOJBKHX  TMEPEMEHHBIX,  IOJHBIN
mupdepennman. I[lpousBogubie OT ciokHOM (GyHKIUU. MHBapHaHTHOCTH (OPMBI
nepBoro auddepenunana. Hespusie pyHkimu u ux qudepeHiupoBatme.

KacarenpHass mioCKOCTh MU HOpMallb K HOBEPXHOCTH. |'€OMETPHUYECKHI CMBICI
nosHoro auddepennnana (QyHKIUA JBYX THepeMeHHbIX. YacTHble MPOU3BOJIHBIC

BbICIIKX NOPsAKOB. {uddepennmans! Beiciux nopsiikos. @opmyiia Teitnopa.



OKcTpeMyM (QYHKIIMM HECKOJIBKHMX TNepeMeHHbIX. HeoOxonmmoe u noctatouHoe
YCIIOBHS 3KCTpEMyMa. Y CIOBHBIA dKCTpeMyM. MeTton mHoxkutenen Jlarpanxa. Meron

HaMMCHBIIINUX KBAJAPaTOB.

Tema 4. O6bikHOBeHHBbIE U PepeHunATbHbIE YPABHEHUSA

3amauu, npuBoAsamre K AuddepeHnnanbHpM ypaBHeHUsAM. [{uddepennunanpapie
ypaBHeHus 1-ro nopsinka. 3anaya Komu. Teopema cyuiecTBoBaHUS U €IMHCTBEHHOCTH
petieHus 3aaaun Komu.

WurerpupoBanne  auddepeHnnanbHbIX — ypaBHeHMM — 1-ro  mopsaka ¢
pa3lIeNAOMUMHKCS TEPEMEHHBIMHU, OJHOPOJHBIX, JIMHEHHBIX, ypaBHEeHUs1 bepHyuu u B
MOJHBIX TuddepeHImanax.

Huddepennuanbuple ypaBHEeHUsT BbICHIMX mopsakoB. 3amaya Komm. Teopema
CYILIECTBOBAHUS U €AMHCTBEHHOCTH pelleHus 3a1auu Komm. YpaBHeHUs, 10ITyCKArOIIKe
MMOHMKEHUE TIOPAJIKA.

Jluneiinple nuddepeHnuanbHble ypaBHEHMsI BBICIIMX TOpsAakoB. (CBoMCTBa
auHenHoro aud@epeHuranibHoro omneparopa. JluHeliHO—3aBUCHMBbIE U JIMHEHMHO—
He3aBHCHMBbIE cucTeMbl GyHKIUH. Onpenenurens BpoHckoro.

Jluneituble ogHOponHbIe TudGdepeHIalbHble ypaBHEHMS, YCIOBUE JUHEHHON
HE3aBUCUMOCTH HX pemeHnil. @DyHaameHTanbHas cucrema pemeHuid. CTpykrypa
oOmero pemienus. JluneiHsle oaHOpoAHbIE AU(GdEepeHInanbHbIe YPAaBHEHUS C
MOCTOSIHHBIMH KO3 (HULIIEHTaMU.

Jluneitable HeogHOpOaHBIE MU depenmanbubie ypaBHeHus. CTpykTypa o01ero
pemienusi. Meron Jlarpanxka BapuallMM IPOU3BOJIBHBIX IOCTOSHHBIX. JIMHEWHbIE
HEOJIHOPOAHbIE AU(PPEepeHIINATbHBIE YPABHEHHS C MOCTOSIHHBIMU KO3 (ULIUEHTAMU CO
CIIEIIMAJIBHOMN ITPABOM YaCThIO.

Hopwmainbhbie cucteMbl 1udpepeHuanbHbiX YpaBHEHH. ABTOHOMHBIE CUCTEMBI.
['eomeTpuueckuit cmbici pemeHus. Pa3oBoe MNpocTpaHCTBO. 3agaun Komm s

HOpMﬂJ’IBHOﬁ CUCTCMBI. TeopeMa CymeCTBOBaHUA U CAMHCTBCHHOCTU PCIICHHA 3adadu



Komm. Meroa uckitoueHus: JUisi perieHus HOpMalbHbIX cucTeM TuddepeHInalbHbIX
YPaBHEHHUM.

Cuctembl JnuHEWHBIX AUGdEpEeHIINATBHBIX YPAaBHEHHM, CBOWCTBAa pEIICHUMN.
Pemenue cucteM JMHEWHBIX OU(PEpEHINANBHBIX YpPaBHEHUU C TOCTOSHHBIMU
KO3 pumeHTaMu.

[TonsiTe 0 KayeCTBEHHBIX METOAAX MCCIEAOBAHUSA CUCTEM AUQdepeHIIMaTbHBIX

YPaBHEHHM.

1. HEONIPEJEJIEHHBIIA HHTEI'PAJI

1.1. lonsiTHE HeoMpeaeIECHHOT0 HHTErpaJja

Onpeoenenue 1. ynxuus F(X) Ha3piBaeTcs nmepBooOpasnoit st pyukuuu f(x) Ha
uHTepBaiie (a,b), ecim BO BceX TOUYKAX ATOr0 WHTEPBAA BBINOJIHICTCS PaBCHCTBO
F7(x)=1(x).

Onpeoenenue 2. CoBOKymHOCTh Bcex mepBoobOpasubix {F(X)+C}, rme C —
NpPOU3BOJIbHAS TOCTOsIHHAS, s QyHkiuuu f(X) Ha3piBaeTcsl HEONpPEIeICHHBIM
MHTETPajoM ¥ 0003HAYACTCS

[f(x)dx=F(x)+C

®ynkius f(X) HazpiBaeTcsl MOABIHTErpabHON (yHKIUMEH, Bbipaxkenue f(X) dx —
TOABIHTETPATEHBIM BBIPaKCHUEM.

Otbickanune s pynkun f(X) Bcex ee mepBooOpasueix F(X) + C HaswiBaeTcs
MHTETprpoBaHueM. MHTerprpoBanue ecTh AelicTBIE, 00paTHOE TU(QEepeHIINPOBAHUIO.

Ochoenble npasuia UHMEZPUPOBAHUA.

1) [ f/(x)dx =[df (x)= f(x)+C;
j'f(x)dx=d(F(x)+C) = f(x)dx;

2) [(f(x)xo(x))dx =] f(x)dx £ [e(x)dx ;
3) [af (x)dx =af f(x)dx, (a=const);



4) ecnu j f(x)dx =F(X)+C, 1o I f (ax + b)dx :gF(aX +b)+C, npu ycnoBumu,

yT1o a, b — mocrossHHbIe uncia, a=0;

5) ecin | f(x)dx = F(X)+C u u=¢ (X) — nobas auddepenuupyemas dyHxums,
o [ f(u)du=F(u)+C;

Taﬁﬂuua OCHOBHbIX Heonpedeﬂennbtx unmezpailos

u
1. |du=u+C; 10. Intg— +C;
I Ismu g2
a+l
2 [udu=——+C rea=-1; 1. j—:lntg(LE) iC:
o+1 cosu 2 4
3. jd—u=In|u|+C; 12. | _dg = —ctgu+C ;
u sin‘u
u
4. [a'du=-"—+C; 13. [ —tgu+C
Ina cos? u
5. [e'du=e"+C; 14. | 2du 5 =1arcth+C;
a“+u a a
. u
6. [sinudu =—cosu+C; 15. j\/i_arcsm +C;
7. [cosudu =sinu+C; 16. | 2du —=— ' artic:
a‘—u 2a |a-—-u
du 2 2
8. jtgudu=—|n|cosu|+C; 17. j—:ln‘u+ ucta°|+C.
2 2
VU

9. [ctgudu = In|sinux+-C;

B HpHBeHeHHOﬁ Ta6J'II/II_Ie 6YKBa U MOXeT o0003Ha4aTh Kak HC3aBUCUMYTIO

MEPEeMEHHY0, TaK ¥ HEMPEpBIBHO TuddepeHimpyemyro GyHkImo U=@(X) aprymeHTa X.
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1.2. OcHoBHBIE METOABI HHTETPUPOBAHUS

1.2.1. Henocpeocmeennoe unmezpuposanue QyHKuuil u memoo nOOHeCeHus noo

3HaK ougghepenyuana

3amaya  HAXOXKJEHUS HEOMpEICNICHHbIX HWHTErpajoB OT MHOTUX (QYHKIUH
pelIaeTcs MEeTOI0M CBEIEHHS UX K OJHOMY U3 TAOJIMYHBIX MHTETPaJoB. ITOTO MOKHO
JOCTHYb MyTeM alreOpandecKuX TOXKISCTBEHHBIX MpeoOpaszoBanuii (cM. [Tpumep 1.4.)
MOJIBIHTETPAIbHON (DYHKIIMM WM TOJHECCHHEM YacTH €€ MHOXKUTEIeW MOoJ 3HaK
muddepeHnuana.

[Tonnecenue ¢ynkuuu noxa 3Hak nuddepeHimana coOCTOUT B TOM, YTO MOJ 3HAK
muddepennmana 3anuchiBalOT QYyHKINO, AUddepeHnran KOTOpold paBeH 3aJaHHOMY

BBIPAKCHULO, TO €CTh

j f(p(x))o'(x)dx :j f(t)dt, rme t=p(X).

Hpumep 1.1. 2 = (inx)'dx = d(Inx)
X
1 1.
Ilpumep 1.2. cos3xdx = 3 3cos3xdx = §d (sin3x).

Ipumep 1.3. [sin(5x + 2)dx = %fsin(Sx +2)d(5x +2) = —%cos(Sx +2)+C.
Ipumep 1.4. (ucrosnb30BanKe anredpanyecKux MpeodpasoBaHmii)
[(3x - {x® +2sinx - 3)dx =3[ xdx — [ x¥7dx +2[ sin xdx — 3] dx =

3. X X o _3xtC=ox? - 41217 _peasx_3x4C.

2 12/7 2 12

11



Ilpumep 1.5.

JACJIa€M ITOJHECCHUEC

dx dx
J =] - 1
VJ100x2 =1 . /(10)()2 _1 | mox3Hak quddepenunana : dx = Ed (1OX)
= ij. d (10—)() = |:T36HI/IH3 HHTerpaHOB;:| = %In‘lox + (1OX)2 - 1‘ + C =

10 (10)()2 1 LU =10x; a=1
= %In‘le ++/100x? —1‘ +C.

Ilpumep 1.6.

3aMETHM, YTO

dx 1
—=d(Inx)==d(5Inx)=
X —d(inx)=Zd(5inx)

3T By
j%lnxdx: :%d(4+5lnx)— =

INOAHCCCHUC I10 3HAK

nuddepennmana

1
:1 4 +5Inx 3d 4 +5In X )= | Tabnuiia HHTErPaioB | =
5

3+1
_LM@x5InY) L0235’ 4
5 1, 20
3

w|

1.2.2. Humezpuposanue 3amenoii nepemennoi (n0OCmManoeKoir)

[Mycte @(t) — wHenpepbiBHO guddepeHuupyemMas GYHKIHMS HAa HEKOTOPOM

npomexyTtke, mpudeM @' (t)=0; Torna cripaBeirBa Gopmyiia

I f(x)dx = J' f(p(t)e'(t)dt.

12



Ipumep 1.7. JQZX\/X2 — 3dx :j\/x2 -3d (X2 —3), tak kak 2xdx =d(x%-3).

0603HaYUM X2 — 3 = U, ToTJa MOJIy9IuM

3

1 3
[Vx?-3-2xdx :juzdu=§u2 +C :g(x2 ~-3)2+C.

q 3+5sinx=t; L3 ’

COS XaxX -

Hpumep 1.8. Im: dt=5COSXg;( I %/_ 5It 3dt—g E t3+C=
cosxdx:E

— %3\/(3+53in x)2 +C.

1.2.3. Humezpuposanue npu nomousu mpuzoHoMempuiecKux no0Cmano6oK

WNurerpans Buga
[R(x,Vx? —a%)dx;[R(x,va® —x?)dx;[R(x,va® +x?)dx, rme R(uy) -

panroHaJIbHAA (I)YHKIII/IH OT U M V, BBIYUMCILIKOTCI COOTBETCTBECHHO INIPU NOMOIINH

a a ;
TPUTOHOMETPUYECKUX TOJACTAHOBOK X = X= , X=asInt, x=acost, x=atgt.

cost’  sint
_ . i}
X=—
Vx% -1 C'Ostt tgt sint in’t
Ilpumep 1.9.] X L ax=|dx= sz dt; f gt s d'[:ISIn2 dt =
X cos“t sect cos’t cos“t
Vx% —1=tgt
. 2
= le—OZStdt =tgt—t+C :tg(arccosl)—arccosi+c :
cos“t X X

X = 2sint;
Hpumep 1.10. [\V4—x?dx=| dx=2costdt; |=[4cos®tdt=2[(1+cos2t)dt=
4 - x? =2cost

13



2
=2t+sin2t+C :2arcsin%+25intcost+c :2arcsin§+2%-w}1—% +C =

. 2
=2arcsin£+X4—X+C.
2 2

1.2.4. Humezpuposanue no uacmam

DopMy1a HHTErpHpOBaHMs 10 YacTsiM umeer Bua: |udv=uv—[vdu, rae u(x),

V(X) — HenpepbIBHO qudGepeHIupyeMble QYHKIIUH.

Knaccuel gpynxyuit, unmezpupyemuix no vacmsam:

1) [x"e*dx, [x"sinxdx, [x"cosxdx . 3a u npuaumaercs X" (U=X").

2) [x"Inxdx, [x"arcsinxdx, [x"arctgxdx. 3a u B 3TOM Clly4ae IPHUHUMAIOTCS
norapudmuyueckast ujau o0paTHas TPUrOHOMEeTpHYecKast PyHKITHS.

3) [e*sinxdx, [a* cosxdx wu apyrue. BoiGop U u dv paBrocmieH. B stom
cllydae BBIUMCICHHE WHTErPAiOB CBOAUTCS K JIBYKPATHOMY HPUMEHCHHUIO (HOPMYIIbI

WUHTETPUPOBaHUs 10 YacTsM (cM. mpumep 1.14.).

. _1 -

Ilpumep 1.11. Iln xdx =
dx=dv; v=x X

=xInx—fdx=xInx-x+C.

Ilpumep 1.12.

: arcsinx=u; du= ; :
Iarcsm xdx l1_x2 |_—arcsinx dx

o %:dv; v=-1 X +IXV1—X2

14



arcsinx In‘1+ V1-—x? ‘ L C

< x]

arcsin x
=— —Injt+t?-1+C=
X

Ipumep 1.13. Beraucnute uHTErpal | X2 +4dx.

Pewenue. O003HaYNM UHTETPAT

nonmaraeM VX2 +4 =u; dx=dv;
K=[vx?+4dx= 1 X-AX? 44 =2 X
f du = I Vx? +4

U=—-——-2X-dX; V=X
Vx%+4
2
X2 442 ME X-AX24+4-2 4 s
J = [-—dx+8]

dx
VX% +4 \/x2+4_
=x-Vx? +4-2K +8In(x+x/x2 +4)+c:1.

N3 mocneaHero paBeHCTBA BbIPa3uM UCKOMBIA HHTErpall K :

K:%(x-\/xz+4+8|n(x+\/x2+4D+C; 3nrecb C; u C  — mOpou3BOJIbHBIC

ITOCTOSHHBIC.

Ilpumep 1.14. BpiuucnuTh UHTErpal jex cosxdx.

Pewenue. O003HaUNM UHTerpa

X
u=e”";dv=cosxdx; . )
]:exsmx—jexsmxdx:

K = jex cos X dx =
du=e*dx; v=sinx

BTOPOIi pa3 HHTETPUPYEM I10 YACTSIM :
=|lu=e*; dv=sinxdx; :exsinx—(ex(—cosx)—j(—cosx)-exdx):
du=e*dx; v=-cosx

=e*sinx+e*cosx— [e* cosx dx;
3Haunt, nonydeHo paseHcTBo K =e”sinx+e*cosx— K, orkyma Bepaxkaem

. 1 /.
nckoMblid uaTerpan K: K= Eex (sinx +cosx)+C (C — npousBoHas mocTosHHas )

15



1.2.5. Hnmezpuposanue pynkuyuit, cooeprcauiux K6aopammaoli

mpexujieH 6 3Hamenamelie

HNnrerpane Buaa:

Adx Adx

Iax2+bx+c: Iw/ax2+bx+c

IMPUBOJATCA K Ta0IUYHBIM ITyTEM BBIACJICHUA ITOJHOT'O KBaJpaTa B 3HAMCHATCIIC I[pO6I/I.
dx | dx ¢ d(x=3)
x2 —6x +10 (x—3)2 +1 1+(x—3)2

Ipumep 1.15. | =arctg(x -3)+C.

I[JIH BBIYMCIICHUA HHTCTPAJIOB BUA.

(Ax + B)dx (Ax + B)dx

H J‘
2 [y 2
ax“ +bx+c ax“ +bx +c

HAJ0 CHauaja B YUCIHUTENE IpoOu BBIIETUTH AU depeHnran TpexuaeHa aX2 +bx +c,

TO eCTh BhIpaxkeHue (2ax + b)dx .

Ilpumep 1.16.
3-1-(2x)—7
3)2(_7dx=j 22 dx = 3 2xclx -7 de :§In|x2+9|—zarctg§+c.
X< +9 X< +9 27 x“+9 X“+9 2 3 3

1.2.6. Humezpuposanue payuonansuuix opooeii

ParmonanbHoit ¢pynknueit R(X) HaspiBaeTcsi (QyHKIHSI, paBHass OTHOIICHHUIO JIBYX
MHOTOYJICHOB!

Qm(x)  box™+bx ™ e by,

R(x)= =
Pa(¥)  agx"+ax" 4. +a,

rae M U N — 1eJble NOJ0XKUTEIIbHBIC YHCIIa;

16



Ecmu m<n, To R(X)Ha3kiBaeTcst MpaBWIIbHOM APOOBIO, €CIIM M>N, — HEMPABHILHOU

JPOOBIO.
Besikyio HempaBHIIBHYIO JIpOOb IyTEM JEJACHHS YHCIUTENsS Ha 3HaMEHATelb

MO>KHO MPEJCTaBUTh B BUAE CYMMbI HEKOTOPOT'O MHOTOUJIEHA U MTPaBUJILHON APOOH:

Qm(x) _ QI (X)
P00 TR g
rie M, (x), Q(x), Py(X) — MHOTOUNEHH!, gl—g; — paBWJIbHAs APOOb, I<N.
n

Tak kak BCSIKAM MHOTOYJIEH JIETKO WHTETPUPYETCA, TO HHTETPHUPOBAHUE
panMoHaNBHBIX (DYHKIIMI CBOJAUTCS K MHTETPUPOBAHUIO MPABUIIBHBIX APOOECH.
[IpocTetimieii 1poObI0 Ha3bIBAETCS APOOH OJTHOTO U3 CIACAYIONINX YETHIPEX TUIIOB!
A A Mx +N Mx +N

) —:; 2) ; 3) i 4) ;
X—a (x—a)k x2+px+q (x2+px+q)k

rae A, a, M, N, p, q — TOCTOSIHHbIE YHUCJIA,

k>2: k — narypansHoe, p°—4q<0.

JIjist ~HTErpupPOBaHUS TPABUILHOM 1pOoOH HEOOXOIUMO:

1) pa3noXuTh 3HAMEHATENb JIPOOM HA MPOCTHIC JIMHEHHBIC M KBaJpaTHYHbBIC
MHO>KUTEIH;

2) mpencTaBuTh APoOb B BHJE CYMMBI MPOCTEHIINX ApoOeH ¢ HeonpeeIeHHbIMU
Kod(pdunmeHTamu;

3) HaiiT K03 PHUIUEHTHI;

4) mpOMHTErpUPOBAThH MPOCTEHIIINE APOOH.

5 4
X*+Xx" -8
Ilpumep 1.17. Is—dx.
X* —4x
JlpoOb ~—  HempaBWIbHAs, IOITOMY  CHaJajga  pas3geiidiM  YHCIUTENb

MOABIHTETPAILHOM IPOOM HA 3HAMEHATEIIb.
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x° +x* -8 x3-4x
x5 —ax® ’m
x* +4x° -8
X —ax?
4x3 +4x% -8

4x° —16x

4X? +16x —8=4(x? + 4x — 2) — ocTaTOK.

[loapiHTErpanbHas ApoOk 3anMuIIeTCs B BUJE:

5,.,4 2 _
XY +X 8=x2+x+4+4(x + 4X 2).

x3—4x x3—4x

Paznoxxum npaBuibHYO Ipo0h HA TPU MPOCTEHIIne APOOH:

x?+4x-2  x*+4x-2 A B C

= =—+——+ :
x24x  X(X=2)(x+2) X X—-2 X+2
[IpupaBHUBAs YUCIAUTENH, TOJTYUYUM TOXKIECTBO:
X2+ 4% —2=A(X —2)(X +2) + BX(X +2) +Cx (X — 2).

IMpu X =0: -2=—-4A, A:%'

Tlpu X =2: 10=8B, B:%.

IIpu x =-2: -6=8C,C :—%.

Takum 00pazom,

5, .4 2 B
j—x ;rx 8dx=j X2 4 x+4+ 2% :16)( 8 lax =
X~ —4X X~ —4x
1 5 3
W32 — —

:—+X—+4x+4j 2, 4 4 gy
3 2 X X—2 X+2



X3 x?
=—+—+4x+2In|x|+5In|x—-2|-3In|x+2|+C =

3
32 21y _ 95
:X—+X—+4x+lnM+C.
3 2 | X+ 2|
4 a2
X" 43X 5dx

Ipumep 1.18. | 3, o2 1 5y

B nanHom mnpumepe mnojabIHTErpajibHasi (YHKIUS SBISIETCS HENPaBWIbHOU

I[pO6BIO. HYTGM JACICHUA YMCIUTCIIEI HaA 3HAMCHATCIb BBIACIMM ICIYIO YaCTb

paIoOHaIbHOM IPOOH U MPaBUIIHHYIO PAIlMOHATBFHYIO IPOOB:

x4+3x2—5 2x2+10x—5
=X—-2+ 3 5

x3+2x2+5x X° +2X

+5x'

2x2+10x -5  2x?+10x -5

[IpaBuiibHYIO palOHAIIBHYIO JpoOb 3 5 = 5
X7 +2X°+5x  X(X“+2X +5)

OpelcTaBUM B  BUAE CYMMBbl MpocTedmux ApoOeld ¢  HeompeneIeHHbIMU

2x?+10x-5 A  Bx+C

x(x2+2x+5)_ X x242x+5

K03 duLeHTaMu:

[IpuBenst npobu Kk oOIIEeMy 3HAMEHATENI0 U MPHUPABHSIB UYUCIUTENU JApoOel B

JIEBOM U MPABOM YACTAX 3alIMCAHHOIO PABEHCTBA, MOJIyYUM
2x2 +10x —=5= A(X? +2X +5) + (BX +C)x = (A + B)x2 + (2A +C)x + 5A.

[IpupaBHuBast K0O3()PUIMEHTHI MPU OJIUHAKOBBIX CTEMEHSIX X, UMEEM:

X2 A+B=2
X [2A+C =10
x| BA=-5

otkyna A = -1, B=3, C=12. OxoH4aTenpHO MoIy4aem
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4 2
[ 223X g f(x- 2)dx+j( M)d -
x3 +2x2 +5x X X°+2x+5
:(X—Z) —|n|x|+3 wd _

2 +2X+5

_(x—z)2 I(2x+2)dx o] dx

2 x> +2x+5 " (x+D%+4
_(x=2)?

—In|x|+gln|x2+2x+5|+§arcthT+1+C.

1.2.7. Hnmezpuposanue mpuzoHomempuueckux QyHKyuii

PaccmoTpuM uHTErpai Buja: J'Sinm xcos" xdx , m, n — nensle.

a) Ecnmu xoTst ObI OZHO M3 YHCET M KM N—HEYETHOE M IOJOKHUTEIBHOE, TO
UHTErpaj HaXOAWTCA C IIOMOIIBIO  IOACTAaHOBOK: SIiNX =t,cosxdx=dt wmm
cosx =t, —sinxdx =dt.

0) Eciu m 1 N — 4YeTHBIE MOJIOKHUTEIBHBIE YUCIA, TO IPUMEHSIOTCS (OPMYIIBI
HOHUYKEHHUS CTETIEHU:

. 1. 2 1+ cos2x . 9 1-cos2x
smxcosx=§sm2x; cos X:T; sin XzT.

Ilpumep 1.109.

Isin3x I(l cos? X)sinx . _[cOSX=t; __I(l—tz)dt_
A/COS X A/COS X —sin xdx =dt
3

5
:_I%JrItZdt:—z\/er%tZ + C =—4/cosx +§x/cos5x +C.
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Ilpumep 1.20.

2
jcosz <sin® xdx I(l+ c;stj(l—c;stj iy

= %j(l— C0S2X —C0S® 2X +c0s® 2X)dx =

Ly Lsinax —ij(1+ cos4x)dx+ij(1—sin2 2x)d sin2x =
16 16

8 16
= 1x—isin2x—ix—isin4x+isin2x—isin3 2Xx+C =
8 16 16 64 16 48
=ix—isin4x—isin3 2x+C.
16 64 48

B) Eciin mopiHTerpasibHble (PYHKIIMH UMEIOT BUI:

sinmx cosnx, Sinmx Sin nx, cOSmMX coSnx,

rae M # N, To uX nNpeodpasyroT 1o hopmyiam:
: 1. :
sin mx cosnx = E[sm(m + n)x + sin(m —n)x],
: . 1
sinmx sinnx = > [cos(m —n)x —cos(m + n)x],
1
CcOSmMX coshx = E[cos(m — )X +cos(m+ n)x].

r) Wnterpansl ot (ynkiuii, conepxamux tg" X u ctg™ X, tme m u n — nensle,

MPUBOJIATCS K TAOJUYHBIM C y4eTOM (hOpMYIT

1 1
COS™ X SIN™ X COS™ X SIN~ X
Ilpumep 1.21.

[tg® xsec® xdx = [tg° x(1+1tg* x)d (tg x) = [ tg° xd (tg x) + [ tg” xd (tg ) =

:ltg6 x+1tggx+C. 3nech SECX = —— .
6 8 COS X
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1) Muaterpan Buaa j R(sin x,cosx)dx , rae R(u,v) — parmonanpHas GpyHKIHS OT U,

V, BCErja CBOJUTCA K MHTETpaly OT paldOHAIbHOW (YHKIIMH OTHOCHUTEIHLHO HOBOIO

X
apryMeHTa t ¢ momMouib0 nNoACTaHOBKHU: th =1, Torga

X 2 X
. 95 o 1-1975 4 _¢2 24t
sinx = = 51 COSX = = 5y dX=—".
Ilpumep 1.22.
X 2dt 2
tg—=t; dX =—; dt
| dx 97 1+t2° Il+t2 f(1+t) _
-3
SiN"X | ginx = th ( 2t )
1+t 1+t
_Lpde, 1 ﬂ+ij‘tdt:—i+£|n|t|+1t2+C:— +£Intg5 +1tgzi+c.
T4 20t g 8t2 2 8 2| 87 2

X
8tg? =
95

¢) Ecnm moppiHTErpajgbHas (QYHKIHS COAEPKUT TOJIBKO (GyHKIUIO tQ X win
R(sin x,cosx) = R(—sinx,—cosx) (R — dwerHast), TO yA0OHO NMPHUMEHSATH IMOJCTAHOBKY

tg X=t; npu 3TOM

dt ) 1 .2 t2
dx=——-, x=arctgt, cos” x = , SIin“x=
1+1° : 1+1° 1+12
Ilpumep 1.23.
dx t=tgx;
dx COSZX dt
.[ -2 : 2 :I 2 - dx :.[ 2 -
3sin“ X +5cosxsinX +cos”“ X ~3tg x+5tgx +1 dt:coszx 3t +5t+1
[, 5 13
dt 1 6 6 |6tgx+5 \/_|
== . = 3 +C= e
3 ( 5) (@j ﬁ .5, 13‘ \6tgx+5+ 3"
i e 6 "6 6
6 6
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k) Ecmum ¢dysxmus  R(—sinX,cosx) = —R(SinX,C0SX), TO mnpuMeHsACTCS
nojacraHoBka COS X=t. Ecmm R(SinX,—cosx) =—R(SinX,C0SX), TO mpuUMEHsIETCS

MOJCTAaHOBKA Sin X=t.

3

sin” x :
Ipumep 1.24. | 1 dx . O6o3raymm COS X=t, sin xdx=—dt; Toraa
COS™ X
3 2 2
In~ x 1- : 1- 1
IS 7 dx:j#smxdx:j—:(—dt):—jjdH d_2t:
COS™ X COS™ X t t t
:+1t_3—}+C: 1 1! +C.
3 t 3c0sS x  COSX

1.2.8. Hnmezpuposanue uppayuonanonulx QyHKyui

m r

a) HWHrerpasbl Buaa jR(X,X N...,x8)dx cBomsaTcs K WHTErpajam OT

panMoHaNbHOM (PYHKIIMH OTHOCHUTEIBHO Z TIOJICTAHOBKOM X = Zk, roe K — obmmit

. M r
3HaMeHaresb apodend —,...,—.
n S
m r
ax+b\n ax+b)\s
0) Warerpansl BUma I R o ,X |dx. Panmonanmupyromias
cx+d cx+d
ax+b k . ., M r
II0JICTAHOBKA =1", rue K — oOmmii 3HamMeHarenb aApodeit —,...,—.
CX +d n S

1.2.9. Hnmezpuposanue ougppepenyuanvuvlx 6uHomos

PaCCMOTpI/IM HHTCI'pall BUAa
[x™(a+bx™)Pdx

a) Eciu p — mesoe 4uciio, To MPUMEHSIETCs TIOJICTAHOBKA X = ts, rae S — oommit

3HaMeHaTesb Apo0dei M u n.
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m+1

n
0) Ecmu — IEJI0€ YMCIIO, TO TPUMEHSETCS IOACTaHOBKa a-+ bX =15

r7e S — 3HaMeHaTelb Ipoou .

B) Ecin + P — Lenoe YMciIo, TO MPUMEHSAETCS MOACTaHOBKA ax "+b=t5,

r7ie S — 3HaMeHaTeb Apoou p.
Ilpumep 1.25.
x=t°

dx . 6t°dt
=| dx = 6t>dt; =
Jx(\/§+3\/x2) Xt:% =] o3 +t%) =] 4(t+1)

Hpo06b

packiaibIBaeM Ha MpocTeuime 1poou:
4
tr(t+1

e 8t
A(t+1) +Bt(t+1) + Ct?(t +1) + D3t +1) + Et* =1;
t=0 |[A=L

t=-1E =1

t* |D+E=0; D=-1

t* |c+D=0, C=1

t?> |B+E=0; B=-1I

dt m
ft(t+n I___ t I 6I jt+1
65,6 2 6

1 _A,B,C D E
3 2t t+1

=——t2+-t?———6In|t|+6In|t+1|+C =
3 2 t
2 3 6
=+ =~ — —6In|¥x|+6In|1+&¥x |+C =
T Ty SR
2 3 6
= = — _In|x|+In|1+¥x|+C.
T g xR
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Ji

Ipumep 1.26. | dx =[x~ S—xH2qx.

1 -5+1
Tak xkak m= -5, n =4, p =1/2, o m+2_ 54+ = —1 — nenoe uncio. meem ciyuyaii 0)
n

uHTerpupoBanus nuddepeHnuaibHoro ouHoma. Torna
1-x* =t?, xt=1-t?,

—4x3dx = 2tdt, x3dx = —%dt

V1-x* x341-x* 1, t-tdt 1 t?
I 5 dx:j g dx=—7 2 2:__I 2 7 dt
X X 27 (1-t9) 2°(1-t)°@1+1)
t2
PacknanbiBaem 1poOb > 5 Ha npocreiiire Jpoou:
L-t)“[@L+1)
t2 A B C D

= + + + :
L-0)2@+1)% (@1-t)° 1-t @rp? 1+t
[TpuBenst 1poOk k 00IIIEMY 3HAMEHATEIIO U IPUPABHUBAS YUCIUTEIH, TOJTYIHM

AQL+t)2 +BAL-t)1+t)2+CA-t)2 + DA+t)(1-1t)? =t;

t=-14C =1, Cc=1/4
t=1 [4A=1 A=1/4;
t2 |-B+D=0; B =D:;
t® |A+B+C+D=0;

1/4+2D+1/4=0; 2D=-1/2;, D=-1/4; B=-1/4;

_1 t’ d——lj at  1,pdt 1, dt _I.dt _
27 (1-1)%@+1)? 87 (1-t)? T8'1-t 8 1+1)2 871+t

SRS S Y E Y F S 1T BT P S Y
8(1-t) 8 8(1+t) 8 8(1—t2) T8 -t
1vi-x* 1, 1++41-x* 1Vi-x* 1, J1-x*+1

In~———+C=--"-"—"—+-In—>-"—-+C.

__—+_
4 x4 8 1-41-x% 4 x4 4 X2
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2. OIIPEJIEJTEHHBI MHTET PAJI

2.1. ®opmyaa Hororona-Jleiitonuna. 3amena nepeMeHHOI
B OMpe/ieJieHHOM MHTerpasjie. UHTerpupoBanue mo 4acTsMm.

Beruuciienue miomaneu miIocKux puryp

2.1.1. Ecaum f(X) nHenpepoiBHa Ha [a, b] u F(X) — mobas ee mepBooOpasHas Ha 3TOM

oTpe3Ke, To umeeT mecto popmyna HetoTona—JleliOnua

?f(x)dx: F(x) . =F(b)-F(a).

Ilpumep 2.1. BeIYuCIUTh ONIPEACIICHHBIA HHTErpall _[

dx
0vV4—x?

1
Pewenue. j —arcsmx :arcsini—arcsinozz.
0V4-x? -
2.1.2. Ecmu f(x) wnempepeiBHa Ha [a,b], a x=¢ (t) - H©HenpepsBHO

muddepennupyema Ha [C, d], ¢'(t)=0, ¢(c)=a, ¢@(d)=b, T0 cnpasemmBa dopmyna

3aMCHBI HepeMeHHOﬁ B OIIPECACIICHHOM HMHTETPAJIC:

b d
JTO0dx=[ f () ¢ (D)t .

2
Ipumep 2.2. Berancauts onpeeneHHblii uHTerpan | X 24— x2dx .

0

Pewenue.

[Momoxkum X =2sint. Eciu x=0,10 t=0 w2
j X2\ 4 —x%dx = = [4sin®t- 2cost - 2costc
9 dx = 2costdt. Eciu X=2,t0 t=rx/2 9

zl2
=7.
0

zl2 zl2 72 sin 4t
=16 [sin®tcos’tdt=4 [sin®2tdt =2 j(l—cos4t)dt:2(t )
0 0
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2.1.3. Ilycts u=u(X) u v=v(X) — "HenpepbiBHO auddepeHunpyembie GyHKINN Ha

[a, b]. Torma umeer mecto popmMyna HHTETPUPOBAHHUS TIO YACTSIM

b b b
fudv=uv|" —[vdu.
a a a
/6
Ilpumep 2.3. Beruuciautb onpeieleHHbIH HHTEeTpal J'X sin 3xdx .
0
Pewienue.
716 u=x; dv =sin 3xdx;
. /6
[ xsin3xdx = _ 1 =—2cos3x|" +
5 du = dx; v::—gcos3x 3 0
716 1. Jo6 1.7 1
+= [cos3xdx==sin3x| " =ZsinT=—,
35 9 0 9 2 9

2.1.4. [Tnomanp naocKou Gurypel
a) Ilnomanp KpUBONMHEMHON Tpameiud, OTPaHHYEHHON MNPSAMBIMH X=a, X=Db,
(a<b), ocwro Ox u HenpepoiBHOU KpHuBoi Y=F(X) (f(X)>0), Beruncnsercs mo Gopmyiie

b
S =[f(x)dx.
a

Ipumep 2.4. Haiitn miomans oONACTH, OrpaHHYCHHOH IHHESIME Y=X+1 u
y=9-x.

Pewienue. Tloctpoum oOmacte (puc. 2.1). Haxomum aGcrmcebl  TOYEK
y:x2+1

, X2+1:9—X2, X2:4, X =+2. Tak kak dQurypa
y:9—x2

nepeceuenus: A, B: {

CHUMMETpUYHA OTHOCUTEILHO ocu OY, TO

2 2 2 302 64
S :2!;[(9—x2)—(x2 +1)]dx=2£(8—2x2)dx=2(8x—§x3) =3
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Puc. 2.1
Ipumep 2.5. Haiitu miomans (GUIYpsl, OrPaHMYCHHONW IMHHAMEH Y=X°, Y=4X,

2x+y-3=0, x>0 (puc. 2.2).

y y =4x
=3-2X
005 1\
X
Puc. 2.2

Peuwenue. Haxonum abcumccel Touek nepeceuennst A u B. Torna

0,5 ) 1 ) 11
S= [ (@x—x%)dx+ [(B—2x—x)dx ==.
0 05 12

0) Ecaum d¢urypa orpaHdycHa KPHBOH, 3aJaHHOH IapaMeTPUUCCKUMHU

ypaBHeHusiME X = X(t), Y = Y(1), o <t < B, mpsimbivu X = @, X = b u ocwro OX, TO
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p
S = [y(x'(t)dt,

rae a = X(a), b = x(B), y(t) >0.

Ilpumep 2.6. Haiitu riomaab GUrypbl, OrpaHU4eHHON ITUKIOUI0M
{x =a(t—sint),0<t<27

ny=a, (a=0).
y=a(1— cost) U TIPSIMOH Y (a=0)

Pewenue. [ HaX0XKACHUS IPEIEIOB UHTETPUPOBAHNA 110 t pemaeM cucremy

{y:a(l—cost); 7

= cost <0, zstS—
y>a 2 2

[Tnomans Gurypet AJACBB; (puc. 2.3) BeIpaskaeTcsi HHTETPaIOM

3n/2 3n/2
S = a’ | (1—cost)?dt = a2 [ (§— 2cost + COSZt) dt = a2(4+3_nj _
/2 /2 2 2 2

ITnomane  npsmoyronehuka — AAB;B  para Sy =SapBB = a’ (2+m),

TaK Kax A(a(g—lj;aj, B(a(%n +lj;aj .

Hckomas miomans S =S1 —So = a2(4+37n) - a2(2+ n) = a2(2+£j .

2
y
2a F----------» ¢ y=a
A
0] A Bi 2ma X
Puc. 2.3
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B) Ilmomans cexTopa, OrpaHMYECHHOIO HENPEPHIBHOM KPHUBOH B MOJSPHBIX
KoopauHaTtax p =p (@) u aydamu =o, =0, (0t>[3), BeIpakaeTcss HHTErPAIOM

B
1
S =§Ipz(<p)dcp-

o

Ilpumep 2.7. Haiitu mnomanbs (GUrypbl, OrpaHMYEHHOM YacThiO JIEMHUCKATHI

2
2 o 2 2 _a
— y©), nexariei BHyTpH OKPYXKHOCTH X < + y“ = 7 .

Pewienue. YpaBHEHHE JIEMHHCKAThl bepHyIM B MOJAPHBIX KOOPAWHATAX,

Bepuymm (X 2 y2)2 = a’ (x 2

2 2

p° =a“Ccos2¢, a OKPY)KHOCTH p = (puc. 2.4).

a
NA

p? =a®cos2¢;

Pemraem cucremy: _a Orcrona
\/E,
2 /6 2 /4
a 2 1 1l 1 1
— =a“cos2p, coS2p=—, p=—.—S =51+Sy) == —d +— | a“cos2pdo =
5 ® 9= 9=, S =545 I ) an/a pde =
2 2 o z/4 2 2 2
_ar.a Sin2¢ _ar. a 1_ﬁ _a 1+£——3;S=a2 1+£__3.
4 6 2 2 ;6 24 4 2 4 6 2 6 2

Puc. 2.4
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2.2. BoluncJjieHue UIMH 1yT KPUBBIX. Boluncienue 00 beMoB

Ecnmu mmockas kpuBasi 3amaHa ypaBHenuweM Y=f(X), rme f(X) — HempepbIBHO
muddepenimpyemas Gpynkius, a<x<b, to mmHa | mxyru 3ToW KpHBOH BBIpaXKaeTCs

HUHTCI'pAaJIOM
b
| = [\1+(y")%dx.
a

Ecnu e kpuBast 3ajana napamerpudeckuMu ypasaeHusMu X=X(t), y=y(t) (a<t<p),

B
1o 1= [/ (x{)? + (yf)2dt.

AHaNOrMYHO HAXOAMTCS JUIMHA TyTHM NPOCTPAHCTBEHHOW KPUBOM, OINKCAHHOU

napameTrpuieckumu ypaBHeHusMA: X = X(t), y = y(t), z=z(), a <t <P

p
N2 N2 N2
= )+ (1) + @)t
o
Ecnu 3amano nosisipHoe ypaBHeHue KpuBoi p = p(¢), o < ¢ < 3, To
B
I=[{p?+(p)dp.

a

Ecin mnomaae S(X) ceueHuss Tella IUIOCKOCTBIO, MEPHeHIUKY/sipHOH ocu OX,
SIBIIICTCSI HEMIPEPBIBHON (yHKIMEH Ha oTpe3ke [a, b], To 0ObeM Tela BBIYUCISETCS 10
dbopmyne

b
V =[S(x)dx.
a

O6bem V Tema, 00pa3oBaHHOTO BpaileHHeM BOKpPYr ocu OX KpHUBOJHWHEWHOU
Tpamneiuu, orpannueHHoN kpuBoi Y=f(x), (f(X)>0), ocbro abciuce u npssMbIME X=a 1 X=b

(a<b), BeIpakaeTcst UHTETpaIOM

b
V =z f2(x)dx.
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Ilpumep 2.8. BpuuciuTh JUIMHY IyTU KPUBOU y2 = X3, OTCEYEHHON MPSAMOU

X :g (puc. 2.5).

w| s
=

B

Puc. 2.5

Pewenue. Inuna nyru AOB paBHa yJBoeHHOU ayiuHe 1yru OA.
s g1
y=x2, y':EXZ. Torna

4

2 3
1 3 9 4
—l=lgp =1+ =VX | dx=|,/1+—=xdx=—
2 (2 ) { TR

1
£1+9xj2d(1+ 2xj=
4 4

3
9 \2
4(“4)() a3 g 56 56 112
s3] " (43’2—1)— 1=2.22=

ot—.w\h
O W |

o 27

AR A

N w

X = (t? — 2)sint + 2t cost;

Ilpumep 2.9. BpuucnuTh JIMHY JIyTU KPUBOU
y =(2-t%)cost + 2tsint,

ecim t msmensiercs ot t;=0 o tr=m.

Pewenue. [Iluddepennupys no t, momyuaem
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x| = 2tsint + (2 — 2)cost + 2cost — 2tsint =t2 cost,

y; =—2tcost — (2 —t?)sint + 2sint + 2tcost = t*sint,

OTKYyJa \/(xt’)2 + (yt’)2 = Jt“ cos’t+t*sin?t = \/t4(coszt+ sinzt) ~t%,

T ) t3
CnegoBarensHo, | = [tedt = —
0

Tcn3

0

IlIpumep 2.10. Haiitu mymny nyru kapauouzasl p=a(l+cose ), (a>0, 0<p<2r)
(puc. 2.6).

Pewenue. 3necbpg, = -asing, \/(pép)z + p2 = \/2a2 (L+coso) =

= ‘/4a2 cos2 @ _ 2 (:os9
2 2

T
. B cunty cummerpum | = 2-2aj Cosgd(p = 8a.

0
_
v=> x
273
p=r
(@) 2 0=0
_3z
=7
Puc. 2.6

3ameuanue. 1locTpoeHNE JTMHUM BEAETCS B NOJIIPHOM CHCTEME KOOPAHMHAT IO
TOYKaM, KOTOpbIE€ B JIOCTATOYHOM KOJIMYECTBE 3aMMCHIBAIOTCA B BHUJE TaOJHUIIBI HMX
KOOpJHHAT.

Ilpumep 2.11. Haiitu ob6beM Tena, 00Opa3oBaHHOTO BpailieHueM BOKpyr ocu OX

UT'Ypbl, OTPAHNYCHHOMN IMHISIME 2Y = X° 1 2X+ 2y —3=0 (puc. 2.7).
yp p p
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Pewenue. Haiinem aGciiucchl TOUEK MepeceueHus KPUBBIX

. .3-2x 3 _x*_3

X 2
=— Xi—=——=X;X“"+2X-3=0: % =-3, X, =1.
y > Iy > > > "5 1 2
y

A

i 2x+2y-3=0

-3 o) X

Puc. 2.7

Hckomplii 00beM €CTh Pa3HOCTh JIBYX 00BEMOB: oObeMa Vi Tena, MOIy4yeHHOTO
. . . . 3
BpAIllCHUEM KPUBOJWHEHHOW TpaIrennuu, OrpaHnIeHHON TIPSIMON Y = 57 X (-3<x<1),

u obbema V, Tena, TMOJYYEHHOTO BpAIlllEHUEM KPUBOJIMHEHHOW Tpameiuy,

2 b
OrpaHUYCHHOW mapaboson Y = X2 (-3<x<1). Ucnonezys popmyny V = nj f2(x)dx,
a

HUMCEM

V, =V, -V, = ﬂfs(g—x]zdx—z}(x;jzdx :_”j@_szd@_xj —

1X4
—th—dX:—n
54 3
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2.3. HecoOcTBeHHbIE MHTErPAJIbI

2.3.1.Hnmezpanvt c 6eckoHeuHbIMU BPede1amu

(HecoOcmeennbvle unmezpanvl nepeozo pooa)

Ecnu  ¢ynukums  f(X) wHempepsiBHa mpm a < X<+, TO HECOOCTBCHHBIM

MHTETPAJIOM IIEPBOT0O POJA HA3BIBACTCA CIEAYIOLINMI ITPEIEIIL:
+00 b
[ fOx)dx = lim [ f(x)dx. (2.1)
a b—+x a

Ecmu cymecTByeT KOHEWHBIM Tpenesn B mpaBod wactu Qopmyisl (2.1), To
HECOOCTBEHHBIM HWHTErpan Ha3bIBA€TCA CXOJSMIIMMCS; €CIU K€ JTOT Tpelen He
CYIIECTBYET WUJIU PABEH 00, TO PACXOAITAMCH.

AHaJIOTUYHO OIIPCACIIATOTCS HECOOCTBEHHBIE HHTCTPaJIbl

4 (dx = alimj F(x)dx.
&) c b
J;f(x)dx::aylgpi f(x)dx-+b9£20£ f(x)dx.

+00
Ilpumep 2.12. Boruncnutb I e dx.
0

Pewenue. Umeem:

0

b
je‘3xdx:: lim je‘3xdx:: lim [—~%e‘3x
0

]:1 lim (1—e3b)=%.

0 b—+o0 b—+oo 0 b — +o0
+00 dX
Ilpumep 2.13. Beruucnuth .[ — -
Co X5 +2X4+5
Pewenue f(x)= L = L —  HempepbiBHAsS  (QyHKITHS
' x> +2x+5 (x+1)°+4
Ha (—o0;+0);
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© dx % dx o dx
J 2 _J 2 + 2 '
S XTH2X+5 S XS+ 2X+5 g XS +2X+5

O dx 9 dx (1 11 a+1) 1 1 =z
[ ———=Ilim [———— = lim | Zarctg~ — ~arctg——~ |=—arctg = + .
XS+ 2X+5 a0 44 (x+1)° am—w\ 2 2 2 2 2 2 4

T dx B dx (1 b+1 1 1\ n 1 1
Iz—:llm _[—Zzllm —arctg—— ——arctg— |=———arctg—.
X“+2X+5 boreg 44 (X4+1)7 bowe| 2 2 2 2) 4 2 2

0

F dx T
Torna I ——F—=T—. WNnrerpan cxoaurces.
X“+2X+5 2

—00

2.3.2. Humezpansl om HeozpaHuueHHbIX PyHKYUl

(Hecodcmeennvie unmezpavt 6mopozo pooa)

Ecmu  f(X) wnempepbiBHa mpu a<x<b u B Touke X=D HeorpaHwmueHa, TO

HEeCOOCTBEHHBIM HHTCI'PpaJIOM BTOPOT'O pOJga HA3BIBACTCA
b b—¢
[ f0)dx = lim [ f(x)dx. (2.2)
a e—>+0 3

Ecnu cymiecTByeT KOHEYHBIM Tpeaen B mpaBoil dactu (opmyinsl (2.2), To
HECOOCTBEHHBIN HMHTETpal HA3bIBACTCA CXOMSIIUMCS, €CIH K€ OTOT TMpeaena He
CYILIECTBYET WUJIU PABEH O, TO PACXOASIINMCS.

AHaJIOTUYHO OIpe/IesIeTcss HHTerpai u B ciydae f(a) =zoo.

Jt') f(x)dx = 8I_i)m0 ? f (x)dx. (2.3)

a+e

B cayuae, korna f(c)= o, ¢ e(a,b), To

b c—¢ b
[f)dx= lim [ f(x)dx+ lim [ f(x)dx.
3 e—>+0 3 8—>+OC+6

— -

1
Ilpumep 2.14. BolunciuTh WIK YCTAHOBUTH PACXOJAUMOCTh j
o X
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1 : .1
Pewenue. f(x)=— - mnenpepeiBia Ha (0,1], [lim f(x)= lim — =+,
X2 Xx—>+0 x—=>+0 X
1 dx y
CrnenoBaTenbHO, J' — —  HECOOCTBEHHBI  HWHTErpall  BTOPOro  poja.
0 X
Yax 1y 1 tdx 1
I—Z =——l.=—1+—. J.—Z = lim | =1+ = |=+00, TT03TOMY, HHTETPAJ PACXOIUTCA.
c X X e 0 X &—+0 &

3. ®YHKIINU HECKOJIBKUX ITEPEMEHHBIX

3.1. IlonsaTHe PYHKIIUM HECKOJIbKHX MEePeMeHHBbIX

[Tycth D — mpou3BOJIbHOE MHOKECTBO TOYEK N—MEpPHOrO apu(pMETHUIECKOrOo
npoctpancTBa. Ecmu kaxmoir Touke P(Xp,Xp,....Xn)€D TOCTaBIEHO B COOTBETCTBHUE
HekoTopoe aciictButenbHoe uucio f(P)=f(X1,Xy,...X,), TO roBOpsIT, 4TO HAa MHOXecTBe D
3a1aHa yKciaoBas QyHKIMsS f OT N MepeMEeHHBIX Xi,Xz,...Xn. MHOKecTBO D Ha3biBaeTCs
obmacteio omnpenenenus, a MuoxkectBo E={ueR|u=f(P), PeD} — obnacteto 3HaueHui
byukuun U=f(P).

B uvactHOM ciiyuae, korma N=2, QyHKIHMIO IBYX mepeMeHHbIX Z=f(X,y) MOXHO
n300pa3uTh rpaduuecku. Jius 3Toro B Kaxaon touke (X,y)eD BeruuciseTcs 3HAUYCHUE
byukmun  z=f(x,y). Torma Ttpoiika umcen (X,y,2)=(x,y,f(x,y)) ompenenser B cucreme
koopauHat Oxyz Hekoropyr Touky P. CookymHocth TO4ek P(Xy,f(X)y)) oOpasyer

rpadpuk dyuxuun z=f(X,y), npeacraBnsrommii co0OH HEKOTOPYI IOBEPXHOCTh B

IIPOCTPAHCTBE R®,
3.2. lIpeaen u HenpepbLIBHOCTH (PYHKIINH HECKOJIbKHX MepeMeHHbIX

Yucno A waseiBaetrcs mnpeaenom ¢ynkiuu U=f(P) mpu crpemiienun Ttouku

P(X1,X2,...,Xn) Kk TOouke Pg(aiay,...,an), ecau mig mobdoro &>0 cyimecTByeT TakKoe

5>0, uYro W3  ycnoBHUs 0<p(Pl,PO):\/(Xl—al)2+...+(xn—an)z<6 creyer

| f (X1, X5,.., Xp)— A< &.Ilpu3TOM NUIIYT:
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A= 1lim f(p)= lim f(x;,X5,....X%,)-
P—)PO X1 —>aq
Xo—ao
xn.;an
®ynxkuus U=f(P) HasbiBaeTcs HenpepbIBHOMN B Touke Py, ecnu:
1) dynkmusa f(P) onpenenena B Touxe Py;

2) cymectyer lim f(P);

P—)Po
3) lim f(P) = f(P,).
P—)PO

(DYHKI_II/UI Ha3bIBACTCA HerepBIBHOﬁ B O6J'[aCTI/I, CCJIM OHa HCIIPpCPbIBHA B Ka)K,[[Oﬁ

Touke 3Toi obmactu. Ecnu f(P) onpenenena B HeKOTOpoi OKpecTHOCTH TOUKK Py XOTs
Obl ogHO n3 ycioBuit 1)-3) HapymieHo, TO Touka P, Ha3bIBaeTCsl TOYKOH pa3pbIBa
¢byukuuu f(P). Touku paspbiBa MOTYT OBITH M30JUPOBAHHBIMH, OOPa30BBIBATH JIMHUH

pa3pbiBa, MOBEPXHOCTH pa3phiBa U T. 1.

3.3. InddepennupoBanue GpyHKINH HECKOJIbKHX MepeMeHHbIX

3.3.1. Yacmnoe u nonnoe npupawienus Qynkyuu

[Mycts z=f(X,y) — yHkuus nByx He3aBUCHMBIX mepeMeHHbIX U D(f) — oOmacTh ee
onpenenenus. BwibepeM mpou3BonmbHYIO Touky Py(Xg,Yo)e D(f) m mamum X,
npupanieHue AX, OCTaBisis 3HaueHHe Y, HeusMeHHbIM. Ilpu stom dynkuus f(X,y)
HOJIYYHT MIPUPAICHUE!

Az =0T (X0 Yo) = T0% + A% Yo) = (X, Yo).
DTa BeMYMHA HA3BIBACTCS YacmHbim npupaujenuem @yuxyuu f(X,y) mo X.

AHaJIOrM4HO, cunTas X, MOCTOSHHOM U JaBas Yy, npupaiueHue Ay,

MOJIyYHM yacmHoe npupawenue ynxyuu Z=Ff(X,y) mo y:

AyZ =Ayf(X0,y0)= f(XO’yO +Ay) - f(XO’yO)'

38



Ilonnvim npupawenuem gynxkyuu z = f(X,y) B Touke Py(Xq,Yy) HazpBaeTcs
npupamnieHie AZ, BBI3BIBAEMOE OJHOBPEMEHHBIM IIPHpAIIEHUEM OOCHX HE3aBUCHMBIX
HEpEMEHHBIX X U Y

Az = Af (X01 yo) = f(xo +AX, Yo +Ay)_ f(Xo’ yo)-

['eoMeTpHUecKr 4dYaCTHBIE TMPUPALICHUS W IIOJHOE MpHpalieHne QYHKIHN

2(Ayz, Ayz, A7) MOXHO M300pa3suTL COOTBETCTBEHHO OTpe3kamu A B;,A;,B, n A;B;

(puc. 3.1).

/EZ <—Az

----------------- P3(Xg + AX, yg + Ay)
1(Xo +AX, Yo) 0 °

\
~Y

X PO(XO’yO) P2(x0,y0 + Ay)
Puc. 3.1

Ilpumep 3.1. HaitTu 4yacTHbIE U MOJHOE MpUpanieHuss QyHKIUN Z = Xy2 B TOYKE
Py(1,2), eciu AXx=0,1;Ay =0,2.

Pewenue. BeranuciuM 3Ha4€HUS
Az=F1152,0) - F(-12) = (X + AX) Y5 — X ¥E = Axys =0,1-4=0,4;
Ayz=1(10:22) = f(L2) =X (Yo +AY) = Xo¥§ =2XoYoAy + Ay® =
=2.1.2-0,2° =084
Az = f(112,2) - £ (1;2) = (X + AX)(Yo +AY)® — Xo¥5
=11-2,2% 1.2 =1,324.
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Ecmm u=f(X,y,Z), TO s Hee paccMaTPUBAIOTCS YaCTHBIC MPHUPAIICHUS

AU, Ayu, A,U 1 nonHoe npupaiienue Au.

3.3.2. Yacmmnuwie npouszeoonsie

Onpeoenenue. YactHoit mnpousBoanoit ¢ynkiuu z=f(X,y) mo mnepemMeHHoO#i X

HAa3bIBACTCS MPCACIT OTHOIICHUA YaCTHOT'O IIPUPAIICHUS (I)YHKI_[I/II/I AXZ K IMPpUPALICHUTIO

AprymMcHTa AX , KOrJa IOCICAHEE CTPEMUTCS K HYIHO.

lim f(Xg +AX, ¥g) = F (X0, Yo)
AX—0 AX .

YactHyro mpousBoaHyo pyHkumu z = f(X,y) mo mepeMmeHHOW X 0003HAYaIOT

CHUMBOJIaMH

&, o(xY)

7 CfU(X,Y).
T o % (X, Y)

Takum o6pazom,

f (X, + AX, — f(x
oz _ lim Az _ lim (Xo Yo)— f( o,YO)'
OX Ax—0 AX  Ax—0 AX

Onpeodenenue. YactHoit mnpousBognoit ¢GyHkiuu z=f(X,y) mo mnepemeHHoU Y

Ha3bIBACTCsl TIPE/IeII OTHOLICHUS YaCTHOTO TPUpPAIleHuss pyHKIMU Ay Z K NPUPALICHUIO

aprymeHnTa Ay, KOrja IOCJIETHEE CTPEMUTCS K HYJIIO!

g: |im£: lim f(XO’yo +Ay)_ f(xo,yo).
oy -0 Ay A0 Ay

! Gf(x’y),f);(x,y)

[IpumenstoTcst Takke 0003HAYCHUS Zy,

YacTHble MpUpaIeHUs U YacTHbIE MPOU3BOJIHbIE (YHKIMH N MEPEMEHHBIX TPU
N>2 ompenenstorcs W 0003HAUAIOTCA  AHAJIOTMYHO. Tak, Hampumep, MyCTb

TOYKA (X1, X9 ,eery X yooy Xp)  — TIPOU3BOJIBHAA (UKCUPOBAaHHAs TOYKa M3 00JacTH
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ompenenenus GyHKmuH U = f(Xy,X5,...,X,). IlpuaaBas 3HaueHHIO TIEpEeMEHHOMN

X, (k =1,2,...,n) mpupaienue AX, , paCCMOTPUM Ipeel

lim F Xy X F AKX ey X)) = F (X ey Xy ey X)) |
Ax,—0 Axk

DTOT mpeneNt Ha3blBaeTCs YaCcTHON Mpon3BoaHON (1-To mopsaka) qaHHOW (QYHKIUH I10

IIEPEMEHHON Xj B TOYKE (Xq,X5,..., X,) 1 0003HAUaETCS

ou '
— mwm f, (X, %X, X))
axk Xy ( 1172 )
Ilpumep 3.2. Haiitu a—ua—ua—u rae U= x2yz® + x+ yZ.
ox oy oz’

ou
Pewenue. JInsa HaxoxIeHUs x cuhTaeM Y, Z KOHCTaHTamH, a (YHKIIHIO
X

u= x2yz3 + X+ y2 — dyHKIIMEH oHOM mepeMeHHoi X. Toraa

2—“=(x2yz3 Xy, = 032, + (0] + (Y2,
X
=2xyz® +1=0=2xyz® +1.

ou
AHAJIOTHYHO MOYKHO TTOJIYYUTh. — = X2~ + 2V, P =32°X"Yy.
yA

YacTHBIMH  HPOM3BOAHBIMH  2-T0  mopsaka QyHKouu U= f(Xq, Xy,..., Xp)
HA3bIBAIOTCS YAaCTHBIC MPOM3BOIHBIC OT €€ YaCTHBIX MPOU3BOJHBIX IEPBOrO IMOPSJIKA.

[Ipon3BogHBIC BTOPOTO MOPSAKa 0003HAYAOTCS CIICIYIOIIMM 00pa3oM:

o (ou) d%u _
= - Xka (Xl’XZ’ ’X )

an 8Xk axlf
aau_azu_ (XXX )
oX; \ OX, ) O%;0% i (X %)
UT. .

AHanoruaao OIpCACIAIOTCA U 0003HAYAIOTCA YaCTHBIC IMPON3BOAHBIC TTOpsAAKA

BbIIIC BTOPOTO.
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Ilpumep 3.3. Haiftu 4YacTHBIE MPOM3BOJHBIE BTOPOTO TOpsaKa s (yHKIIUH

2=" .
y2
Pewenue.
a_1.a__2x
P y2 "oy ys’

3.3.3. lonnwtii ougpghepenyuan ghynkuyuu

Homueiv  npupamenuem Qynkmun  f (X, X, X)) B Touke P(X Xp,...,X,),
COOTBETCTBYIOIIUM NPHUPALICHUSIM apryMEHTOB AX;,AX,,..., AX,, Ha3bIBaeTCs Pa3HOCTb
AU = (X + AXy, Xg + AXy ooy Xy + AX, ) — T (X, X540, X)) . @yHKIHS U=F(P) Ha3BIBaeTCH
nuddepeHpyeMoil B Touke (Xq, X5 ,...,X,), €CIM B HEKOTOPOH OKPECTHOCTH 3TOMN

TOYKH TIOJIHOE TpHpanieHrne QYHKIUU MOXKET OBbITh MPEACTAaBICHO B BHUJE

AU = A -AXy + Ay - AXy +...+ A, - AX, +0(p),

rIe ,c):\/Axl2 +AX§ +.. 4 ALA,., A, — uHcia, He 3aBHCAINE  OT
AX1, AXo yooy AXpy

[Momabemv muddepernnanom du 1-ro mopsaka GyHkmmm U= f (X, X5,...,X,) B
TOYKE (Xq,X5,..., X,) Ha3bIBACTCS TJIABHAS YAaCTh MOJHOTO MPHUPAICHHS STON QYHKIUH B

paccMaTpuBaeMOU TOUYKE, JIMHEWHAs: OTHOCUTEIBHO AXq,AXs,..., AX,, TO €CTh

du = AAX; + AyAXy + ...+ A AX, .
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HuddepeHnmansl HE3aBUCHUMBIX TMEPEMEHHBIX IO OMPEACTICHHIO MPHHUMAIOTCS
PaBHBIMH UX TIPUPAIICHUSIM:

dx; = AXq, dXy = AX,,..., dX, = AX,,.

Hus  nosnnoro auddepennuana ¢ynkuun U = f (X, X,,...,X,,) cOpaBeaiuBa

dbopmyna

du = u dx; + u dx2+...+a—udxn.
OXq X5 OX,,

Hpumep 3.4. Haitrn nonusiii qmubdeperunan pyuxumn z = In(y ++/x% + y?).
Pewenue.

@: 1 . 2X _ X
Ky eyt 2yt ryily eyt

0z 1 y 1

— = |1+ = :
N y+x*+y? ( 1/x2+y2j X2+ y?
xdx dy

S s e

[Tonuet  muddepeHman  MUCHoNb3yeTCs Uil  MPUOJMKEHHBIX BBIYUCICHUN

dz =

3HayeHU QyHKiuu. Tak, Hampumep, Jas (QyHKIUU JBYX mnepeMeHHbIX Z = f(X,Y),
3aMenssn AZ ~ dz, momydum
f(Xo +AX, Y, +AY) = f(X,,Y,)+df (Xq,Y,)-

Ilpumep 3.5. BpraucauTh NpUOIMKEHHO ¢ MOMOUIbIO MOJHOrO AuddepenHunana

arctg 1’97—1 :
1,02

Pewenue. Paccmorpum  pyHKIIHIO f(x,y)= arctg(x —l) . [pumenss

BbIIIEYKa3aHHYIO (POPMYITY K 3TOM (PyHKINH, TOTYyUUM
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arctg( X+HAX 1} ~ arctg(5 — 1j + arctg(ﬁ — j - AX + (arctg5 — 1) - Ay
y + Ay y y X y y
WJIH, TIOCJI€ COOTBETCTBYIOIIMX TPE0Opa30BaHUM,

X+ AX X y X
arctg( —1j ~ arctg[— —~ )+ AX — Ay .
y + Ay y y2 +(x-y)? y2+(x-y)*

[Tonoxum Teneps X=2, y=1, Ax=-0,03, Ay=0,02. Torga

arctg(2 OOS—ljzarctg(g—ljJr 21(_0’03) 55 2 5+ 0,02=
1+0,02 1 1°+(2-)° 1°+(2-1)

=arctgl - % -0,03-0,02 = % -0,015-0,02~0,75.

3.3.4. lughgpepenuyuposanue cnoxcrvlx u Hesa8HBIX PYHKUUIL

Oyukmus  z=f(u,v), tme u=@(X), v=y(X), Ha3BIBaETCS CIIOKHOW (YHKIUCH
nepeMeHHbIX X W Y. IS HaXOXKICHHsI YacTHBIX TPOM3BOJHBIX CIIOXKHBIX (DYHKIIUH

UCIIOJIB3YIOTCS CIIEAY IO POPMYJIbL:

dz oz ou 82 oV,

OX ou 0OX 6v ox’

@_a o a

oy ou dy v oy

B ciyuae, korma u=@(x), v=y(Xx), oyaer: z = f(o(x),y(X)) — dyHkums omHoiM
MIEPEMEHHOMN U, COOTBETCTBEHHO,

dz oz du 82 dv
dx audx 8v dx’

o u
Ilpumep 3.6. Haiitu yacTHBIe MPOU3BOJHBIE (DYHKIIMU Z =arctg—, rme U=x+y,
\Y

V=X-Y.

7 0z z
Pewenue. Ilo hopmyrne o :8_ a—u o 98 UMEEM:

OX ou ox 09 oX
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1 u
0z v 2 —u+v
A~ V2,1+ V2.1: 2 2
OX u u us +v
1+— 1+—
v v
AHaJIOTUYHO
1 u
0z - 2 u+v
u u us+v
1+— 1+—
v v

Ecnu ypaBuenue F(X,y)=0 3amaet HexoTopyto GpyHkiuio Y(X) (B HeIBHOM) BHIEC U

Fy (X y)#0, 1o
dy _ Fixy)
dx  Fy(xy)
Ecmu ypaBHenme F(X,Y,z) 3amaer dyHkuuio aByx nepeMeHHbIX Z(X,Y) (B

HesiBHOM BHJe) U F, (X,Y,z) # 0, To cipaBeuTMBBI (POPMYIIBL:

a_ Ry, a_ Fky?)

x  F(xy2 & Fxy2)

Ilpumep 3.7. HaiiTu yacTHble NpPOU3BOJHBIE (YHKUUU Z, 3aJaHHON HESBHO
ypaBHEHUEM XYZ + x> - y3 ~23+5=0.

Pewenue.

oz yz+3x° 3’ +yz,

X xy-3z2 3z22-xy’

oz xz-3y* xz-3y°

oy xy-3z% 3z2-xy
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3.4. KacareqbHasi IVIOCKOCTh M HOPMAJIb K NOBEPXHOCTH

Ecnu moBepxHOCTh 3ajaHa ypaBHeHueM Z=f(X,y), TO ypaBHEHHE KacaTeIbHOU
II0CcKOCTU B Touke Mo (Xg, Yo,Zg) K AaHHOM MOBEPXHOCTU UMEET BUJ!
! !
z—2o = f,(Xg, Yo)(X=Xo) + (X0, Yo)(Y = Yo),
a ypaBHEHHME HOpPMaJlHM, TNPOBEACHHOH uepe3 Touky M (Xq,Yq,Zp) MOBEPXHOCTH,

TAKOBO.

X=Xo _ Y=Yo _Z-1%
fx(Xo:¥o)  fy(Xo.¥0) -1

B ciywae, xoraa HesBHOe ypaBHEHHE MMOBepXxHOCcTH TakoBo: F(X,y,2)=0, To

ypaBHEHME KacaTeIbHON MIIOCKOCTH B Touke M (X, Yq,2Zo) UMEET BUJ
Fe (X1 Yo, 20)(X=X0) + Fy (X0, Yo, Zo)(Y — Yo) + F, (X0, Yo, 20)(2 = 2¢) =0,
a ypaBHEHHE HOpMaJH

X=X oYY, 277
F (X0 Yo.20)  Fy(X0:¥0:Z0)  F (X0, Y0:20)

Ipumep 3.8. 3amnucatb ypaBHEHHUS KacaTeIbHON IUIOCKOCTH W HOPMAId K
OJIHOIONOCTHOMY rurepbononay X +2y% —z2 —5=0 B Touke Py(2;-1;1).
Pewenue.
Fy (X0, Yo:20) = ZX‘ p, =4
Fy (X0 Yo, 20) = 4Y|p, =4
F,(Xg,Y0,2p) = —22‘ Py = -2.
[TosTOMY ypaBHEHHE KacaTeIbHON IIOCKOCTH K TAHHON MOBEPXHOCTH 3aITHIICTCS
B Buae 4(X—2)—4(y+1)—-2(z—-1) =0 wm 2X—-2y—-2-5=0, a ypaBHEHHE HOPMAJIH
— B BUJIC

Xx—-2 y+1 z-1 Xx—-2 y+1 z-1
= = N = = .
4 -4 -2 2 -2 -1
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3.5. OkcTpeMyM (PYHKIUMHM HECKOJIbKHUX MepeMeHHbIX

®Oyukrus U= f(p) umeer makcumym (MHUHUMYM) B TOYKE PO(Xf X3, x0),
€CIM CYIIECTBYET Takasih OKPECTHOCTh TOYKH Py, s Bcex Touek P(Xq, Xy ..., X,)
KOTOPOH, OTIAMYHBIX OT TOukH Py, BbmonHsercs HepaeHcTBo f(Py) > f(P)
(cootBetctBenHno: f(P,) < f(P)).

Heobxooumoe ycnosue sxcmpemyma. Ecmu quddepenumpyemas dpyuxmus T (P)
JOCTHTAaeT IKCTpeMyMa B TOUKe Py, TO B 3TOH TOYKE BCE YacTHbIC MPOM3BOHBIE 1-T0
TOpsIIKa fX’k (P)=0, k=12,..,n.

Touku, B KOTOpPBIX BCE 4YaCTHBIC MPOM3BOJIHBIC PABHBI HYJIO, HA3bIBAIOTCS
craroHapHeIMU Toukamu Gyakmuu U = f (P).

Llocmamounvie ycnosus skcmpemyma. B cinyuyae (yHKUUMM ABYX MEPEMEHHBIX
JOCTaTOYHBIE YCIIOBUS JKCTPEMYMa MOKHO C(POPMYJIMPOBATH CIEAYIOLIUM OOPA30M.

ITycts Py(Xq,Yo) — crammonapHas touka ¢yHkuuu Z = f(X,Y), npudem sta GyHKImsA

nBaxabl nuddepeHimpyeMa B HEKOTOPOW OKPECTHOCTH TOYKH Py M Bce ee BTOpHIC

YJaCTHBIE MPOU3BO/IHbBIE HETIPEPHIBHBI B TOUkKe Py. O603HAUNM

A= T3 (X0, Yo), B= Ty (X0, ¥0), C = fy (X0, ¥0), D=AC - B®.
Torna:

1) eciu D>0, T0o B TOuke Py(Xg,Yq) byHkums z = f(X,y) umeer sxcTpemym, a
umeHHO: MakcumyM 1ipu A<O (C<0) u munumym nipu A>0 (C>0);

2) ecin D<0, To skcTpemyM B Touke Py(Xg,Yy) OTCYTCTBYET;

3) eciu D=0, T0 TpebyeTcs TOMOTHUTEIBHOE HCCIIEI0BAHNE.

Ilpumep 3.9. ViccnenoBatb Ha SKCTpeMyM (DYHKIUIO Z = x3 + y3 —3xy.

Pewenue. Haiinem yacTHble Npou3BojAHbIE 1-ro mopsiika W TpUpaBHSIEM HUX

HYJIIO.
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0z 2 0z 2
—=3(X*-y)=0;, —=3(y° —x)=0.
o ( y) ; (y )

ITonydaem cucremy:
x> —y=0;
y? —x=0.
Pemras cucremy, Haiinem ase cranuonapssie Touku Py (0,0) u P, (1,1). Haiinem
YaCTHBIE MPOU3BOIHBIC 2—T0 MOPSIKA:
2 2 2
/4 z z
6_2:6)(; 8_:_ : 6_2:6y
OX OXoy oy

3arem coctaBuM AuckpuMuHant D = AC — B? mst KaxkI0M CTalMOHAPHOW TOYKH.

2 2 2
Juia Toukn Pj: A:822P: ; :8ZP:_ :EP:O; D=-9<0.
ox2 1 oxoy ' oy
CnenoBaTenbHO, 9KCTpeMyMa B Touke P, Her.
2 2 2
g Touknm Py A:aZZP:6; B:£P=—3; C=EP=6;
OX 2 axay 2 8)/2 2

D=36-9>0; A>0.CnenoBarensHo, B Touke P, QpyHKIHI nMeeT MUHIUMYM, PaBHBIN

3.6. HauGoJib111ee 1 HaMMeHbIIee 3HAYEeHUs PYHKIIUU

HECKOJIbKHX IIEPEMECHHBIX B 33MKHyTOﬁ o0J1acTH

®Oyukmus zZ = f(X,Y), onpenencHHas u HepepbIBHAs B 3aMKHYTOR obmact D ¢
rpanuneit I° u auddepenuupyemas B OTKpbITOM obmactu D, mocturaer coero
HarOOJIBIIIETO0 U HAMMEHBIIIETO 3HaYCHHUH (TI100aTbHBIX SKCTPEMYMOB).

Touku T7100aBHOTO IKCTpEMyMa CJICIyeT MCKATh CPEIU CTAIllMOHAPHBIX TOYCK

¢dyskumu f B oTkpbITOM 00:1acTi D 1 cpemu Todek rpaHuIs /.
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Ilpumep 3.10. Haiitu HauOosiblliece W HaUMEHbIIEE 3HAUYCHUS (DYHKIIUU
x3+3x2+6y2 2 2

zZ=¢ B obyactu X° +Yy° <1.
Pewenue. I'pannua obnactn D X% + y2 =1 — okpyxHocTs paanyca 1. Cuenaem

yeptex (puc. 3.2).

OKPY)KHOCTB paS6I/IBaCT INIOCKOCTh Ha JABC YacCTH. KOOpZ[I/IHaTBI TOYCK Kpyra

YIAOBJIIETBOPSAIOT HEPABEHCTBY X2 + y2 <1. Hailigem cTaniMoHapHbIe TOYKU (PYHKIUU Z B
Kpyre.

7' = (3x2 + 6x)e* X 8" _; :> {sz +6X=0;

z, _12ye* +¥+6Y° _g y =0.

Mz(:Z;O) -1 1 X

Puc. 3.2

Pemas 3Ty cucremy, Haxoaum Juisd GyHKINH Z 1Be cTaiimoHapHble Touku M, (0;0)
u M, (-2;0). Kpyry npunamnexur touka M4(0;0); z(M;) = e =1.

Haiinem HamOosiblliee W HaWMEHbIIEe 3HA4YCHHE (PYHKIMA Z Ha OKPYKHOCTHU
x2+y2=1. Ha omeii y>=1-x% xe[-Ll]; z=2(x)=e* ¥ *6  Iuecem
2(-1) =e?;z() =e*. Janee, pemwas ypasuenne 2z'(X)=(3x%- 6X)eX3_3XZ+6 =0,

HaXOJMM CTallMOHApHYIO Touky: X =0e (-11); z(X)=12(0)= e,
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Urak, Oy YHM CIICYIOIINE 3HAYCHHMS byHKIMN Z:
z(My)=1 z(-10)= e?: z(L0)=e*; z(0:1)=e®. Orcrona BU/THO, 9TO

Z,s =2(00)=€®, z,.  =2(0;0)=1.

Han HanM.

Ecau I'paHHuIIa I’ cocTouT U3 HECKOJIBKUX qaCTeﬁ, TO HAaWMEHBIIICE U HAauOOJIbIIIEEe
3HA4YCHUC (I)YHKI_[I/II/I Z Ha T'paHULEC I CJICAYCT UCKATb CpCau HauOOJIBIINX U HAMMCHBIIIUX

3HAYCHUM (PYHKIIMU HA KKJION U3 YacTel TpaHUIIbI.
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4. TNOPEPEHIINAJIBHBIE YPABHEHUS ITEPBOI'O ITOPAJIKA

B o0miem cnyuae nuddepenimanbHoe ypaBHEHUE MIEPBOTO MOPSAKA MOKET OBITh

3aIlIMCaHoO B BUJC

F(x,y,y")=0 (4.1)
WM, €CITH Pa3peIInTh €ro0 OTHOCUTEIBLHO Y', B HOpMaIbHOU GopMme
y'=f(x,y). (4.2)

Pewenuem nuddepeHmanbHOrO ypaBHEHHsT Ha WHTepBajie (8,B) Ha3bIBACTCS

takas Qynknus Y = @(X), KoTopas IIpu MMOJCTAHOBKE B yPaBHEHUE BMECTO HEU3BECTHOM
(GyHKIMK 00paIiaeT ero B TOXJIECTBO OTHOCHTEIBHO X € (a,8) .

Obwum pewenuem ypaBHEHUS IIE€PBOrO IMOpsAAKa Ha3bplBaeTcs (QyHKIUSA

y=@(x,C), KoTtopas mpu JIOOOM JOMYCTHMOM 3HAYEHUH IOCTOSHHOW C SBIISIETCS
PELIEHNEM JTaHHOTO YPABHEHHMS U BCAKOE pemenne Y = @(X) MOXKET ObITh MPEICTABIEHO
BBHIE Y =¢(X,Cy) 3 CheR.

Teopema Komm. Ecom ¢ynxmms f(X,Y) ompenenena, mempepniBHa M mmeeT

of (x,y)

HETIPEPHIBHYIO YaCTHYIO ITPOU3BOJIHYIO B obOnactu D, coxepkamieit TO4ky

M(Xg,Yo), Torma Haigercss uwHTepBal (Xg—OJ; Xy +0), Ha KOTOPOM CYIIECTBYET
enuHCTBeHHOe  pemenne Y =¢(X) muddepenumanpaoro  ypaBaeHus  (4.2),
yJIOBJIETBOPSIOLIEE HAUYaJIbHOMY YCIIOBHIO Y(Xg) = Y.

[Tapy umcen (Xg,Yo) Ha3bIBAIOT HAaYalIbHBIMH JAaHHBIMU. PemieHusi, KOTopble
noixydarorcst w3 obmero pemenus Y =@(X,C) Tpu ONpeaeIceHHOM 3HAYCHUH

IIPOM3BOJILHON NTOCTOAHHOM C, HA3bIBAIOTCS YaCTHBIMH.
3agaya HaAXOXKJCHHMS YAaCTHOTO PELICHUS, YJIOBJIECTBOPSIOIIETO HAYAIBHOMY

YCIIOBHIO Y = Y, IIpU X = X, Ha3biBaeTcA 3agaded Komm.
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4.1. IndppepeHuunajbHbie YPABHEHUSA

C pasgeJ Al IUMUCH MEPEMECHHBIMUA

YpaBHeHuUE BUaa

P(x)dx+Q(y)dy =0 (4.3)
Ha3bIBaeTCs TUPPEPEHIMATBHBIM YPaBHEHHEM C pa3/CiCHHBIMU IMEPEMEHHbIMU. ETo
o0IMM HMHTErpajioM OyJneT IP(X)dX + I Q(y)dy=C, rtme C - mnpousBoJbHas
MIOCTOSTHHAS.

YpaBHeHuE Bua

M; (X) M, (y)dx + Ny (x)N,(y)dy =0 (4.4)

WITH
3—2(/ = f,(x)- f,(y), (4.5)

a TaKkKe YypaBHCHHUS, KOTOPbIE C TIOMOIIbIO ajdreOpanyeckux MpeoOpa3oBaHuin
npuBoAATCS K ypaBHeHUsM (4.4) wmm (4.5) nHaszwBatorcs auddepeHIraTLHBIMU
YPaBHEHUSIMH C Pa3ICIISFOIIUMKICS IEPEMEHHBIMHU.

Pasnenenue nmepemeHHbIX B ypaBHeHUsAX (4.4) u (4.5) BBIMOIHACTCS CIIEIYHOIIAM

obpazom: ecimu N;(x)#0,M,(y)=0, To pazgenum obe uuctu ypaBHeHus (4.4) Ha
N;(X)M,(y). Ecmn f,(y)#0, To ymHO)RHMM 00e wactu ypaBHenus (4.5) Ha dX wu
pazmenum Ha f,(y). B pesymprare momydnMm ypaBHEHHMS C pa3Ae’ICHHBIMHU

IICPpEMEHHBIMU BU/IA.

ML L NS ()
NO ML (y)

dy
f, (x)dx = .
()dx f,(y)

Jns  HaXOXIEHUSA  BCEX  PEUICHMHM  IIOJYyYEHHBIX  YPaBHEHUH  HYXKHO

dy =0;

MPOMHTErPUPOBATH 00€ YACTH MOJTYUYCHHBIX COOTHOIIICHUH.
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1+ y?
Ilpumep 4.1. Penthb ypaBHeHHE ' =

xy(L+x?)
,_dy
Pewenue. 3amenum Y' = i Pa3nenuB nepemMeHHbIE U UHTETPUPYS, TTOIYUYUM
X
d dx d dx
yy2: 2;Iyy2:I 2, T C-
1+yc  x(1+x°) 1+y X(1+x%)

Pa3noxuM noAbIHTErpalIbHYIO IpOOb HA MPOCTEHIIHE!
1 A Bx+D

ST 2 A=1 B=-1 D=0.
X(1+x°) X 1+Xx

OTcrona

1 2 1 2 .
E|n(1+y ):In|x|—§ln(1+x )+In|C;
In| 1+ x%)1+y?) = 2In|Cx]|.

@+ x?)(1+y?)=C?x? — oGwwmii uHTerpan ypapHeHus. Bbipasus u3 Hero Y,

uMeeM 00111ee pelieHnue ypaBHEeHUs

2,2
yziwfc X2 -1.
1+ X

4.2. Onnopoanbie 1uddepeHuaibHble ypaBHeHus: 1 mopsigka

Oyakmus (X, yY) HassBaeTcs OMHOPOAHON (QYHKIMEH N-TO H3MEPCHHS
OTHOCHTEIILHO MEPEMEHHBIX X U Y, €CIIH TPH JTI000M t CIIpaBeTUBO TOKIECTBO

f(tx,ty) =t"f(x,y). (4.6)
Hampumep:  f(X,y)=x>+3x?y — omHoponHas (YHKUHMS TPETbEr0 H3MEpEHHs
OTHOCHTEIILHO ITEPEMEHHBIX X U Y, TaK KaK

f(tx,ty) = ()2 +3(tx) %ty = t3(x® +3x%y) = t3f (x, y).
Xy
X+2Yy

Oyakmus - (X, Y) = SBIISICTCS  OJHOPOAHON  (YHKIMEH HYJIEBOTO

mmepenns, Tak kak  @(tx,ty) =t%(X,y) = (X, y). @ymkuums X3 +3x%y —x
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OJIHOPOJIHOM He SIBIISCTCS, TaK KakK Uil Hero ycioBue (4.6) He BBIMOIHSIETCS HH TPH
KakoM N.

JuddepeHnmansHoe ypaBHeHHE B HOpMainbHOUW dopme Y = f(X,y) Ha3piBaeTcs
OJHOPOJAHBIM (D (epeHInaTbHBIM ~ ypaBHEHHEM 1-T0  MOPSIKA  OTHOCHTEIBHO
nepeMeHHbIX X 1 Y, eciu T (X, Y) — ogHOpOaHAs (GYHKIMS HYJIEBOTO H3MEPEHHS.

HuddepenunansHoe ypaBHeHue B nuddepenmanbaoit hopme

M (X, y)dx+N(x,y)dy =0
Ha3bIBACTCS OJHOPOIHBIM UG GepeHIMATbHBIM ypaBHCHHEM 1-Tr0 TOpsIKa, €CIIu
byukuun M (X,y) u N(X,Y) — ogHOpomHBIE PYHKIHH OJHOIO M TOTO YK€ H3MEPEHHUSI.
ITpu momorm moAcTaHOBKH Y =UX, rae U(X) — Hem3BecTHas (DYHKIHS, OTHOPOIHOE
ypaBHEHHUE MPeoOpa3yeTcst K ypaBHEHUIO C Pa3AeISTIONIMMUCS TIEPEMEHHBIMH.

Ilpumep 4.2. Pemiuts auddepeHmranbHoe ypaBHEHHE

y
y'=_5-2
«2
y2
Pewenue. 310 opHopoaHOE ypaBHeHue, Tak kak f(X,y) ==, —2 — onxoponmas
X

dbyskus HyneBoro uamepenus. [lonoxum y =ux, y'=uX+u.
Torma ux+u=u®-2, ux=u’-u-2.

dsz 2—U—2, du :dX
dx u?l-u-2 X

—  ypaBHEHHME C  pa3JeiCHHBbIMU

nepeMeHHbIMU. IHTEerprpys, noayunm

jd—u:Id_X llnu—_zzln|x|+ln|C|,
(u—l)z—g X 3 |u+l
2 4
Y
u-2 3,3 X 3 8
il EY S =Cx°, y-2x=Cx*(y+x) -
u+1 X_i_l
X
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— oOmuil wuWHTErpan [aHHOTO YypaBHeHUs. PazpemnB mocienHee pPaBEHCTBO

x(2+Cx3)
OTHOCHUTEJIBHO Y, MOJIydruM 00IIIee pelieHue Y = ol
—Cx
Ipumep 4.3. Haiitu uactroe peurenne ypasaenus (Y2 —3x2)dy +2xydx =0,

YAOBJIETBOPSIOIIEE HAYATbHOMY YCIOBHIO y\ w0 =1.

Pewenue. M (X,y)=2xy, N(X,y)=y?-3x? — ogHopoHbIEe QYHKIHH BTOPOrO

u3mepenus. [logcraHoBka Y =UX, Yy’  =U'X + U NPUBOAMUT YpaBHEHHE K BUIY
(u? =3)du _ dx
u@l-u?) X
WNurerpupys, nonyyaem

f (u-3du _rdx, u*-3 A B
u@l-uw@+u) ?x ull-u)@+u) u 1-u
A=-3, B=-1 D=1
_3Inful+In|1-u|+In|l+ul=In|x|+In|C]:
2

D
+—
1+u

1-u? - LZ
=|Cx; X—=Cx.
u y
3
x?> —y? =Cy® — oGuwii MHTErpaJl JAaHHOTrO ypaBHeHusa. Haiinem dacTHbIN

UHTErpal, YJIOBJIETBOPSIOUIUHN YCIOBUIO

y‘x:O =1, 0-1=C; C=-1
y® = y? — x? — acTHBIIl HHTErPA) yPABHCHL.

4.3. JIuneiinbie quddepeHunaibHble ypaBHeHHs 1-ro nopsiaka

Jluneiinoe muddepennmnanbHoe ypaBHeHne 1-ro mopsiaka B 00meM BUAE MOKHO
3anMcaTh COOTHOIIEHUEM

y'+P(X)y =Q(x). (4.7)

rre P(x), Q(x) 3aJlaHHbIe HETIPEPhIBHBIC (DYHKIIHH.
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JInHEeNHOE ypaBHEHUE MOKHO PEIIATh C TOMOIIBIO 3aMEHBI
y =u(x)v(x),
rae U(X) u V(X) — Heu3BeCTHbIC (QYHKIIUH.

Torna dy vy u dv U ypaBHeHue (4.7) mpumer BUj
dx dx dx

vdu+u(dv+ P(x)vsz(x). (4.8)
dx dx

®yukIuio V(x) mogdupaem Tak, 4ToObI BRIpAKEHUE B CKOOKAaX OBLIO PaBHO HYJIIO,

TO €CTb B Ka4YCCTBC V(x) BO3bMECM OJJHO M3 YaCTHBIX pCI_I_IeHI/Iﬁ YPaBHCHUA

d—v+ P(x)v=0.
dx

IToxcraBnsist Beipaxkenue V=V(X) B ypaBHenue (4.8), moiaydaeM ypaBHEHHE C

PasaCArOmMMHUCA ICPCMCHHBIMHA
du
v— =Q(X).
dx

Haiins oOriiee pemierne toro ypaBHenus B Buge U =U(X,C), momyduum obiiee
pemenune ypasuenus (4.3) y = u(x,C)v(x).

Ilpumep 4.4. Haiitu ob1iiee penieHue ypaBHEHUS

, 1
y' —yctgx =——.
SIN X
[Tomaraem Yy =U(X)V(X), Torma Yy'=U'V+V'U ¥ JaHHOE ypaBHEHHE IPUHHUMAET
BUJI
1, ! 1
uv+vu —UVCthZ_—;

SIn X (4-9)

1
uv+u(v' —vetgx) =——-.
sin x

Pemas ypaBuenue V' —Vvctg X =0, HaxXoaUM OJIHO M3 €TI0 YaCTHBIX PEIICHUI
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dv =Vctg x,y = ctg xdx;
dx Vv

In|v|=In|sinXx|= v =sinx.

[ToxcraBmss V B ypaBHenue (9), monydyaem

, . 1 du 1
u'sinx=——; —= ;
sinx  dx sin®x
X
du = _d2 =u=-ctgx+C.
sin” X

OO011iee pelieHrue UCXOIHOTO YPaBHEHUSI TAKOBO

y=uv=(-ctgx+C)sinx=—-cosx+Csinx.
4.4. YpaBHenus bepny/in

YpaBHenue bepHym nMmeer B
y'+P(Xx)y=Q(x)y", rme m=0, m=1,

Takoe ypaBHEHHE MOKHO NMPOUHTErPUPOBATH C MOMOILBIO MOACTAHOBKUA Y = UV

o 1-m
HJIM CBECTU K JIMHCHMHOMY YPAaBHCHHIO C TIOMOIIBIO 3aMCHBI 7= y .

2
X
ITpumep 4.5. Pemuts ypaBHeHue y' — y_x :

Xy

[Tonaras Yy = UV, IpUBOJUM YpaBHEHUE K BULY

2
v(du—u)+ yu—x— =0. (4.10)
dx X dx uv

du u
YpaBHeHUE & x =0 mmeeT yacTHOE peneHue U = X.
X X

[Toacrapiss U B ypaBHenue (4.10), momydaem ypaBHEHHE

dv X2 dv 1
—X=-—=0, —=~.
dx XV dx v

Ero ob6mee pemenue vV =+-/2x+C . OOmiee pemieHne HCXOMHOTO YpaBHEHUS:

y =X(£/2x+C).
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Ipumep 4.6. Pemuts ypaBHenue bepuymm orHocuteabHo X = X(Y).

x_x _1

dy 2y 2x

[Tomaras X = uv, nosydaem

Jau_ug fav 14 4 (4.11)

dy 2y dy  2uv
du u
YpaBHeHue & 2v =0 umeer yactHOe perieHue U = W . [logcTaBuB QyHKIINIO
y £y

U B ypaBHenue (4.11), nepeiiieM K ypaBHCHHIO

dv y+i=0:>v2 ~in&.

dy 2v.y y

12C 2
Orcrona x:ﬁln —, xX“=yln—.
y

4.5. Iu¢gdepeHnuaibHble ypaBHEHHS B MOJHBIX AU depeHunanax

Vpasuenne P(X,y)dx+Q(x,y)dy =0 (4.12)
HA3bIBACTCSl YPABHCHHEM B TIOJHBIX Ju(depeHImanax, eciu ero jJeBas 4acTh SBIISCTCS

noHbIM AuddepenianoM HekoTopoit GyHkmu U(X, Y), TO ecTh
P(x,y)dx+Q(X,y)dy =du = a—udx + @dy :
OX oy

ITycts dyuxkuuun P(X,y) m Q(X,Y) mempepwiBHO auddepeHIupyeMbl 0 Y U X
COOTBETCTBEHHO B OJIHOCBsI3HOMU obnactu D.

Teopema. [lns Toro, 4roObl ypaBHeHue (4.12) ObUIO ypaBHEHHEM B IMOJHBIX
muddepeHnmanax, He00X0AUMO U JOCTATOYHO, YTOOBI BBIIOIHSIIOCH YCIOBHE

@:@’ V(x,y)eD.

oy oX

OOmmit wmuTerpan ypaBHenus (4.12) B momubix muddepeHmuanax MoOXKHO

3arnmcaTtb B BUAC

58



u(x,y)==C.
®dyukrms U(X, Y) MOXeT ObITh HaiIeHa U3 CHCTEMbI

ou . ou_
% oY) Y =Q(xY). (4.13)

OOmwmit naTerpan ypaHenus (4.12) MOKHO MPEICTAaBUTh TAKIKE B BHJIC

X y
[P(x,y)dx+ [Q(xo,y)dy =C,

X0 Yo
rac (Xo, yo) eD.
Ilpumep 4.7. Pemiuth ypaBHEHUE

e*(xsiny + ycos)dx +e*(xcosy — ysin y)dy = 0.

Q

Nmeem %:ex(xcosy+ cosy — ysiny); P~ =eX(xcosy — ysiny +cosy).

CrnenoBareiibHO, JAHHOE YpPAaBHEHUE SIBIAETCA YpPAaBHEHUEM B  MOJHBIX

maddepenimanax. Haiinem pynkiuio U(X, Y) . Cucrema (4.13) umeet Buz
a—uzex(xsiny+ycosy); a—u:ex(xcosy—ysin y).
OX oy

N3 nepBoro ypaBHEHUS 3TOW CUCTEMBI HAXOUM
u(x,y) =Je*(xsiny + ycosy)dx +p(y) =
=e*xsiny —e”siny +e*ycosy + ¢o(y),

rae ¢o(Yy) — npousBonbHas auddepenimpyemas GyHKIHS.
[Moncrasmsist U(X,Y) BO BTOpOE ypaBHEHUE CUCTEMbI, IMEEM
e*xcosy—e*cosy+e*cosy—eXysiny+o'(y) =
=e”xcosy—e”ysiny = ¢'(y) =0= o¢(y) =C.
CremoBarensno, U(X,y) =e*(xsiny—siny+ycosy)+C.
OOt uHTErpasl ypaBHEHHUS UMEET BUJT

e*(xsiny—siny+ycosy)+C =0.
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4.6. In¢depeHuuaibHbie ypaBHEHUS BbICIINX NOPSAIKOB.

JAudPepennunaibubie ypaBHeHUs, JONYCKAOLINE IOHUKEHHE NOPAIKA

HuddepennmnanbHoe ypaBHEHUE N-TO MOPSAIKa UMEET BU]I

FOGY, Y, Yy ™) =0
w, ecan oHo paspemeno otaocutensro Y o y™ = f(x,y,y',...,y" V). 3anaua
HAXOXKIeHHs permenns Y = @(X) JaHHOTO ypaBHEHHs, yJOBJIETBOPSIOMIEr0 HAYATLHEIM
YCTIOBHAM

(n-1) (n-1)

x=xo = Y0 1

y

X=Xy Yo y’ X=Xy yé)’"" y

Ha3bpIBaeTcd 3amauei Komn.
VYkaxeM HeKoTopble BHIBl AUDPEpeHIINATBHBIX YpPaBHEHHUH, IOIMYCKAIOIINX

HOHIKEHHE TIOPS/IKA.
1. Vpasuenne Buma Y™ =f(x). Ilocnme N—KpaTHOrO HHTErPUPOBAHMS

MoJTyJaeTcs o0lIee pelieHue.
2. YpaBHEHHE HE COJCPKHUT MCKOMOW (PYHKIMU U €€ TMPOM3BOIHBIX J0 MOPSIKA

(k —1) BrurOUMTENBHO:

F(x,y®,y®&D L y™My=o,

[Topsimok  Takoro ypaBHEHHsS MOXKHO TIOHHM3UTh Ha K eIMHUI] 3aMEHOM
y(k) (X) = p(X) . YpaBHEHHUE IPUMET BHU]I

F(X,p,p... p"™)=0.

W3  mocnemHero  ypaBHEHHs, €CIIM  3TO  BO3MOXHO,  OIpEIeNseM
p=f(xC,C,,..,C, ), a3areM HaxXOAUM Yy U3 ypaBHCHUS y(k) =f(x,C4,Cy,....Crx)

k—KpaTHBIM HHTETPUPOBAHHUEM.

3. YpaBHEHHE HE COAEPKUT HE3aBUCUMOU MTEPEMEHHOM:

F(y,y,y"..y™)=0.

[ToacranoBka y' = z(Y) mo3BOISIET HOHU3UTH TOPSIIOK YpaBHEHHS Ha 1.
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Bce mpowusBoanbIe y',y”,...,y(n) BBIPXKAIOTCS 4Yepe3 IMPOU3BOJHBIC OT HOBOM

Hens3BecTHON QyHKImu Z(Y) mo Y:

g e _dzdy e, %z, ()
y=2, y=—=—-—=—+2;, Y =—5-71"4+|—| *Z UT. L.
dx dy dx dy dy? dy

[TomcraBUB ASTH BBIpQKEHUS B ypPaBHCHHE BMECTO y’,y",...,y(n), TIOJTyYUM
mupdepennuansaoe ypasaerue (N —1)—ro mopsiaka.

3ameuanue. Ilpu pemennn 3amaun Komm: HavanbHbIE YCIIOBHS JIy4IlE
UCIIONIb30BATh  HETOCPEACTBEHHO B  Tpolecce pemieHus auddepeHnaaIbHoTo

YpaBHEHUS.

Ilpumep 4.8. Peruth 3anauy Komm
yy'=y*+(y)? y(0)=1 y(0)=0.
Pewienue. JlanHoe ypaBHEHHE HE COJCPKHUT HE3aBUCUMYIO IIEPEMEHHYIO,

dz
nostoMy nosiaraem y' =z(y). Torma y" =12 "y U YpaBHEHHE TIPUHUMAET B/
y

yzg—; —z% 4 y*,

ITyctb yz#0, Torma Mbl Mojdy4aeM YpaBHEHHE bBepHYUIM OTHOCHUTEIIBHO
z=1(y)

dz _z y

3

dy 'y oz’
Pemast ero, HaxoguM Z = +y-|y? +C, . U3 ycnoBust y'=z=0 npu y =1 nmeem

C, =-1, cnemoBarenbHO, Z=1Y-| y2 -1 wmm gy =1y y2 —1. HWnterpupys 5TO
X

muddepeHIMaIbHOE  ypaBHEHUE €  Pa3fesisIOMMHCS — MEPEMEHHBIMH, HMEEeM

1 1
arccos—tx=C,. Ilomaras y=1 u Xx=0, monmyunm C, =0, oTKyna — =COSX HIH
y

Yy =SECcX.
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Octasioch 3aMeTHTh, uTO cirydail Yz =0 He JaeT pemeHui MOCTaBICHHON 3a/1auu

Komm.

5. JUHEHHBIE TU®PEPEHIIUAJIBHBIE YPABHEHUSI
BbBICIHIUX NOPAIKOB C IIOCTOAHHBIMU KOO®OULTUEHTAMU

5.1. JIuHelinble 0HOPOAHBIE U] PepeHIIHATIbHbIe YPABHEHUS

N—ro MOPsiAKA ¢ MOCTOAHHBIMU KO3 PuuueHramMmu
JIuneitHoe onxHOpOIHOE JU(PPEepeHIaTbHOEe YypaBHEHHE N-TO TMOpsIKa C
NOCTOSTHHBIMU KO3((pHULIMEeHTaMU UMEET BUJ
yM +a,y® pa,y™D 4 ta y'+a,y=0, (5.1)
rae a; =const, a; €R.
Jlns  HaxoxaeHuss oOmero pemienus ypaBHenus (5.1)  cocraBisercs

XapaKTEPUCTUIECKOE YPABHEHUE
k" +ak"t+ak" 2+, +a, k+a, =0 (5.2)
¥ HaXoJsITcs ero KopHH Ky, Ks ..., K, . BO3MOXHBI crienyromiume ciydau
1. Bece kopuu Ky, K, ,...,K,, xapakrepuctudeckoro ypaBHeHus (5.2) 1eHCTBUTEIBEHBI
u pasznuunbl. O0mee pemenue ypaBaenus (5.1) Beipaxkaetcs GopMyIioit
y =Ce* 4+ C e 4 +C ek, (5.3)
2. XapakTepUCTHYECKOE ypaBHCHHUE HMEET Mapy OJHOKPATHBIX KOMILICKCHO—

CONpPsKEHHBIX KOpHe# Ky, = ot fi. B popmyse (5.3) cooTBercTByiomas napa 4ieHoB

C,e"* +C,e"* 3amenseTcs cnaraeMeM

e (C, cosPx +C, sinPx).

3. [levictButenbHblii  KopeHb  k;  ypaBHenust (5.2) wmMeeT  KpaTHOCTb
r (k; =k, =...=k,). Torna coorercTytomue I urenos C.e* +...+C e B hopmyne

(5.3) 3ameHsAI0TCS CcaraeéMbIM
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!X (C; +Cox+Cax? +...+C,x" 1),
4. TTapa KOMIUIEKCHO—COTIPSKEHHBIX KOpHEH K, , = a+ 1 ypaBHenus (5.2) nmeer

ki x Ko x

KpaTHOCTH I B aTom ciywae coorBercTByromue I map wieHoB Ce™ +..4+C, e"" B
dopmyite (5.3) 3aMeHSIOTCS cllaraeMbIM

e™[(Cy +CyX+...+C,x" 1) cosPx +(C, 3 +C, oX +...+ Cop x" ) sinpx].

Ipumep 5.1. Peumts ypaBuenme Yy'' —5y"+4y=0. XapakTepHCTHYECKOE
ypasuenne k* —5k?+4=0 wumeer KOpHH ki, =21, ks, =%2. OOmee pemenue
g depeHINaTEHOTO YPaBHEHUS

y=Ce*¥+C,e 7" +Cae®* +Cue 2 .

Ilpumep 5.2. Pemmuts ypaBHenme Y"—2Yy'+5y=0. Xapakrepucruueckoe
ypasaenne k2 — 2k +5 =0 uMeer KOpHHU ki, =1£2i. O0mmee pemenne UMeET BHL

y =e*(C,cos2x +C,sin2x).

Ilpumep 5.3. Pemmmtes ypaBHenune Y"'—2y'+y=0. XapakrepucTuueckoe

ypaBHerne k2 —2k+1=0 wuMeer 2-KpaTHBIA KOPCHD ki, =1, nostomy obmee

PEICHUC NMCCT BUJL
y=e*(C; +C,X).

"

Ilpumep 5.4. Pemnth ypaBHEHHE y'V +8y"+16y'=0. XapakTepucTHUECKOE
ypasuenne k° +8k>+16k =0 mmeer kopum k; =0, Ky3=2i, Kky5=-2i. Obmee

pelnieHne ypaBHEHHUS TAKOBO

y=C;+C,cos2x +Cgsin2x +C,xcos2x + Cgxsin2x.
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5.2. JInneiinble HeoqHOPOAHBbIe U epeHIHATIbHbIE YPABHEHHSA

¢ OCTOSAHHBIMH K03 PUIMEeHTAMH

JluneitHoe HeogHOpOoAHOE AUPPEPEeHLINaTbHOE YpPaBHEHHE C MOCTOSHHBIMU
Kod(pbunmeHTaMu IMEET BHT

yM4a,y™D 4 +a, y+ay = f(x), (5.4)
rae a; € R, f(x) — HenpepbiBHas QpyHKLUS.

ITycto

y=Ciy1 +Coy, +...+Cpy, - (5.5)
— obmiee perrenue oaHopoaHoro ypaBHeHus (5.1), COOTBETCTBYIOIEIO YpaBHEHHUIO
(5.4). Meton Bapualuu TPOM3BOJBHBIX TOCTOSHHBIX COCTOMT B TOM, 4TO oOOIIee
petienue ypaBaenus (5.4) uiercs B BUze

y=C1(X)y; +Co(X)yz +... + Cr(X) Yp,

rie Ci(X),...,C,(X) — HeusBecTHble (GYHKUUMH. OTHU (QYHKIUH ONPEHENIAIOTCS U3
CHCTEMBI

Ci(X)y; +Co(X)y, +...+CL(X)y, =0;
Ci(X)y; +Co(X)yz +...+CL(X)y, =0;

Ci) Y™ 4+ Chx) Yy 4L+ Cr(x)y MY = £(x),
dC; (x)
dx
y"+ p(x)y’ +q(x)y = f(X) nannas cucrema umeeT BHI

{Ci(x) y1 +C3(X)y, =0;
Ci(¥)y1 +Ca(X)y3 = F(X).

rne Ci = — npousBoauble ¢yHkuuii C;(X). ns ypaBHEHHS BTOPOTO MOPSIKA

Ipumep 5.5. Peruntpb ypaBHeHue y'—y' =

1+e”*
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Pewenue. XapakTepucTHUECKOE YypaBHeHHE wumeeT kopuu K; =0, k, =1.
[TosToMy 0OLIEe pelIeHne OJHOPOJHOrO ypaBHeHHsi Oymer Takum: Y =C, +C,e*.
[Tonoxum C; =Cy(x) u C, =C,(x). 3anumem cucremy juist onpenenenus C; = C{(x)
uC;=C5(x):

Ci(x)-1+C5(x)e* =0;
Ch(x)e* =

1+e*

Pemas sty cucremy ypaBHEHUH, MMOJIy4aeMm:

1 1
Co(x)=— ', C{(x)=-
? e’ (1+e%) . 1+¢e*
OTCrO1a
dx e d(e™™ +1) _ ~
C,(x)=- =— | ——dx=[——F=Inle " +1]+C,,
19 I1+eX J.e_x+1 I e_x+1 | 4G
—2X —X
e (e ) dx
C _ ‘i _
2(x)= Ie (l+e ) je‘X I 41 j 41

:J'(e*X —1)dx+jeg)il = —X+I edeX -

1+e
=—e*—x+Inje* +1|+C,,

rae C;, C, — nmpou3BOJIbHBIE IOCTOSIHHBIE,

OOGmiee pernieHre 3aMnIIeTCs Tak:

=In(e ™ +1)+C, +e*(—e ¥ —x+In(Ll+e*)+C,).

6. JUHEHAHBIE HEOJJHOPO/JHBIE TU®®EPEHIIMAJIBHBIE
YPABHEHMUS BBICHIUX ITOPAJAKOB C IIOCTOAHHBIMH
KOS ®PUIUEHTAMH U CIIEIIUAJIBHOM ITPABOM YACTBIO

PaccmorpuMm HeomHOpomHoe auddepeHnaIbHOe YpaBHEHHE N—TO TOpsJKa ¢

MOCTOSTHHBIMU KO3 puienTamMu
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L(y)=y™ +a,y" Y+ +a,y=f(x), (6.1)
rie a; R, f(x) — wnenpepbiBHas @yHkuus. COOTBETCTBYIOLUIMM OJHOPOIHBIM

ypaBHEHUEM OyJeT

y™ +a,y™ P4 t+ay=0. (6.2)
ITycto
k" +ak" ™t +..+a,=0- (6.3)

XapaKTEPUCTUUECKOE ypaBHEHHE s ypaBHeHus (6.2). OOiee peiieHue Y ypaBHEHUS

(6.1) paBHO cymMMe 0OIIEro perieHuss Y COOTBETCTBYIOIICTO OIHOPOIHOTO ypaBHCHHSI
(6.2) 1 KaKOro—JIMOO YaCTHOTO pelIeHuss Y * HeoHOpoaHOTO ypaBHeHus (6.1), To ecTh
y=y+y*

1) Ecmu mnpasas uwacth ypaeHenms (6.1) wumeer Bum f(X) =P, (x)e*,
rne P, (X) —MHOTOWIEH cTemeHu N, TO YacTHOE pemieHne ypaBHeHus (6.1) MoxeT OBITh
HaJICHO B BUJIE:

y*=x"e"Q(x),

e Q(X)=Ax" + Alxn_1 +..+A, — HEKOTOpbli MHOIOWIEH CTEemeHu N ¢

HEOMpeIeICHHBIMU KO3 dUIIMEHTaMHU, a I — YHCII0, TMOKa3bIBAIOIIEee CKOJIBKO pa3 o

SABJIAETCS KOPHEM XapaKTEPUCTHUECKOIO YPABHEHHS.
Ipumep 6.1. Haiitu o6wee peiuenne ypasaerns Y — Y = xe2~.

Pewenue. CocraBisieM  xapakTepucTHUecKoe ypaBHenne k2 —1=0 s

COOTBETCTBYIOILIETO OAHOpPOJAHOro ypaBHeHus. Ero kopum k; =1k, =—1. Tak kak

YHUCIIO 0L =2 KOPHEM XapaKTepUCTHUUECKOro ypaBHeHHUs He siBisiercs, To I = 0. Crenenpb

MHOI'O4JICHA B HpaBOﬁ JaCTH paBHA CAWHUIIC. HOBTOMY JaCTHOC PCUICHUC UIIICM B BU/IC

y* = (ax + b)e?*.
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Haxomum Y’ =(2ax+2b+a)e?*, y"=(4ax+4b+4a)e’* wu, noxcrasmss Y,

y'H Y B ypaBHEHHe, TOTydnM (IOCIIE COKpaLIeHus Ha e2* )

da+4ax +4b—-ax—b=x.

OTKyna HaXOIUM:

X |3a=1, a=1/3
x%4a+3b=0 b=-4/9

VckoMoe YacTHOE pellieHre UMEET BUI:
y* = 1(3x —4)e®,
9
a o011iee peleHne ypaBHeH s OyaeT
x 1
y=Ce¥+C,e™* +§(3x —4)e?*,

2) Ecnu nipaBast yacth ypaBHeHus (6.1) umeet Buj
f (x) = e* (P, (x)cosBx +Q,, (x)sinpx), (6.4)
rae P, (x) u Qn,(X) — MHOrousaeHsl N—if ¥ M—ii CTeleHNn COOTBETCTBEHHO, TOTA:

a) ecau uncina ot ify He SBISIOTCS KOPHSIMH XapaKTEPUCTHUYCCKOTO YPaBHCHHUS

(6.3), To yactHoe pemicHue ypaBHeHus (6.1) uriercs B Buje

y* =™ (ug (X)cosPx + Vg (X)sinBx), (6.5)
rac uS nu VS — MHOT'OYJICHBI CTCII€EHU S C HCOIIPCACIICHHBIMU KOC—)(i)(l)I/IHI/IeHTaMI/I u
s =max{n,m};

0) ecnu uyucaa o tiff SBIAIOTCS KOPHSMH KPaTHOCTH I XapaKTEPUCTHYECKOTO

ypaBHeHwus (6.3), To yacTHOE pemieHue ypaBHeHus (6.1) uiercs B Buje

y* = x"e” (u, (x) cosBx + v, (x)sinBx), (6.6)
rie U, U V, — MHOIOWIEHBI CTENEHH S C HEOIPEJIEIECHHBIMU KO3(Q(QUIUEHTaMU U
s = max{n,m}.

3ameuanmus.
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1. Ecmu B (6.4) P,(x)=0 mm Q(x)=0, To yacTHOe pelleHHe Y TaKxKe
uiercs B Buje (6.5), (6.6), tne S=m (uam S=n).

2. Ecmu ypaBuenwue (6.1) umeer Bux L(y) = f;(x)+ f,(X), To yacTHOe pemieHue

% % %
y* Takoro ypaBHEHHs MOKHO MCKaThb B BHie Y =Y, +Y, , Tae Y; — YacTHOe

pemenne ypaBHenms L(y)=f(X), a Yy, — 4YacTHOE peIIeHHE YpaBHEHHS
L(y) = f2(x).

Ilpumep 6.2. Haiitu oO1iee pemieHne ypaBHEeHUS

y' -y =e*+e?* +x.

Pewenue. CoOTBETCTBYIOIIECE OJTHOPOHOC YPABHEHUE UMEET BH/T

y'-y'=0,

XapakrepucTudeckoe ypapHeHne k2 —K =0 uMmeer KOpHH k; =0, k,=1. OOmee
pelieHre 0OHOPOIHOTO YPAaBHEHUSI:
y=C, +C,e*.
[IpaBast 4acTh JAHHOT'O YPAaBHEHHSI €CTh CyMMa
f(x)= f (X)+ f,(X)+ fa(x) =X +e?* +x.
[TosTOMy HaxXOUM YACTHBIE PEIICHUS IS KaKI0TO U3 TPEX YPABHEHUH:
y'-y'=e’ Y oy'=e® yoy'=x.
YacTHOE pellleHHe TIepBOTO YpaBHEHHMs HIieM B Buie Y; = Axe®, tak kak o =1

SBJISIETCS OJHOKPATHBIM KOPHEM XapaKTepHCTHUecKoro ypaBHeHus u P, (x)=1 -

MHOI'OYJICH HYHGBOﬁ CTCIICHHU. HOCKOHBK}/

! "

y; = AeX + Axe”; yT = Ae* + Ae* + Axe* =2Ae" + Axe”,
TO, IMOACTABJIAA 3TH BBIPAXKCHUA B IICPBOC YPABHCHUEC, UMCCM

2Ae* + Axe* —Ae* — Axe* =e* wm Ae* =e* => A=1uy, =xe*.
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* 2X
YacTHoe pemieHne BTOPOro ypaBHEHHs Oy/eM HaxoIuTh B BHIE Y, = Ae“”, Tak
Kak B IMpaBOM 4YacTM BTOPOTrO YpaBHEHUST O =2 HE SBISETCS KOPHEM

XapaKTEepUCTUUECKOTo ypaBHeHUs U P, (X) =1 — MHOrousIeH HyJI€BOW CTENEHN.

* 1 2X
Onpeneﬂfm, KaK H BbIIIC, ITOCTOSHHYIO A, OoJIy4Yum y2 :Ee . qaCTHOG

*
pellIeHne TPEeThero ypaBHEHHs OylneM HaxoauTb B Bume Y; = X(AX+ B), Tak kak B

npaBoil dYacTh TpeThero ypaBHeHHs o =0 sABIIETCS OJHOKPATHBIM KOPHEM

XapaKTEepUCTUUECKOro ypaBHeHUsT M P,(X)=X — MHOrowieH mepBOH CTENEHH.

! n

Iockombky Y; =2AX+B, Yy, =2A, To, MOACTAaBNSAA STU BHIPAKEHHS B TPEThE

ypaBHeHue, nmeeM 2A—2AX—B—-B =X. [lpupaBHuBas kodhpduinmeHTs mpu X U
CBOOOAHBIC YJICHBI B JIEBOM W MpPaBOM YACTAX PABEHCTBA, IOJIy4aeM CHUCTEMY —

—-2A=1 BA-B =0, orkyna Haxoaum Az—;, B=-1.

x 1
CrnenoBarenbHo, Y3 =—X EX+1 )
CyMMHpysl YacTHBIE DEIIEHHMs, II0Jy4aeM YacTHOE PpEHICHHE Y  HCXOIHOIO
* * * X 1 2X 1
ypaBHEHUs Y =Y, +Y3 =Xe +Ee - X EX +1|. Torma oOmiee perieHue JaHHOTO
HEOJHOPOJIHOTO YpaBHEHUs OyieT
O_ g * X X 1 2X 1
y=y+y =C;+Ce" +xe” +—e”" —x —x+1|=
2 2
2

=C, +(C, + x)e* +%e2X —%x — X

Ilpumep 6.3. Haiitu w4yacTHOe pemieHHe ypaBHeHHs Y"+ Y =4XCOSX,

yIoBJeTBopsitoiee HauanbHbeiM yesoBusM Y(0) =0, y'(0) =1.
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Pewenue. XapakrepucTuieckoe  ypaBHEHHE k?+1=0  umeer KOpHU
ky =1, Kk, =—i. IlooroMmy oOmMM pelIECHUEM COOTBETCTBYIOLIETO OIHOPOIHOIO
ypaBHenuss Y"+y=0 Oymer y=C;cosx+C,sinx. Jling mepBoil 4YacTu ITaHHOTO
ypaBHenus o =0, B=1, P,(x)=4x - wmHorowieH mepBoil creneny; (N=1),
Qn(x)=0 - wmuorowren HyneBoii crenenn (M=0); s=max{l,0}=1 a+if=i
SIBJISIFOTCS.  KOPHSIMU XapaKTEPUCTHYECKOro ypaBHeHHs. [103TOMy dYacTHOe pelieHue
JaHHOrO YypaBHeHus Haxomum B Bujge Y = X((AX+ B)cosx + (Cx+ D)sinx) wumm
y* = (Ax? + Bx)cos X + (Cx? + Dx)sin ..

Haxonum
y* =(2Ax + B)cosx + (2Cx + D)sin x —
— (Ax? + Bx)sin x + (Cx? + Dx)cos x =
=(2AX + B + C? + Dx)cos X + (2Cx + D — Ax? — Bx)sin x;
y* = (2A+2Cx + D)cosx — (2AX + B + Cx? + Dx)sin x +
+(2C —2Ax — B)sinx + (2Cx + D — Ax? — BX)CcOSX =
= (2A+4Cx + 2D — Ax? — BX)cos X + (2C — 4Ax — 2B — Cx? — Dx)sin x.
[Toacrassisist B JaHHOE YpaBHEHHUE, HMEEM
(2A+2ACxX + 2D — Ax? — Bx)cos X + (2C — 4Ax — 2B — Cx? — Dx) x
xsin X + (Ax? + Bx) cos X + (Cx? + Dx)sin x = 4XCOS X.

[TpupaBHUBas KOXPPHUIMEHTHI TpH COS X, SIN X, XCOSX, XSINX B 00enx dYacTsax

PaBEHCTBA, MOJYy4YaeM CUCTEMY

CosX |2A+2D =0;
sin® x|12C-2B =0:
xcos x| 4C — B+ B =4,
xsinx|—4A-D+ D =0.

Pemas sty cucremy, Haxomum A=0,B=1C =1 D =0. Torna
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y* = XCOSX + X2 sinX.
y=y+y' =C1cosx+Czsinx+xcosx+x25inx.

oyner
Tak  kak

Ob6mee  pernieHue

C,sinX + C, COS X + COS X — XSiN X + 2XSin X + X% COS X .

Haxomum y'=-—
y(0)=0,y'(0)=1 o 0=C,,C =C, +1. Takum obpazom, C; =0,C, =0. Iloacrasnss

3Hauenuss C;=0,C, =0 B oOmee pemeHue, TMOIYYUM YACTHOE PpELICHHE

y = XCOSX + X2 sinX.
Ilpumep 6.4. Onpenenuth BUA YaCTHOIO PEIICHHS JUHECHHOTO HEOIHOPOIHOTO

muddepeHmanbHOro ypaBHeHUs, e€clii W3BeCTHBI KopHU K; =3-2i, Kk, =3+2i ero

XAPAKTCPUCTUICCKOI'O YPABHCHUA U €TI0 IIpaBasd 4aCTb

f (x) = % (cos2x +sin 2x)..

Pewenue. B mpasoii wactu a=3,B=2,P,(x)=1Q,(X)=1 — MHOrouneHsl

HysneBod cremend, oEXPi=3121 SABIAOTCS KOPHSAMH  XapaKTEPUCTHYECKOTO

ypaBHeHus. [109TOMy uacTHOE penienue OyaeT UMETh BU]
y* =xe**(Acos2x + Bsin 2x),

rae A u B — HeomnipeenenHbie KOADPUITUEHTHI.

7. CACTEMBI JUPPEPEHIIUAJIBHBIX YPABHEHU.
METO/J UCKJIOUEHHMA. METO/I DJIEPA PEILIEHUS
JUHEMHBIX CUCTEM C TOCTOSIHHBIMHA KO3 ®PUIIUEHTAMU

7.1 HopmaJjibHasi cucTeMa N—ro nopsiika 00bLIKHOBEHHbIX

au(pPepeHINATBHBIX YPABHEHU I

HOpMaJ'[LHaH cucreMa N-ro ImopsiakKa O0OBIKHOBEHHBIX I[I/I(b(bepeHHI/IaHBHI)IX

YPAaBHEHHH UMEET BUJ]
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dxq
—= =1, (t, X, X5 1000, X1 )5
dt 1 1172 n
dx,
—= =, (t, X, X5 e Xp );
at 2\l Xq, X5 n
dx,
= (t, X, X500 X)),
dt n 1172 n
rie t — He3aBucuMas MEpeMEHHas; Xq, Xo,..., X, — HEU3BECTHbIe (YHKIUH OT

t; f,, f,,..., f, —3anannbIe QyHKIMN.

Meroa WCKIIOYEHHS HEU3BECTHBIX COCTOUT B TOM, YTO JaHHas CHUCTEMa
OPUBOIUTCS K OAHOMY Au(EepeHIInaTbHOMY YpPaBHEHHIO N-TO TMOpSAIKAa C OIHOU
Hen3BecTHON (DyHKIMeH (MM K HECKOJIBKUM YpPaBHEHHUSM, CyMMa MOPSIKOB KOTOPBIX
paBHa N). [yt 3TOTO MOCeI0BaTENbHO TUPPEPESHIUPYIOT OTHO U3 YPABHECHHI CHCTEMBI
Y UCKJTIOYAIOT BCE HEU3BECTHBIC (PYHKIIMU, KPOME OJTHOM.

Ilpumep 7.1. Haiitu obiee pereHne cucreMsl TudepeHuanbHbIX YpaBHEHHHA

dx _y dy y(x+2y-1)

dt t dt t(x-1)
¥ YaCTHOE pEIICHUE, YI0BJICTBOpsItoNIee HadalbHbiM yeioBusaM X(1) =-1 y(1)=4.

y't-vy

. 3ameHssd
2

Pewenue. JIluddepenupyem mnepBoe ypaBHenwme mo . X" =

3mech Y' ee 3HAYCHHWEM W3 BTOPOTO YPABHEHUS CHCTEMbI W TOJACTaBIsAs Y = X't,

HalJICHHOE W3 TIEPBOI0 YPaBHEHHUs, MOJIYYHM ITOCIE YIPOIICHUS ypaBHEHHE BTOPOTO
2 ( Xr)Z

X—1
I/IHTCFppreM OTO YPAaBHCHHUC, IIPCABAPUTCIILHO ITOHMKAA HOpHI[OK:

: »_dp dp 2p dp 2dx
X'=p; =p(x); X"'=—/p, —=—-; —=—"T—:
Pi P=p() dxp dx x-1 dx x-1
dx 1 Ct+C, -1
—C,(x-1?% —=C(x-1?% ——— =Ct+C, x="btT>2"-
PGS g =Gl T =G G Ct+C,

nopsiika X" =
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Juddbepennppys 3Ty QyHKIHIO U ITOICTABIISASA B BRIpaXeHHE Y = X't, momydnm
Cit
Y=—"""""3"
(C,t+Cy)
OO61mMM peleHneM JaHHOU cUcTeMbl TuddepeHInanbHbIX ypaBHEHUM Oy 1eT
X:C1t+C2—l y= Cit
1 - 2 .
JU1st HaX0KI€HUSI YACTHOTO PEUIEHUS MTOACTABUM HadallbHbIE YCIOBUS

R

x(D)=-1, y@®)=4. TIo -1 D A=——,
@ y() Ty HIM C.+C, € +C,)

OTKyJla

Clzl, C2:—;

CnenoBarenbHO, HCKOMBIM YaCTHBIM PELLIEHUEM CUCTEMBI OyAeT rnapa QyHKIIHi:

(ASS A
2t-1' (2t-1%

Ilpumep 7.2. HaiitTu oO1iee pemeHne CuCTeMbl

dx ¢ dy _
— =2y—-5x+e, —=x-6y-e
a7 dt ¢

2t

Pewenue. TuddepenuupyeM mepsoe ypasrernue: X" =2y’ —5x’+e'. 3amensem
1
y' ee 3HAUYEHHWEM M3 BTOPOrO ypaBHEHHUS W IOJCTaBJIsIEM 3aTeM Y :2(X’+5X—et).

[ToayurM IMHEWHOE HEOMAHOPOTHOE YpPaBHCHHE BTOPOTO MOPSAKA C IMOCTOSHHBIMH
ko3 purmenTamu

X" +11x" +28x = 2e 2 + 7et,

Ero obmiee pemenne

t4Ce 4 Lo, 7o
2 40

X = Cle_4

(mosmydyeHO Kak cymMma OOINEro pemeHUs X = Cle_4t +C Ze_7t COOTBETCTBYIOIIETO
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OJIHOPOJIHOTO YpPAaBHEHUS M YACTHOI'O PEIICHUS X"‘zse_2t +406t HEOJIHOPOIAHOIO

ypaBHEHHUS).
[MoncTaBiisist X 1 X' B BBIpOKEHUE TS Y, TIOTYIHM

3 a1 4

1 ., ty L _a 7t 2t
=—(xX'+5x-e)=-Cie " -Coe "+ e "+ ¢
y 2( ) 2 1 2 10 40

OOGriee pernieHrne UCXOTHON CUCTEMbI UMEET BU/T

_ _ 1 _ 7
x=Cpe ™ +Ce 7t+ge 2y el

1. _a 7t 3 ot
=—Cie " -Ce " +—e " +—¢
y 51 2 10

7.2. JIuHeiiHAs OJHOPOAHASI cCHCTEMA N—T0 MOPSAKA
€ MMOCTOSTHHBIMH KO3(pduuueHnramMmu

JIunelinas OHOpOaHAsA CHUCTCMaA N-ro InopsAaaKa C IHOCTOAHHBIMUA

Kod(dpurmeHTaMu UMeeT BUT

dx

dx, :
dx,

_dt =ad Xy +a X+ + A X,

rae a; =const, a; € R, X; — HensBecTHbIC QYHKIMH OT L.

I[aHHYIO CUCTCMY MOJKHO 3aIllMCaThb B ManH‘-IHDfI (bopMe

dX

=2 = AX,
dt

Tac
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d

&1 @ ... @ Xy dt
8 8 e @ o, | X2 dX _ ax,
A= , X= v T | dt
Ay Ay .- Xp dx,

dt

[Ipu pemieHun nUHEHHOW cUcCTeMbl AU(PGEpEeHIIUATBLHBIX YPAaBHEHUM METOJI0M

Dilliepa 4acTHBIE PELICHUsI CUCTEMBI UIyTcs B Buae X =Ve X e V£0 - MarpuLa—

croibern, kK j— amcIo.

Ecmn xopuu Ky, K,,..., k,, xapakrepuctudeckoro ypaBuenusi det(A—KE)=0
JICHCTBUTEIILHBI M Pa3JIMYHbI, 00IIIee PEIICHUE CHCTEMBI HIMEET BH/IT

X =C\V e +C\V,eft 4+ C oV, ekt
C,,Cy,...,C, — mNpOU3BOJIBHBIE MOCTOSHHBIE, V i~ COOCTBEHHBI BEKTOP—CTOJIOCIT
MaTpHIbl A, COOTBETCTBYIOIIMIA uncay K, To ectb (A—K i EV j= 0, rne E — equanuHas
MaTpHUIIA.

3ameuanue. Ecnu km,lzm — mapa IPOCTHIX KOMIIJIEKCHO—COIPSKEHHBIX KOPHEU
XapaKTePUCTUUYECKOTO YpPaBHEHHs, TO WM COOTBETCTBYIOT JiBa JICHCTBUTCIIBHBIX
YaCTHBIX PELICHUS Re(\/mekmt); Im(\/mekmt), rne Rez, Imz — nelicTBUTENBHBIE U

MHUMBIC YaCTHU Z.

Ilpumep 7.3. HaiiTu oO1iee pemmeHne CHCTeMbl

%:x—2y+22;
dt

y :
— =X+4y -2z,
& e

z

— =X+5y -3z,
a0

¥ 4acTHOE perrenue, yaosierBopsioriee yenosusm X(0) =1, y(0) =-2, z(0) =0.

Peuwienue. CocraBisgeMm u peuiacM XapakKTCPpUCTUICCKOC YPABHCHUC
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1-k -2 2
1 4-k -2=0 (k*-k-2)1-k)=0, k;=-1 k,=1 k=2
1 5 -3k

Haxoaum coGcTBeHHBI BEKTOP V4, COOTBETCTBYIOIIMIA KOpHIO K; = —1:

vi) (1l -(-) -2 2 (v 0

vz )1 5 -3 (DA\v; 0
2vy — 2V, + 2v5 =0; Vo =—Vy; 1
Vi +5V, —2vy =0; = vy =-2v;; =V =| -1
vy +5v, —2v3 =0; v, #0; -2

AHaJIOrn4HO HaxoJuM COOCTBCHHBIE BCKTOPLI

1 0
V2: —1, V3: l,
-1 1

cooTBeTcTBytomue K, =1, Ky =2.

OOGriee pernieHrne CUCTEMbI TAKOBO!

1 1 0
X = CVeMt + CV,e* + CVae*d =Cy| —1 et +C,| -1 et +Cy| 1 o2;
-2 -1 1

nJIIn
—t t.
x=Cie " +C,e’;
y=—Cie™t —C,e' +Cue?;
—t t 2t
JIisi HaXOXXIEHHsS YacTHOTO pEIICHHs] TMOJACTaBUM B oOmiee pemienue t=0,

X=1y=-2,z=0uonpenenum C;, C,, C; U3 N0oJIy4eHHOI1 CUCTEMBIL:
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1:C1+C2; C1:—2;

—2:—C1—C2+C3;:> C2:3;

C=-2C,-C, +C4 Cy;=-1.
Hckomoe yacTHOE pelieHne

x=-2e ' +3e'y=2et —3e' —e:z=4e7t —3e' —e?',

dx _
— =2X -3y,

Ilpumep 7.4. Haiitu o011iee pernieHue CUCTEMBbI dt

y_

— =3X+ 2Y.
dt

Pewenue. XapakrepucTUUECKOE YPABHEHUE

2-k -3
=0; k®-4k+13=0
3 2-Kk

) ) . v
nmeer KopHH K; =2+3i,k, =2-3i. Haxogum coOcTBeHHbIH BekTop Vi = ( 1),
vy

. : —3iv; —3v, =0,
COOTBETCTBYIOIIUNA KOpHIO K; =2+ 3I U3 CUCTEMBI: . [lomaras v, =1,
3v; —3lv, =0.

1

1 i 1 2t isi
Vleklt:( -Je(2+3|)t:[ _jGZt(cos3t+isin3t): e2t(c_033t+_|sm3t) .
—i —i e (sin3t—icos3at)

noygnMm V, = —i =V, =£ j CocTaBuM BbIpaKCHHE

3nece  ucmonbsoBana  Qopmyaa e @A —e®(cos ft +isin At).  Cormacho

3aMCYaHUIO, A1BA YaCTHBIX PCIICHUS PICXOI[HOﬁ CHUCTCMbI UMCIOT BHU /]

2t 2t
Re(\/le"lt):(e cosst} Im(\/leklt):{e cothJ.

e?tsinat —e?sinat

OOmmM peleHreM CUCTEMBI Oy IeT
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e?tsinat —e?sinat

X 2t 2t
x:( j—ClRe(Vleklt)+C2Im(\/1ek1t)—C1[e °°S3tJ+c2[e C°S3tJ
y

N

x = C,e? cos3t + C,e?' sin3t;

y =C,e®'sin3t — C,e? cos3t.

7.3. 3aja4u TUMHAMMKH, PUBOASIINE K PellIeHUI0

AU PepeHINAIBHBIX YPABHEHUH

K 3amaue nuHaMUKA TOYKH, TPHUBOMSIIMICH K pemeHuio auddepeHImanbHbIX
YPAaBHEHHM, OTHOCATCS T€ 3aJa4d, B KOTOPBIX ONPEAECIAECTCA JIBUKECHUE TOYKH IO
3aJJaHHBIM CHJIaM. CI/IJ'IBI, HeﬁCTBYIOHlHe Ha TO‘-IKy, MOFYT 6BITB KaK IIOCTOSAHHBIMHU, TaK
1 3aJaHHBIMUA CI)YHKLII/IHMI/I BpeMeHI/I, KOOp):[I/IHaT, CKOpOCTI/I, TO €CThb

F,=F (X Y,2,XY,2),

F,=F,{XxY,2,%Y,2)

F,=F,(t,x,y,2,X,Y,2).

Pemrenne TaKHUX 3a1a4 CBOJUTCA K HHTCIPUPOBAHUTIO CUCTCMBI

mudpepeHIMAIbHBIX YPAaBHEHHUH IBM)KCHHUS TOUKH. B KOOPAUHATHOU (hopme

mX = F,;
my = Fy; (7.1)
mz=F,,

WM B €CTECTBEHHOU (opme

mﬂ:Ft;
dt
2
Im-F: (7.2)
yo,
O: Fb'
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B sTux ypaBHeHMsX moj F moHuMaeTcs paBHOAEHCTBYMOLIAas BCEX CHJ, B TOM
YpClle M PeakiMil CBs3€d, eClid TOYKa He CBOOOIHA. IIp¥ MHTErpHPOBAHHUU CHCTEMBI
ypaBHeHuii (7.1) B oOlieM ciydae MOSBISETCS IIECTh HPOU3BOJIBHBIX ITOCTOSHHBIX,
KOTOpBIE OIPEACIIAIOTCS [0 HAYalbHBIM YCIOBMSM. 1107 HaYaabHBEIMH YCIOBUSMH
JBIKCHHS TOYKH [TOHMMAIOTCS 3HAYEHHUS KOOPAMHAT M HPOEKIHHA CKOPOCTH TOYKH B
HavyalbHBI MOMEHT JBHKEHUS, TO €CTh pu t =0

X=Xy, Vy=Xo;
Y=Yo: Vy=Yo;
2=12y, V,=12,.

Ecau nBuKeHME TOUKM MPOMCXOAUT HA IUIOCKOCTH, TO 4Yucio ypaBHeHui (7.1)
COKpAIIIAETCs JI0 ABYX, 4 YUCIO HAYadbHBIX YCIOBHUI 10 YeThipex. [Ipu IBIKEHUU TOYKH

no npsiMoii OyaeM uMeTh OAHO uddepeHInanIbHOe ypaBHEHHE M JBa HayallbHbIX

YCIIOBUSL.
[Tpu peleHuu 3a1a4 TI0JIE3HO PUAECP)KUBATHCS clenyrouen
[10CJIEAOBATEIILHOCTH.

1. CocraButh nuddepeHimanbrHoe ypaBHEHUE TBUKCHHUS.

a) BBIOpAaTh KOOPJMHATHBIC OCH, TOMECTHB MX HAYAJI0 B HAYAIBHOE IMOJIOKCHHE
TOYKH; €CIIM JIBHKEHUE TOUYKH SIBISICTCS TPSIMOJMHEHHBIM, TO OJHY M3 KOOPIMHATHBIX
ocell caenyeT MPOBOIUTH BJOJb JIMHUN IBUKCHHUS TOYKH, 0) N300pa3uTh JABMKYIYOCS
TOUKY B MPOU3BOJIHHBINA TEKYIIMH MOMEHT ! M MOKa3aTh Ha PUCYHKE BCE JIEHCTBYIOIINE
HAa HEE CWJIbl, B TOM YHUCJIE U PEAKIMU CBSA3CH, MPU HAIMYUU CWI, 3aBUCSIIUX OT
CKOPOCTH, BEKTOpP CKOPOCTH HANpaBUTh NPEANOJIOXKUTEILHO TaK, 4YTOObI BCE €ro
HPOCKIIMU Ha BBIOPAHHBIC OCH OBLIM MOJIOKUTEIbHBIMH; B) HAUTH CyMMY MPOCKIHUH

BCEX CHUJI Ha BbIOpaHHBIE OCH U MOJCTABUTh ATy CyMMY B IpaBble YAaCTH YpaBHEHUH

(7.1).
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2. IlpounrterpupoBaTh  MOdy4YeHHble  audQepeHInanbHble  ypaBHEHUS.
WNHTerpupoBanye Mpou3BOIUTCA COOTBETCTBYIOLIIMMH METOAAMH, 3aBUCSIIMMU OT BHUIA
ITOJIyYEHHBIX YPABHEHUH.

3. YcTaHOBUTH HavajgbHBIC YCIOBHS ABM)KEHUS MaTEpUATbHON TOYKU U 1O HUM
OIPEJEIUTD IIPOU3BOJIBHBIC ITIOCTOSIHHBIE HHTETPUPOBAHUS.

4. V3 nosydeHHBIX B pe3yjbTaTe WHTETPUPOBAHUSA YPAaBHEHUW OIPEAEIUTH
VICKOMBIE BEJIUYMHBI.

3ameuanme 1. [lpu uHTerpupoBanuu AuQQepeHInaIbHbIX YpaBHEHUN HHOTIA
1esnecoo0pa3Ho  ONPENEIUTh 3HAYEHHUS IPOM3BOJIBHBIX IIOCTOSIHHBIX IO Mepe HX
IIOSIBJICHUSL.

Ilpumep 7.5. ABTOMOOWIIb, MacChl M JBHUKETCS MPSIMOJUHENHO M3 COCTOSHHUS
IIOKOSI U UMEET JIBUraTellb, KOTOPBIM pa3BUBAET MOCTOSHHYIO TATY F, HanpaBlleHHYIO B
CTOPOHY ABWKEHUS, 10 IIOJIHOIO CTOpPaHus OPHOYETro B MOMEHT BpEMEHHU 1, IIOCIIE YEero
aBTOMOOWJIb JIBUKETCSl MO MHEpPUUHU A0 OcTaHOBKHW. Haiftu npoiinenusiii myts. Cuiy
COIMPOTUBIICHUSI CYUTATh MOCTOSTHHOW M paBHOU R. V3MeHeHuem macchl aBTOMOOMJIS
npeHeopeyb.

Pewenue. Becy nyth S cxinagsiBaetesa u3 S, =| AC |, Ha KOTOpoM JeicTByeT cuiia

F 1o momuoro cropanust roproyero u S, =|CB|, KOTOpbIii aBTOMOOWJIb HIET IO

uHepuuu. Hamytn 4C:  mX=F -R; (7.3)
Hanytu CB: mX=-R. (7.4)
Pemum muddepennnansuoe ypasaenue (7.3): J madx = I (F -—R)dt;

mx =(F —R)t+C;; npu t =006yzner X =0, oTkyna

C,=0=mx=(F-R)t. (7.5)
(F-R)t" .
Wurerpupys, momyunm MX=-———"—+C,; mpu t=00ynmer x=0, otkyxna
(F-R)t? N
C,=0; x= om Onpenenmum nyTh S;, KOTOpBIM NpPOIIET aBTOMOOWIb 10
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_(F-R)t’

MIOJTHOTO CTOpaHus roprodyero B MOMeHT t=T: S =X >
m

. Pemmm ypaBHeHue

(7.4): mX= —Rfmd)'( = —I Rdt;mx=-Rt+C;. Ilpu t=0 ckopocth X OyZer paBHa
CKOPOCTH, KOTOPYIO MMEET aBTOMOOHIIb B MOMEHT 7' CrOpaHUsI TOPIOYETO U KOTOpas W3

dopmynsrl (7.5) paaa mx=(F —R)T; X:w. Hcnonb3yss 5TH HadallbHbIE
m

ycioBus, HaiineM C;:

mzsz-0+C3,C3=(F—R)T.
m
[Moacrasnss C,, umeem mx =—Rt, + (F —R)T; (7.6)
Rt*

mx:—7+(F—R)Tt+C4 npu t=0,x=0.

2
[Mostomy C, =0; X=£{—%+ (F - R)Tt]
m

YroObl HAaliTH IyTh S,, HAZO 3HaTh BpeMs t IBMKEHHUS aBTOMOOWIIS 110 MHEPLHUU

10 octaHoBkH (X =0),
N3 (7.6) nomyuum

(P-R)

0=-Rt+(F-R),t= T;

SZZX:

1{—R+G—RYT2(F—RYT2 T?(F - R)? § .
— — + — = — IIYTb, IIPOUACHHLIN

m 2R? R 2Rm

110 UHEPIIUH;

:(F—Rﬂ4+(F—RYT2:T%F—RYF

S=5,+S,
2m 2Rm 2Rm

— UCKOMBI! MYTb.
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BOITPOCHI JIsI CAMOKOHTPOJISA

HeonpenesieHHbIH HHTErPAJI

1. Kakas pynkuus F(x) HaseBaeTcsa mepBooOpasHoi aius Gpynkuuu f(X) Ha uHTEpBane
(a,b)? [IpHBECTH HECKOIBKO IPHMEPOB.
2. Uto HA3bIBAETCS HEOIPENEICHHBIM UHTErpaaoM oT GpyHKuuu f(x)?

3. KakoBbl OCHOBHBIE CBOWCTBA HEONPEAEICHHOIO MHTerpasa? 3HaThb UX U YMETh
JIOKa3bIBATh.

4. Tabnuua OCHOBHBIX HHTerpaioB. Kak ¢ MOMOIIBIO MPOU3BOIHON TMPOBEPUTH
CIPaBEIJIMBOCTb TAOIUYHBIX (HOpMYIT?

5. IlpuBectTn mnpumepbl  «HEOEPYIIMXCS  HWHTErpajioB», T.€. HHTErpajgoB, He
BBIPAXKAIOUINXCS YEPE3 dJIEMEHTAPHBIE (PYHKIIHH.

6. B uem cocrour MeTox TMOAHECEHWs NOJ 3HaK AuddepeHnMana Aas MOHCKA
HeornpezaeneHHoro uurerpana? [lpusectu nmpumepsl.

7. Meton 3aMeHbBI IEPEMEHHOM B HEONPEACIICHHOM UHTEerpase. [IpuBectr npumepsl.

8. ®opMyna UHTErpupoBaHUs 1O dYacTsM. [IpuBecCTM mNpuMepbl HCIOIb30BAHUS
(opMyJIbI 17151 BBIYMCIIEHUSI HEOIPEIEIIEHHBIX NHTErPajoB.

9. HurterpupoBaHue BBIPAKEHUH, COEpKAIINUX KBAAPATHBIN TPEXUJICH:

dx dx _ mx+n o I mx+n dx

N ;] :
ax2 +bx+C Vax2 +bx+C ax” +bx+C Vax®+bx+C

dx >
[ . [Wax“+bx+C dx.
(mx+nWax®+bx+C

10. MaTerpupoBanre BBIPAKCHUH, COACPKAIIUX PAIUKAIbl (MPPAIMOHATIBHOCTH) OT

JMHEHHBIX WU APOOHO—TTMHEHHBIX (PYHKITUH.
11. MuTerpupoBanne TPUTOHOMETPUUECKUX (DYHKIIHIA.
12. TlpumeHeHre TPUTOHOMETPUIECKUX MOJICTAHOBOK MPU MHTETPUPOBAHUH HEKOTOPBIX

uppanmoHanbHbIX GyHKUUU. [IpuBecTu mpumepsl.
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OmnpenesieHHbIA HHTETPAJI

1. Yro Ha3bIBaeTCs pasbueHneM otpeska |a; b| B uaTerpanpHOM HeuncneHnn?

b

2. JlaTe ompezeneHne OmpeIeicHHOT0 HHTerpaia | f(x)dx KaK TMpejerna NHTErPaIbHbIX
a

CyMM.
3. CdhopmynupoBaTh U YMETh 000CHOBBIBATH T€OMETPHUCCKUN U MEXaHHUYECKUN CMBICTT

b

OIPE/ICIICHHOT0 HHTerpana | f(x)dx.
a

4. ChopmynupoBath YyCIOBUSI WHTETPUPYEMOCTH (PYHKIIUU f(x) Ha OTpE3Ke [a, b].

[Tepeuncnuth K1acChl HHTETPUPYEMBIX (PYHKITHM.

5. OCHOBHBIE CBOMCTBA ONpPEAEIEHHOTr0 UHTErpaa.

6. Teopema o cpemHeM Ui OTIPEACTICHHOTO HHTETpaa.

7. Uto Ha3pIBaeTCs ONPEACIICHHBIM WHTETPATIOM C MEPEMEHHBIM BEPXHUM TIPEIEIOM?
Teopema 0 IPOU3BOIHOK OT ATOTO MHTETpaja 10 BEPXHEMY IIPEAETY.

8. ®opmyna Herotona—Jleitonuma. [IpuBectu npumepsi.

9. 3amenHa mepeMeHHOW B OMPEJEICHHOM MHTErpae; B 4YeM OTJIMYME 3TOM 3aMEHBI OT
3aMEHBI IEPEMEHHON B HEOIPEICICHHOM UHTErpasie?

10. MuTerpupoBaHue 1Mo 4acTsiM B ONPEICICHHOM HHTErpale.

b

11. OcobGeHHOCTD BHIYMCIICHHUSI ONIPEICICHHOTO HHTEerpaja | f(X)dX 10 CHUMMETPUYHOMY
a

OTHOCHTEJIPHO TOUYKH O OTPE3KY [a; b] JUISL CITydast.
a) HeyeTHOM (pyHKIMK f (X), Xe[a, b];

6) uernoii hyuximu f(x) Ha orpesxe [a; b].
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12. IlpumeHeHue onpeeNneHHOro HHTerpaja il BBIYUCICHUS
a) TUTOIIAJN TUIOCKOW (DUTYPHI MPH PA3IMYHBIX CIIOCO0aX 3a/aHUs JIMHUH TPAHHIIBI
burypsr,
0) oObema Tera C M3BECTHOW IUIOMIAJIBIO S(X) €ro IMOIEPEeYHOr0 CEYEHUs U Tel
BpAIICHUS.
B) JUTMHBI JIYTY TUIOCKOW KPUBOW TPH PAa3IMYHBIX Croco0ax OMHCAHMs JYyTU (SBHOE
ee 3aJaHMe; TMapaMeTPUYecKoe OMHMCAaHWE U 3aJaHue B TOJSPHOW CHCTEME
KOOPJIMHAT).

13. Yo Ha3bIBaeTCS HECOOCTBEHHBIM HHTErpanoM Gynkimn f (X):
a) TI0 POMEXKYTKY [a; +00);
6) 1Mo MPOMEeXKyYTKY (—o0; al;
B) 10 IPOMEXKYTKY (—o0; +00)?

14. Jlate ompezeneHne HECOOCTBEHHOIO MHTErpaja OT HEOTPAHMYEHHOW Ha OTpe3Ke
|a; b] pynxuun f(x).

15. Jlate ompeneneHue CXOMAIMXCA M PACXOASIIUXCS HECOOCTBEHHBIX WHTETPAJIOB.
IIpuBecTn npumepsl.

DOYyHKIUH HECKOJIbKHUX NepeMEeHHbIX

1. Jlate ompenenenue (GpyHKIMHM HECKOJBKMX TEpEeMEHHBIX. [IpuBecTd mpumepsl s
ciydast IByX, TpeX u 0oJiee mepeMeHHbIX.

2. Uro HazpiBaeTcsi O00JAcTbIO OIpeaeNeHuss U 00JacTbl0 3HAaYeHUN QYHKIUU
HECKOJIBKUX MEPEMEHHBIX ?

3. Uto Ha3zwiBaeTcs rpadukoM GYHKIIMH HECKOIBKUX TEPEMEHHBIX ?

4. Jlate onpenenenue npenena Gyukuun z= f (x, y) B TOUKEe M O(XO;yO).

5. ChopmynupoBath apudMeTHYECKHUE CBOMCTBA  NIpeAcioB  (QYHKIUM  ABYX
MepEeMEHHBIX.

6. Jlate onpenencHue HenpepbIBHOCTH QyHKIMK Z= f (X, y) B TOUkKe M O(XO; yo).
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7. Jlatb ompeneieHUE YaCTHBIX MPOU3BOJIHBIX IMEPBOTO MOpSAAKA MO X WM MO Y IS

dynkmmn z= f(X,y); 3HATh pasIUdHbIe BBl 0003HAYCHHIT YACTHBIX IPOM3BO/IHBIX.

8. Uro Takoe monHoe npupatmenne Gpynkimn z=f (X,y) B Touke Mo(xo;yo)? [IpuBectu
MIPUMEPHI.

9. Hatb orpesesieHue u chopMyIUPOBATH JI0OCTaTOYHOE yCIIOBUE
mddepentupyemoctr pyrkimn z=f(X,y) B Touke Mo(xo;yo).

10. Jlate ompenenenne momHoro auddepenrmana  ¢ynkman  z=f(X,y) B TouKe
M O(XO;yO). [IpuBecTn nuBapuanTHyO Gopmy mosHOro nuddepeHimana.

11. ®opmyna mpUOIUKEHHOTO BBIUMCICHUS 3HaueHUs QyHKiuu z=f (X,y) B TOYKE
M O(XO;yo) C TIOMOIILI0 MoJIHOTO auddepeHIuana.

12. Jlath ompeneneHre YaCTHBIX MPOU3BOIAHBIX BTOPOTO, TPETHETO M 00Jiee BBICOKHX
nopsiakoB dynkupn  z=f (x,y). ChopMynupoBaTh TeopeMy O PaBEHCTBE BTOPBIX
CMEIIaHHBIX TPOU3BO/IHBIX.

13. JlaTh ompeeneHne MUHIMyMa i MakcuMyMa z= f (X,y) B Touke M O(XO;yO).

14. HeoOGxoaumbie yCIOBUS IKCTpeMyMa (QYyHKITUU HECKOJIBKUX NIEPEMEHHBIX.

15. JlocTatouHble ycIoBus SKCTpeMyMa GyHKIUU Z= f (X, y).

16. luddepeHnnpoBaHre CIOXKHBIX W HESIBHBIX (PYHKIUHA HECKOIBKUX TMEPEMEHHBIX:
IPUBECTH COOTBETCTBYIOLIUE (POPMYIIBI.

17. 3anucath ypaBHEHHSI: a) KacaTCIIbHOM IJIOCKOCTH U 0) HOpMaJIM K TIOBEPXHOCTHU IPH
SIBHOM U TIPH HESIBHOM 3aJJaHUH TIOBEPXHOCTH.

18. HauGosbliiee 1 HaMMeHbIee 3HadenHns Gyrkuun 2= f (X,y) B 3aMKHyTO#H 061aCTH D

Cc rpaHuIeit I : copMyIupoBaTh aIrOPUTM MOUCKA.
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JAudppepennuabubie ypaBHeHUS U cMcTeMbI U epeHIHANbHBIX YPaBHEHU

Kakoe ypaBHeHue HazbIBaeTcs OOBIKHOBEHHBIM au((epeHIaIbHbIM YPaBHEHUEM
N—ro mopsiaka?

3anucath OOMMA BUJ OOBIKHOBEHHOTO Ju(pdepeHnuanbHoro ypaBHeHUs 1-T0
MOPSIJIKA, Pa3PEIIEHHOTO OTHOCUTEIBHO CTapIIel MPOU3BOHOM.

Hate onpenenenne 3amaun Komm ans auddepennmansHoro ypasaenus y' = f (X, y).

ChopmynupoBaTh JOCTATOUHBIE YCIOBUS CYIIECTBOBAHUS W E€IMHCTBEHHOCTH
pemenus 3anayn Komm.

Jlatb onpeneneHus: o0IIero U YacTHOrO PEelIeHU, OOIIero U YaCTHOr0 MHTETpalioB
0ObIKHOBeHHOTO AuddepeHnnanbHoro ypaBuenus 1-ro mopsiaka. Ocoboe pelieHue
1 0COOBII UHTETpal.

JAY ¢ pa3gensroliuMucs MEepEeMEHHBIMU: JaTh OMNPEACIICHUE U OIUCATh AJITOPUTM
peLIeHus.

Onnoponnoe 1Y 1-ro mopsiaka: naTh €ro ONPEAEIICHHUE; ONMUCATh MOPSAIOK MOMCKa
tina /Y u u3JI0KUTh aJrOpUTM PELICHUS.

JIuneitnoe Y 1l-ro mopsiaka m Y bepHyum: nath UX ONpeeNeHUs; U3JIOKUTh
METO/]I PELIEHUS.

JY B nmonnbix quddepeHiuanax: ero onpeaeaeHue, MeTo pacno3Hanus tuna /Y u
QITOPUTM PELIEHUS.

JlaTh ompeneneHue oOIIero peneHuss 1 4acTHOTO pemieHuss 00ObIKHOBeHHOTO Y Nn-—
ro nopsiaka. Chopmymnuponarts 3aaaqy Koru ais Hero.

10. Ilepeuncnute HekoTOphie Y 2-TrO mOpsaKa, MOMYyCKAOIINE MOHIKEHUE MOPSIKa,
W3JIO)KUTHh AITOPUTM PELIEHUs KaxX10ro Takoro V.

11. JIuneitnoe omHOpomHOoe JIY N-ro mopsaka ¢ MOCTOSHHBIMU Kod(duImeHTaMu:
U3JI0KUTh AITOPUTM MeToAa Disiepa ero pemenus. UTo Takoe XapaKTepUCTHUECKOE

ypaBHeHue 11t Takoro J[Y?
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12. VI3710%uTh METOJ BapHallUd MMPOU3BOJIbHBIX MOCTOSHHBIX JUISl pEIICHHs IMHEHHOTO
HeotHOpoAHOro JIY N—ro nopsiika ¢ mOCTOSHHBIMU KO3(PPUIIUEHTAMH.

13. V310 uUTh aJITOPUTM pEHICHUsl JIMHEHHOro HeoaHopojHoro Y n-ro mopsaka c
MNOCTOSIHHBIMH KOA((UIIMEHTaMH U CO CIIEIHaTbHON IPAaBOM YacThIO.

14. Jlatp ompeneneHue HOPMAJIBHOM CHCTEMBI N-TO MOpsIKka OObIKHOBEHHBIX JIVY.
Onucath METOJ UCKIIIOUEHNS HEU3BECTHBIX JIJISl €€ PEILICHHUS.

15. M3noxuTh MeToj ODiisiepa pelieHus JUHEHHOW OmHOpoAHOU cuctembl Y n-ro
NOpsAJIKA C IOCTOSTHHBIMU KO3 (pULIMEHTaMU.

16. 3ajmaun auHAMUKH, TpUBOAsAIIME K auddepeHnnanbHbiM ypaBHeHUsM. [IpuBectu

MIPUMEDPBI.
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KOHTPOJIBHASL PABOTA Ne 2

1-20. Haiitu HeonpeaeneHHbIe HHTETPaJIbL:

In x 14dx
'B) J‘

1. a) [sin2xe®*?*dx; 6)j 5 Nxs2)
X2 — X +1)(X +

;1) [sin xcos® xdx.

cos\/_dx sin® X gy 60dx Inx
2.9) | 0) jcos x j(x2+4)(x+4) j

cos® x 11x +16
dx; B) |

: Xd
3.2) [xtedxs 6)Ism X (X —1)(x? + 4x + 4)

dx; 1) [(x* —4)sin5xdx .

2x2% + X +3
(X+1)(x? + x +1)

4.a) [cosxe™™"*dx; 6) [cos® xsin® xdx; B) | dx; r) [arccos2xdx.

sm«/— sin? x sin? x )
5 a ) | ————dx; —————dx; 1) |xIn(x“ + 4)dx.
I I1+<:oszx I1+cos2x ) Ixin( )
6. a) j—dx 6) jxf‘eX dx; B) [-— 10dx r) | dx
Cos” X (x* +1)(x—2)(x - 1) J2x+l) _J2x+1
cthx 3
7. a)j dx; 6) [(x* +2x—3)e "dx; B) ; Sdx ) [2F X;r
sin? x (x +4)(x—1) x(1+3/x)
8.a dx 6) [arctg-/xdx; B ') [sin® xcos? xdx.
1<, Vx ) Jarcig )I(x+1) 2(x+3) )]
arctg 3x
9.a) [ dx; 6) [ (x? =3x)In(x +2)dx; B)j —28x+ad g
1+9x2 —2)%(x—4)?
r) [sin® x%/cos® xdx.
arctg? 2x 5x +1 cos® 2x
10. dx; 6) [xcos? 3xdx; B —d —— " dX.
J rwa 1+ 4x2 )] )J - 2X% + X )IS«/sinZZX
3, .2 3
11 )Iarcsm3xd X: 6) J'xze‘3xdx;3) IX + X sin” x

\J1-9x%2 (x - 1)(X+2) )Ix/cos4x
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dx

12. )jtg 3 dx; 6) [x*sin2xdx; )I2x +10x=4 4y r | .
cos® 3x (x—1)2(x+3) Cos X —3sinx
«5
13.0) [ 6 dx; 6) [xIn(x? +2)dx;8) [, T "7 18 i
+Xx+1 (x? +4)(x+2)(x+1)
nJ
sin® X —16SiNXCOSX
3x+1 dx
14. a) dx; 6) [x?e®*dx: B) X: T) .
Ism 22+ x%) / I(X+l)(X 2) I4sin2 X —5C082 X
2_
15. ) | X ,56) [xIn(x? —2x+3)dx;8) [, X jdx_.
cos x* (X% + X +1)(x - 2) S+4sinx
X 5x +1
16. a) [ xsin(1 - 3x?)dx;; 6) [ 2xe *dx; B)j
dx
r) :
I33in2 X +5sin X oS X + €0s? X
17. a) [xcos(3x* +2)dx,  6) [xarctg2xdx, ) j4x +164X 8
X° —4x
r) [sin5xcos4xdx.
Nrve 3
e X~ +5x+2 2
18.a) | ——dx, 0) [ xInxdx,B) | ——————dx, r) | cos” 3xdx.
W ™9l ey 201
6
19.a) | X' ~, 6) | xsin? 2xdx, )j S +2 dx, r) [~/sinx cos® xdx.
44X x+4
20.a) [x*3—4x%dx, 6) [ —dx, B) jL“dx,r)j de L
sin? x (x +4) 4 —3c0S” X +5sin” x
21-40. (ITpuoskeHus ONPeIeIICHHOTO HHTETPaia)
21-26. Beruucnuts miomaau Guryp, orpaHideHHBIX JIMHUSMU:
i 3 =« X —x
21. y=sinx, Xe _5“’5’ y=1.22. y=e", y=e", x=1.

dx
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te[-11]; y=0.

=2sint +1 —13
23. y=e*, y=e*, y=2. 24.{y .25.{" t

X = 3cost

26. p =2sin2¢.

27-33. Haiitu JuIMHY JyTyd KPUBOM:

X =t2:

y=t3 te[0;1].

27. y =Incosx, XE[O;Z]ZS.{

= cos® X =t —sint; =1+sing;
201X =% 1t e [0;2n]. 30. te[0; 27]. 31. {” ¢
y =sin3t y =1+ cost, p<|0;7]

32. p=3(L-coso), (pe[O;Tc].BB.p:ez‘p, (pe{O;Tzc]

34-40. Haiitu 0o0beM Tena, MOJYYEHHOTO BpalieHueM BOKpyT ocu OX ¢urypsl,

OTPAHUYECHHOMN JTUHUSIMH:
34. y=sinx, xe[0;n].35. y=—x?+5y=1.36. y=x>, y=0, x=2.

37.y=e%, y=0, x=0, x=1.38. y=Inx, x=4, y=0.

X = cost; X =2t — 2sint;
39. 40 te[0;7].
y =3sint. y =1+ cost.
41-60. Haiitn 8—22 6—22 st GyHkimn Z = Z(X, Y).
ox2  Oxoy
LZ 2 _X
41, 7=e* .42 7=Y _2sin2x.43. 2= +tg2y.44. 7=¢ V.
X X
x2 X X X x2

45. 7-¢V . 46. 7=¢V . 47. 7=xe’.48. 7= ye§.49. 7=xeV .

50. z =cos?(X+Y).51. z=sin?(x+Y).52. z=In(x3-2y).
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53. 2 =In(x* - 3y° =Xy _x BLSIN
L 2= y). 54 z=—5+y".55. z="+Yy.56. z="5 + X" .
y y y

57. z:1+2x2y.58. z =cos(x + y?).59. z=sin(y + x?).
X

60. z =cos(x + V).

61-80. Haiitu HamOosiblliee ¥ HaMMEHbIee 3Ha4YeHUs QyHKimu Z=Z2(X,Y) B
3a7aHHOM 3aMKHyTOM 06macTu D .
61. z=x’y(4—x—-Yy), D:x>0,y>0,x+Yy<6.
62. z=x2-y2, D:x®+y?<l.
63. z=2x2-2y%, D:x?>+y?<09.

64. z=1-x+x>+2y, D:x>0,y>0,x+y<Ll.

65. z =2x> — 6xy + 3y?, D:sz,y$2,y2;x2.

66. z=2x3+4x>+y2—2xy, D:y>x%0<y<4.
67.z=x2-y?+8, D:x’+y?<4,

68. z=x+y3—9xy+27, D:0<x<4,0<y<4.

69. z=x*+4xy—y?—6x—-2y, D:x>0,y>0,0<x+y<4,
70. z=x2-2y? +4xy-6x+5 D:x>0,y>00<x+y<3.
71. z=x’+xy—-3x-y, D:0<x<20<y<3.

72. 2=X2+2xy —y? —2Xx+2y+3 D:x<2,y>0y<x+2.
73. 2=x>+y?>—6x+4y+2, D:0<x<4,-3

74. 7=x>-2xy+3, D:0<y<4-—x>2.

75.2=5x*>-3xy+y®+4, D:-1<x<1-1<y<1.
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76. z=x>—y? +2xy+4x, D:x<0,y<0,y>-x-2.
77. 2=X>+2xy —y? —2x+2y, D:x<2,y>0,y<x+2.
78. 7=6xy —9x? —9y? +4x+4y, D:0<x<10<y<2.
79.z=xy-3x-2y, D:0<x<4,0<y<4,

80. z=3x>+3y?—2x-2y-2, D:X>0,y>0,x+y<1.

81-120. IIpomnrterpupoBaTh auddepeHnranpHoe ypaBHeHue. [Ipu 3amaHHOM

HAYaJIbHOM YCJIOBUM HAWTH COOTBETCTBYIOIIMK YACTHBIM WHTErpajl WM YacCTHOE

pelcHHE.
81. X1+ Yy +yv1+x’y'=0. 82. sinxsin ydx +cos xcos ydy =0.
83. y' = 22xy ~. 84. (1+y*)dx = xydy; y|,., =1.
X -y
85. y':z—y—x3. 86. (x+ex’y)dx+ex’y(l—§]dy:0.
X y
87. y’+4—y+x:0. 88. y'—7y=8e%*,
X

89. 3e” cosxdy —sin(9+e”)dx=0; y|,, =0.

90. ctg xcos® ydx +sin® xtg ydy = 0. 91. sin Xy’ = yCOSX + 2COSX.
92. sinxtg ydx_sidTyy =0. 93. e* tg ydx = (1—e*)sec® ydy.
94, d—y—éy:—x3y2. 95. (x> —2xy)y’ = xy —y>.

dx X
96. y'+ ytgx =secx; y(0)=0. 97. xX’y'+xy+1=0; y() =0.
98. y'+x3/y =3y. 99. y'—y+y®cosx=0.

100. xy’=L; Y. =1.

In x

e

101. 2yy" =3(y")* +4y*; y(0) =1 y'(0) =0.
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102. 3y'y"=2y; y(0)=y'(0)=1 103. yy®*=1, y(05)=y'(05) =1.

104. y”(1+|nx)+l:2+lnx; y(1) =05, y'(1) =1.
X

105. yy"+(y)* =1 y(0)=y'(0)=1.

106. y" = y?(1+ In y?); y(1) =05, y'(1) =1.

107. 2yy"+y2 =(y)% y(0)=y'(0)=1.

108. 2yy" =(y)* +y* y(0)=y'(0)=1.

100. ¥ (y"+(y)9)=2  y()=0, y"(0)=2.

110. 2y’ = (x+%)y”; y(1)=4,y'(1) =6.

111. xy"=y'Iny"; y(Q) =e,y'(1)=e.

112. X°y"+xy' =1. 113. y"=e?; y(0)=0, y'(0) =1.
114. x(y"=x)=y5 y@=y'(1))=1.

115. y"+y=(y)?% y@)=-025 y'(1)=05.

116. 1-yy"=(y)?; y(-)=1 y'(-1)=1.
117. y"xInx =2y". 118. y"+ y'tgx =sin2x.
119. x(y"+y)=y5 y(0)=-1 y'(0)=1.

120. x(y"+D+y'=2; y@) :2, y'(D) =g.

121-140. HaiiTu o0miue penieHus ypaBHEHHIA.

121. y"—4y'+4y = x>, 122. y"+8y' =8x.

123. y"+4y'+4y =8e . 124, y"+4y'+3y =9,
125. 7y" -y’ =14x. 126. y"+ 3y’ =3xe™*.
127. y"+5y'+ 6y =10(1— x)e ", 128. y"+2y'+2y =1+X.
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129.
131.
133.
135.
137.
139.

y"—3y'+2y = xe".
y" =3y +2y = (x* + x)e*.

y"—4y’'—5y = (27x —39)e ™.

y'+4y' =-2xe ™.
y'+y' —6y=xe*.
y'+2y'+y=e.

130.
132.
134.
136.
138.
140.

y'+y =2y =x%e".
y'=2y'+y=x".
y"—4y'+3y =10e* .
y"+4y'+4y =3xe™.
y' =y +y=x>+6.

y"+3y' =10y =10x* + 4x —5.

94



JUTEPATYPA

1. Beicimass Matematuka s umkeHepoB / C.A. Muntok [u gp.]; mox pen.
H.A. Mukynuka. — Munck: Dnaiiga, 2007. - T. 1, 2.

2. 'epacumoBuu, A.M. Marematuueckuii ananu3. Y. 1, 2/ A.W. I'epacumoBuy,
H.A. Peictok. — Musnck, Beriinias mxkoia, 1990.

3. I'ycak, A.A. Beicmas matemaruka: B 2 1./ A.A. I'ycak.— Munck: U3a-so BI'Y,
1978, 1983. -T. 1, 2.

4. lanko, ILE. Breicmas MatemMaTwika B yINpaKHEHHSX M 3amadax: B 2 4./
I1.E. Jauko, A.I'. ITonos, T.f. KoxxeBuukoBa. — M.: Breicias mkoia, 1986. — Y. 1, 2.

5. XKesnusk, P. M. Briciias matematuka: B 2 u./ P.M. XKepusk, A.A. Kapnyk. —
Musck: Beimiimas mkosa, 1985.- 4. 1, 2.

6. UnauBuayaabHbIC 3aJaHMs 10 BbICIICH MaTematuke. B 4 4. / moa pen.
A.I1. PaOymiko. — Munck: Bemmiimas mkona, 2004.

7. Kynpseues, JI.JI. Kparkuii xypc matremaruueckoro ananusa./ JI.JI. Kynpseies
M.: Hayka, 1989.

8. MaTtemaTuka: COOpHUK 3aJaHUM NIl Ay JTUTOPHOU U CAaMOCTOSITEIbHON pabOThI
CTYJICHTOB  HMH)XCHEPHO—TEXHMYCCKHUX  CIEHUUANIbHOCTeH  BTy30B. B 2 4./
A.H. Auapusiauuk [u gp.].— Munck: BHTY, 2005.— Y. 1.

9. Iuckyno, H.C. JluddepeHunanbHoe U WHTErPATbHOE HMCUUCICHUS IS
BTy30B: B 3 T./ H.C. ITuckynoB. — M.: Hayka: 1985.— T. 1-3.

10. Cyxas, T.A. 3amaum mo BbICIICH MaTeMaTuke. ydeOHoe mocoOwe: B 2 4./
T.A. Cyxas.— Munck: Bemmiimas mkoma, 1993.

11. umaues, B.C. Bricmasg matemarnka/ B.C. IIumaues. — M.. Breicmas mkoia,

1985.

95





