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Introduction
In recent paper [1] the model of precipitation kinetic of copper and manganese sul-

fides was developed. Model is based on linear approximation of Gibbs energy change 
g∆  during precipitation of copper sulfides:
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where Q is proportional of enthalpy of phase transition and estimated by experimental 
data [2], and equilibrium temperature eT  estimated by thermodynamic calculations [3], 

mV  is molar volume.
Model of precipitation is based on classical theory of nucleation and growth and is 

presented in [1] with description of numeric methods for modeling. Now we present 
numerical calculations of precipitation kinetics. In the beginning we repeat basic formu-
las of this model. 

According to classical nucleation theory, nucleation rate is given by

	

*
* * exp exp inc

tot
tGJ N Z

kT t
 ∆  = β − −       

,	 (2)

where totN  – overall number of potential nucleation sites; *β  – frequency factor; Z  – 
Zeldovich factor; *G∆  – activation energy barrier and inct  – incubation time:
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σ  is specific interfacial energy; *R  – critical radius, 
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aν – volume of precipitation molecule (Cu2S stoichimetric composition assumed); T – 

temperature, 
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, Cuc , Sc  – concentrations of solutes and 2Cu Sc  is product 

of solubility for equilibrium concentrations. 
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Homogeneous and heterogeneous nucleation and 
growth are modeling. For heterogeneous nucleation 
on dislocations the redefined values of activation bar-
rier and mobility of atoms are considered.

Calculations
Independent copper sulfide precipitation
Initial concentrations of solutes is 0,07wt% for Cu 

and 0,04wt% for S. The values of relative nucleation 
rate *

totJ N  for homogeneous nucleation and for het-
erogeneous nucleation are presented in Table 1. The 
maximum relative rate is approximately at 650 °C.  
It is very high nucleation rate value owing to high Cu 
diffusion on dislocations and small interface energy 
despite a small chemical free Gibbs energy of phase 
transition. Appreciable heterogeneous nucleation rate 
is observed even at low temperatures 200–300 °C.

In this modeling it is assumed, that nucleation and 
growth of Cu2S precipitates occur at 650 °C during 
annealing process. Sites for heterogeneous nucleation 
are formed prior to annealing during hot and cold roll-
ing processes. The nucleation density is assumed to be 
1021 nuclei m–3. This density is assumed for disloca-
tion density of 1014 m–2 and distance of 100 nm be-
tween possible sites on linear dislocation [14]. 

The nucleation density for homogeneous nucle-
ation is considerably higher, 3 292 / 10totN a≈ ≈ , 
where a -lattice parameter of ferrite. In this section it 
is assumed, that actually these particles would be 
quickly dissolved due to the presence of more sizable 
Cu2S inclusions with heterogeneous nucleation that 
have higher growth speed until its radius is less than 

maxR . Therefore, Cu2S precipitation will be modeled 
only for heterogeneous nucleation. Heterogeneous 
nucleation is often regarded as the main mechanism of 
Cu2S precipitation. The problem concerning simulta-
neous homogeneous and heterogeneous nucleation for 

copper sulfide precipitation will be considered later. 
Now in this section the difference between activation 
energy for homo and heterogeneous nucleation will be 
also neglected due to huge instantaneous nucleation in 
any case.

The evolution of average precipitate radius is 
shown in Fig. 1. When the radius reaches the value of 
about 4–5 nm, the growth process is appreciably re-
tarded. In this case the average inclusion radius of 
about 7 nm corresponds to practically complete deple-
tion of Cu excess solutes in matrix. All concentrations 
mentioned here and below are molar. The ratio of cur-
rent number of inclusions and the total number of pos-
sible sites for heterogeneous nucleation is practically 
equal to 1 after a few seconds of precipitation. In the 
absence of sulfur reactions with manganese or iron, 
inclusions of Cu2S can monotonously grow in size 
that depends on initial solute concentrations.

It is known, that the particle size distribution func-
tion (PSD) calculated by this method often differs 
from experimental data. But qualitative analysis of 
PSD width is relevant and presented in this work. So, 
width of distribution function is narrow owing to actu-
ally simultaneous quick nuclei formation at the an-
nealing onset. 

Manganese sulfide precipitation
Solute concentrations of S 0,04 wt%, Mn 0,54 wt % 

in iron matrix. For approximation of Mn and S diffu-
sion coefficients, interface energies and solubility pro
ducts in γ - and α -Fe are used from the data [2]. 

Nucleation rate of MnS precipitation has satisfac-
torily high values for temperatures below 1200 °C 
(see table 2), so the modeling has been started from 
this temperature. It is assumed that after hot rolling at 
temperature near 900 °C the number of sites created is 
sufficient for occurring the heterogeneous nucleation. 

Very low values less than 1 are not presented. The 
α − γ  transition temperature is 911 °C and the total 
density of nucleation sites for homogeneous nucle-
ation is 1029 m–3, for heterogeneous nucleation 1020 m–3.

For analysis of metastable behavior of copper sul-
fide precipitation relative to manganese sulfide, the 
annealing temperature in this and next sections is  
700 °C. As earlier, the total density of nucleation sites 
for homogeneous nucleation is 3 29 32 10a m−≈ m–3. It is 
assumed that heterogeneous nucleation takes place 
during and subsequent to hot rolling and the total ini-
tial density of possible sites is 1020 nuclei⋅m–3 for it. 
On annealing that follows cold rolling the total initial 

Fig. 1. Time evolution of average radius from the beginning of 
annealing

T a b l e  1.  Relative nucleation rate for initial concentrations of Cu 0,07 wt% and S 0,04 wt%, s–1

Temperature, °C 200 250 300 350 400 450 500 550 600 650 700

Homogeneous 1,62·10–15 8,35·10–13 1,42·10–10 1,04·10–8 3,97·10–7 8,86·10–6 1,26·10–4 1,21·10–3 7,66·10–3 2,57·10–2 1,03·10–2

Heterogeneous 6,21·10–13 1,80·10–10 1,92·10–8 9,52·10–7 2,59·10–5 4,33·10–4 4,81·10–3 3,70·10–2 0,192 0,542 0,186
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density is higher, but nucleation of MnS in α  – iron is 
very small. As is seen from Table 2, nucleation really 
occurs in γ -Fe at the temperatures close to α -Fe 
transition. Thus, nuclei of MnS are created during iron 
cooling before γ  to α  transformation. Therefore, 
time of such cooling plays an important role in MnS 
precipitation.

For the first calculation the dependence of temper-
ature on time is approximated as cooling from 1200 °C 
at speed of 10 degree/sec until the annealing tempera-
ture of 700 °C is reached. Then isothermal annealing 
takes place. 

The nucleation realized in this case is very small 
and the density of particles ≈1011 m–3. The number of 
such particles is insufficient for notable changing of 
initial concentrations of solutes and effective sulfur 
removal from matrix.

For the second calculation it has been assumed 
that intermediate time delay is 300 seconds during hot 
rolling at temperature of 936 °C as compared with the 
first calculation (assuming α  – γ  temperature as 911 °C). 
Homo and heterogeneous nucleation have been mod-
eled. The density for heterogeneous nucleation «jumps» 
from 0 to 1020 m–3 at the beginning of delay. 

Fig. 2 illustrates the evolution of average radius. 
The average radius in conditions of sufficient number 
of solute excess in matrix is slightly dependent on nu-
cleation rate and practically identical for both calcula-
tions. The evolution of solute concentrations in matrix 
is shown in Fig. 3. In this case the density of MnS in-
clusions is sufficient for appreciable sulfur removal 
even after 2000 seconds of annealing.

Simultaneous precipitation
Solute concentrations of Cu equal to 0,07 wt%,  

S 0,04 wt%, Mn 0.54 wt% in iron matrix. More com-
plex results can be obtained for simulation of simulta-
neous homogeneous and heterogeneous precipitation 
of MnS and Cu2S. In this case the concentration of 
only Cu is insufficient for precipitation of all sulfur. 
Mn concentration is much greater than corresponding 
sulfur concentration; because MnS precipitation has 
small nucleation rate and low nucleation density due 
to high interface energy of MnS creating. Therefore, 

for effective interaction of Mn with S, the high man-
ganese concentration and sufficiently long time of an-
nealing for MnS growth are required. In the presence 
of satisfactory manganese concentration the interac-
tion between sulfur and iron is neglected.

The temperature regime is identical to that in sec-
tion 1,2 for MnS modeling including onset at 1200 °C, 
cooling at the speed of 10 °C/sec up to 936 °C, iso-
thermal holding during 300 sec (with density for het-
erogeneous nucleation being 1020 nuclei⋅m–3 i. e. hot 
rolling simulation), cooling at the same speed until 
reaching the annealing temperature and isothermal an-
nealing at 700 °C. In this time interval the density for 
heterogeneous nucleation is increased to⋅1021 nuclei/m3 
after cold rolling. Cooling to cold rolling temperature 
and subsequent heating to annealing temperature were 
neglected. 

T a b l e  2.  Nucleation rates for initial concentrations of Mn – 0,54 wt% and S – 0,04 wt%, nuclei /s m3

Temperature °C 200 250 300 350 400 450 500 550 600 650

Homogeneous 

Heterogeneous 57,4 1,32·104 1,01·106 3,20·107 5,05·108 4,41·109 2,31·1010 7,67·1010 1,64·1011 2,32·1011

Temperature °C 700 750 800 850 900 950 1000 1050 1100 1150

Homogeneous 5,33·1010 1,44·109 1,21·107 2,16·104 4,85

Heterogeneous 2,12·1011 1,21·1011 4,16·1010 7,77·109 6,97·108 6,10·1015 3,01·1015 9,56·1014 1,72·1014 1,47·1013

Fig. 2. Temperature (1) and average radius (2) of MnS inclusion 
depending on time

Fig. 3. Evolution of relative solute concentrations:  
1 – Mn Mn_init/c c ; 2 – _ init/S Sc c
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Simultaneous precipitation will be simulated in 
the following model: nucleation of MnS in γ -Fe; in-
dependent Cu2S nucleation in α -Fe; simultaneous 
growth/shrinkage of precipitates.

In calculations it has been assumed in accordance 
with thermodynamical consideration [3], that atoms 
of Cu after shrinkage of Cu2S inclusions transfer back 
to matrix for low Cu concentrations.

From the results of modeling after 2-hour anneal-
ing with independent nucleation of MnS and Cu2S the 
following conclusions can be drawn:

1. Existence of both particles of Cu2S with homo-
geneous nucleation (further homo-inclusions) and in-
clusions with heterogeneous nucleation (further het-
ero-inclusions). 

2. The average radius of particles in homo-inclu-
sions is about 1,5–2,0 nm and in hetero-inclusions 5– 
6 nm (Fig 4). The average radius of MnS inclusions is 
60–70 nm.

3. Concentrations of Cu and S in matrix are quick-
ly decreased at annealing onset. Further the sulfur 
concentration is decreased owing to MnS inclusions 
growth and Cu concentration is increased due to dis-
solution of copper sulfides inclusions, in the first place 
of homo-inclusions (Fig. 5).

4. The volume of homo-inclusions of copper sul-
fides is rapidly increased during initial stage of an-
nealing (Fig. 6) with its subsequent decrease; the vol-

ume of hetero-inclusions is constantly increased with 
annealing time. After 2-hours annealing the volume of 
hetero-inclusions is ten times that of homo inclusions. 
The density of MnS inclusions during annealing is 
about 1018 nuclei⋅m–3, the density of homo-inclusions is 
1,3⋅1024 nuclei⋅m–3 at annealing onset and 1,5⋅1021 nuc
lei⋅m–3 after a two-hour interval; the density of hetero-
inclusions is 8⋅1020 nuclei⋅m–3 and approximately con-
stant during annealing. Homo-inclusions «buffer» does 
not allow dissolving hetero-inclusions during the first 
2 hours of annealing.

In reality sites for heterogeneous nucleation have 
different characteristics, and PSD for hetero inclu-
sions can have greater width. For example, the region 
of density between the 2-nm average radius of homo-
inclusions and 6-nm average radius of hetero inclu-
sions can be well populated. 

Of course, the model with continuous distribution 
of inclusion radius can not be used for proper predic-
tion of kinetics behavior of Cu2S particles when aver-
age size of particles is about a few atoms. But this 
model correctly predicts rapid nucleation and great 
density of inclusions. For quantitative prediction the 
fitting of initial density of possible sites and interface 
energy must be performed. With increasing the radius 
of inclusions the accuracy of CNGT model is in-
creased.

Fig. 4. Evolution of average radius of Cu2S inclusions: 1 – 
particles with heterogeneous nucleation; 2 – homogeneous

Fig. 5. Evolution of relative concentrations initial/c c in matrix:  
1 – Cu; 2 – S; 3 – Mn

Fig. 6. Evolution of volumes of precipitates: 1 – copper sulfide 
homo inclusions; 2 – copper sulfide hetero inclusions; 3 – all 

copper sulfide; 4 – manganese sulfide

Fig. 7. PSD for MnS inclusions for different times: 1 – 100 sec 
after cooling beginning; 2 – 200; 3 – 500; 4 – 1000; 5 – 2000; 

6 – 5000
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Conclusions 
Based on classical theory of nucleation and 

growth the precipitation of manganese and copper sul-
fides inclusions are modeled for solute concentrations 
of Cu equal to 0,07 wt%, S 0,04wt%, Mn 0,54wt % in 
iron matrix. The temperature regimes of steel working 
include cooling from 1200 °C to annealing tempera-
ture of 700 °C at cooling speed of 10 °C/sec and hold-
ing during 300 seconds at the temperature, that is 
slightly above that of γ -Fe – α -Fe transition used 
for MnS nucleation. It is assumed that the total pos-
sible heterogeneous nucleation density of modeling 
is 1020 nuclei/m3 during such holding and 1021 at 
the annealing onset. 

Inclusions of three types can be found in matrix 
such as copper sulfide formed by homogeneous nucle-
ation mechanism with a size of about 4nm, copper 
sulfides formed by heterogeneous nucleation with size 
of 10–12 nm and manganese sulfide inclusions with 
size of 100–120 nm. Owing to different characteristics 
of heterogeneous sites the presence of Cu2S inclusions 

with intermediate size between 4 and 10 nm is also 
possible. Bimodal size distribution of overall copper 
sulfides precipitates is presented.

Densities of inclusions are highly dependent on 
initial solute concentration, temperature regimes of 
steel working and density of possible sites for hetero-
geneous nucleation. For manganese sulfide the hetero-
geneous nucleation is primarily responsible for inclu-
sion formation due to high energy of matrix-precipi-
tate interface. Nucleation occurs at the temperatures 
close to γ - α  iron transition. 

Copper sulfide inclusions are predominantly for
med after annealing onset. Owing to small interface 
energy the high number of inclusions is formed fol-
lowing both homogeneous and heterogeneous sche
mes. Actually after a short period of ten seconds the 
cuprum solute concentration (or sulfur concentration 
if there is cuprum surplus for Cu2S formation) is de-
creased in matrix due to a great number of possible 
sites for homogeneous nucleation. 

Then inclusions grow during annealing. With het-
erogeneous nucleation copper sulfide inclusions rea
ched 4-nm radius and 5-nm radius after 300-sec and 
2000-sec annealing times, respectively; with homoge-
neous nucleation 1nm and 1.85 nm after 700 sec and 
approximately two hours, respectively. MnS inclu-
sions have radius of 35 nm prior to annealing and  
70 nm after 2-h annealing. 

A great number of copper sulfide particles formed 
by homogeneous nucleation are sharply decreased. 
Sizable volume of such particles is also quickly de-
creased. But such «buffer» enables growing the inclu-
sions formed by heterogeneous nucleation due to  
a greater size of the latter. The volume of inclusions, 
created by heterogeneous mechanism is also increased 
during 2-h annealing. 

Some general results obtained for densities can be 
also presented. So, manganese sulfide density is about 
10–2–10–3 relative overall density of heterogeneous 
sites. Density of copper sulfides inclusions created  
by homogeneous scheme is 1022–1024 nuclei⋅m-3 be-
fore annealing and 1020–1021 after two-h annealing. 
Density of inclusions obtained by heterogeneous sche
me is about total number of possible heterogeneous 
sites.

Fig. 8. PSD for hetero inclusions of copper sulfide: 1 – 500 s after 
process onset (about 200 sec after beginning of annealing); 2 – 

1000; 3 – 2000; 4 – 5000

Fig. 9. PSD (logarithmic scale) for homo inclusions: 1 – 500 sec 
after beginning (about 200 sec after annealing start); 2 – 1000; 

3 – 2000; 4 – 5000
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