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Pedepat. Ha npuMepe BepTHKaIBHBIX NIEPEMEICHUH TOKA3aHO, YTO, KOMOMHUPYS pelIeHNe 3a/1adl 00 OIpe/IeICHUH BEPTH-
KaJIbHBIX HEepeMeLIeHHH OT JeHCTBUS YeTHIPeX CHMMETPHYHO INPUIOKESHHBIX Ha YIPYroe MOJyIPOCTPAHCTBO OJMHAKOBBIX
COCPEZOTOUCHHBIX CHJI M JBYX CUMMETPHYHO NPHJIOKEHHBIX Ha YNPYroe 4eTBEpPTHIIPOCTPAHCTBO OJMHAKOBBIX COCPENOTO-
YEHHBIX CHJI, MOXKHO TIOJIyYHTh pPEelIeHHe O AeHCTBHH OJHOW CHIIBI HA 1/8 ynpyroro mpocTpaHcTBa cO CBOOOIHBIMU TPAHIMH.
Jlnst HaxoXKAeHHs] BEPTUKAJIBHBIX ITEPEMEIIeHHI B YIPYroM MOJIyIPOCTPaHCTBE UCIONB3yeTcs penieHne byccunecka, a Bep-
THKaJIbHBIX TIEPEMELICHHUIT B YIIPyTrOM YETBEPTHIIPOCTPAHCTBE — MHTErpaIbHOE YpaBHEeHHe, nonydenHoe S. C. Ydusuaom ms
OIPE/ICIICHUS BEPTHKAIBHBIX MIEPEMEILCHUI I'PaHK OJJHOPOJHOIO YIPYroro H30TPOITHOTO YETBEPTHIPOCTPAHCTRA, IS KOTO-
poro Moxynb pedopmanuii 1 kodpduruent IlTyaccona sBISIOTCS MOCTOSHHBIMH BeaHYnHaMu. OJHAKO MHTErpaIbHOE ypaB-
Henue S. C. Yousanaa BecbMa HEYyJOOHO IS MPAKTHYECKOTO HMCIIOJIB30BAHUS, IOATOMY B CTAaThe ULl HAXOXICHUSI BEPTH-
KaJIbHBIX MEPEMEIICHHI I'PaHK yNpPYroro 4eTBEPTHIPOCTPAHCTBA OT JICHCTBHS COCPEAOTOYCHHOH CHIIBI HPEIJIOKEHO HpH-
OJIM)KEHHOE BBIPOKCHHE, 3allMCAaHHOE Yepe3 dJeMeHTapHble (GyHKuuH. [ MOTydYeHHs MOCIEIHEro MPUMEHSETCS METO.
CIIEIMAIBFHOM alNpoKcuMaIyy. MickoMoe pemeHne BeIpaXkaeTcsl Takoke depes aneMeHTapHble (Gynkmuu. [Ipy sToM TOUHBIH
pacuer noirydaercs IJd HEC)KMMaeMoro Marepuana rnpu kosdounuente Ilyaccona 1/8 mpocrpanctsa v =0,5. ITockonbky
peLICHNE TIOTyYeHO B Ciiydae AeicTBUs Ha 1/8 ynpyroro mpocTpaHCcTBa COCPEAOTOUCHHON CHIIBI, TO JIETKO HAWTH BBIPAKCHUE
JUISL OIpEeJIeNICHUs] BEPTUKAJIBHBIX MEepeMeNeHu rpanu 1/8 ymnpyroro mpocTpaHcTBa OT JEWCTBUS JIIOOOH pacrpeneneHHoN
Harpy3KH IIyTeM HHTETpUPOBAHMS 110 yYACTKY ASHCTBHS JaHHOM HArpy3KH OT (YHKLIMH BIMSIHUS, B KaueCTBE KOTOPOH OepeT-
cst McKomoe peruenue. IIpeanararorcs peKOMEHIAMH MO MOBBILICHUIO TOYHOCTU pacyeToB. VI3JIOKEHHBIH MOAXO0I MOXKET
OBITH TaK)Ke MCIIOIB30BAH IS OMPEACTICHUS HaPsHKEHHO-1e(OPMUPOBAHHOTO COCTOSHHUS 1/8 MPOCTpaHCTBA KaK C MIAPHUPHO
OIIEPTHIMH, TaK M CO CBOOOXHBIMHA TPAHIMH.

KiioueBble cj10Ba: ynpyroe moJiypoCTpaHCTBO, YIIPYroe YeTBEPThIPOCTPAHCTBO, 1/8 ynpyroro npocTpaHcTBa, METO CIe-
LHAIBHOH aNPOKCUMALIMH, HANIPSHKCHHO-1eOPMUPOBAHHOE COCTOSHUE
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Concentrated Force Action on 1/8 Homogeneous Isotropic Space
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Abstract. Using the example of vertical displacements, it is shown that by combining a solution to the problem of deter-
mining vertical displacements from the action of four identical concentrated forces symmetrically applied to an elastic half-
space and two identical concentrated forces symmetrically applied to an elastic quarter-space, one can obtain a solution about
the action of one force on 1/8 of the elastic space with free edges. To find vertical displacements in an elastic half-space,
the Boussinesq solution is used, and vertical displacements in an elastic quarter-space — an integral equation obtained
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by Ya. S. Uflyand to determine vertical displacements in the face of a homogeneous elastic isotropic quarter-space, for which
a deformation modulus and Poisson’s ratio are constant. However, an integral equation of Ya. S. Uflyand is very inconvenient
for practical use, therefore, in the paper, an approximate expression written in terms of elementary functions is proposed
to find vertical displacements in the face of an elastic quarter-space from the action of a concentrated force. To obtain the
latter, a special approximation method is used. The desired solution is also expressed in terms of elementary functions. In this
case, an accurate calculation is obtained for an incompressible material with Poisson’s ratio 1/8 of the space v = 0.5. Since the
solution is obtained in the case of a concentrated force acting on 1/8 of the elastic space, it is easy to find an expression for
determining the vertical displacements of the edge of 1/8 of the elastic space from the action of any distributed load by inte-
grating over the area of action of this load from the influence function, which is taken as required decision. Recommendations
for improving the accuracy of calculations are offered. The described approach can also be used to determine the stress-strain
of 1/8 of the space with both hingedly supported and free edges.

Keywords: clastic half-space, elastic quarter-space, 1/8 of elastic space, special approximation method, stress-strain state
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Puc. 1. [lelicTBre COCPEAOTOUEHHOMN CHIIBI
Ha yNPyToe YeTBEPTHIPOCTPAHCTBO

Fig. 1. Action of concentrated force
on elastic quarter-space
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B wurore mocne unrerpupoBanus (1) MoxHO
HOJYYUTh YAOOHOE JUIsl MHKEHEPHBIX NPHIIOKEHUH
NpUOJIMPKEHHOE BBIPKEHUE ISl ONpPEIENIeHUsT Bep-
THKAIBHBIX HEPEMELICHUH TPaHULBl YETBEPTHIIPO-
CTpaHCTBA, Ha KOTOPYIO AeicTBYeT cra (puc. 1)
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Ecnu Harpy3uTh MOBEPXHOCTH YNPYTOTO MOY-
NPOCTPAHCTBA YETHIPHMSI CUMMETPHYHO PACIIOJNO-
JKCHHBIMH BEPTUKAIBHBIMU CHJIAMH, TO, OYEBHTHO,
310 OyAeT SKBUBAJICHTHO HarpyxeHwmio 1/8 mpo-
CTpaHCTBA C MAPHUPHO OMEPTHIMU TPAHIMU OJHOM
COCpeIOTOYeHHO cuioi (puc. 2).
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M1 TPaHsIMH, TIe MPUI0KEHA CHia, OyIyT PaBHBI
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Puc. 2. [lelicTBIe CHMMETPHYHO PACTIONOXKEHHBIX
YETBIPEX CHJI HA YIIPYToe MOTyIPOCTPAHCTBO

Fig. 2. Action of symmetrically located four forces
on elastic half-space

Harpy3um 4eTBepThIIpOCTPAaHCTBO ABYMSI CHM-
METPUYHO MPWIOKEHHBIMUA cuiamu P (puc. 3).
Takoe Harpy>XeHue COOTBETCTBYET JEHCTBUIO
cocpenoTodeHHoi cuibl P Ha 1/8 mpocTtpaHCcTBa
C IIapHHUpHO omnepToil rpanso y = 0. B aTOoM ciy-
yae Ha OCHOBaHMHU (3) BepTHKaJIbHBIE IepeMelle-
HUS TpaHu 1/8 mpocTpaHCTBA ¢ OHOHM MIAPHUPHO
orepToit Tpanpio y = () BeIpaxaroTcs (popmynoit
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Puc. 3. JlelicTBre CUMMETPHYHO PACIOIOKEHHBIX JIBYX CHII
Ha YIPYroe 4eTBEPThIIPOCTPAHCTBO

Fig. 3. Action of symmetrically located two forces
on elastic quarter-space
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Comoctasisist (4) u (5), MOXKHO cieTaTh BBIBOJ,
YTO ynaneHue cBszel mo ocu x =0 1/8 mpocrpan-
CTBa C INAPHUPHO OMEPTHIMH TPaHSIMH YBEIHYH-
BaeT BEPTUKAIbHbIE IEPEMEILICHHS Ha

W, (x,y) =Wy (x, ). (6)

Paccyxnast monoOHBIM 00pa3oM, MOXHO 3a-
KJIIIOYUTh, YTO YyAajeHue cBs3eil mo ocu y=0
1/8 mpocTpaHCTBa C MIAPHUPHO ONEPTHIMH TPaHs-
MU YBEJINYHMBACT BEPTUKAIbHBIC TIEpEMEIICHUS Ha
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TEIBbHOE BBIPAXKEHUE [JIs1 OMNpPEICICHUS BEpTH-
KalbHBIX TepeMeleHnii Touku M(x, y) Harpy-
JKEHHOU Tpanu 1/8 mpocTpaHCTBa €O CBOOOIHBIMU
TpaHsiIMM OT JIEWCTBUSL COCPEIOTOUYEHHOW CHJIBI,
TIPIIOKCHHOU K TOH ke Tpanu (puc. 4)
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Puc. 4. [lefictBue cuibl Ha 1/8 ynpyroro npocTpancTsa

Fig. 4. Force action on 1/8 elastic space

Amnanu3 (9) mokassiBaer, 4To nepemenieHus W
Ha peOpax u B BepiuHe 1/8 mpoctpaHcTBa orpa-
HuueHsl. Take B (9) cobiromaercs Teopema
0 B3auMHOCTH nepememieHud. Ha puc. 5 moka-
3aHa IIOBEPXHOCTh IIEPEMEIIEHUN BEpXHEU Tpa-
HU 1/8 mpocTpaHCTBa OT COCPEAOTOUCHHON CHITBI
npu a=1, b=2I, tne | — HEKOTOPHII JTHHEHHBIH

P(l—vz).

pasmep B JOJIAX OT
ikl

Puc. 5. IloBepXHOCTb NiepeMELLIEHUH BEPXHEN TPaHU
1/8 mpocTpaHCTBa OT ASHCTBHS COCPEAOTOUCHHOM CHITBI

Fig. 5. Displacement surface of upper edge
1/8 of space from action of concentrated force

BbIBO/IbI

1. HauGonpmyto TouHocTh ¢opmyna (9) naer
st kodpdurmmenta Ilyaccona v=0,5, 1. e. mis
KJIIMHAa W3 Hec)KnMaeMmoro marepuaina [4]. UtoObr
YBEJIWIUTh TOYHOCTh pacyeTa 1o (9), HeoObxoauMo
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6osee TouHo Bbrumcauth (1). g atoro, momobHo
yKa3aHUio [2], MOKHO CTPOUTH UCKOMOE peIICHUE
[0 CTENEHSM Majoro mapaMerpa € =1-—2v, 4ro
BBINIOJIHEHO JUIsl YETBEPTHIIPOCTPAHCTBA B [5, 6].
MOXHO MOBBICUTH TOYHOCTh NPUOIMKEHHOTO pe-
HICHUs U IPOU3BOJIBHOTO Kod(¢uumenra [yac-
coHa, ecn B (2) KCHONB30BaTh HPUOIMKEHHOE
3HAa4YCHUE HHTErpaia
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2. PaBHOzElCTBYOIIAs yCUIUI B 0TOpachiBae-
MBIX CBs3sIX 1/8 mpocTpaHCcTBa ¢ ABYMSI ITAPHUPHO
omnepThIMU TpaHsaMmu paBHa (0, U, COTJIACHO TPHH-
mury Cen-Benana [7], mepeMemeHus OT HHUX
OBICTPO 3aTyXaloT MO Mepe yAaleHus oT pedep.
Oror ¢akrt otmeueH XereHu [8] mpu moctpoe-
HUM pEelIeHUs I YeTBEPThIIPOCTPAHCTBA CO CBO-
OONHBIMU TpaHSMH HWTEPAIIMOHHBIM METOI0M
HAJIOXKEHUSI.

3. Beipaxenus (5), (9) MOXKHO MIPUMEHSTH LIS
pemeHrs] KOHTAKTHBIX 3amad il 1/8 ympyroro
NPOCTPAHCTBA C OJHOH INIAPHUPHO OMNEpPTOW Ipa-
HBIO ¥ CO CBOOOTHBIMU TPAHIMH.

4. VN3n0oeHHBIA ITOIXON TaKXKE MOXET OBITh
UCTIONB30BaH /IS ONpe/ieIeHHs] HAPshKEHHO-1e(op-
MHUPOBAaHHOTO COCTOSIHHS 1/8 mpocTpaHCTBa ¢ map-
HUPHO OIEPTHIMHU MJIM CO CBOOOHBIMU TPAHIMHU.

5. IlpumeHsst TOJyYEHHOE PEIIEHUE B KAUECTBE
(byHKIIUM BIMSHUS, IOCTATOYHO MPOCTO IMOTYYUTh
BBIp@XXEHHE ISl OIPEJIEeIeHNs] BEPTUKAIBHBIX IIe-
pemelneHuit rpaHu 1/8 ympyroro mpoctpaHcTBa OT
JIEHCTBUSL PAaBHOMEPHO PACIPEIECICHHON HArpy3Ku
MyTeM WHTETPUPOBAaHUS JaHHOW (PyHKIWU BIIUS-
HUs 10 o0nacTu JeicTBHs JII00OW pachpe/ie/icH-
HO¥ Harpy3ku [9, 10].
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